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Mitren 28, 1958 marks the 50th birthday of the 
outstanding Soviet physicist, academician Isaak 
Konstantinovich Kikoin. 

I. K. Kikoin was born on 28 March 1908 in 
Zhagar, a small city in what is now the Lithuanian 
S.S.R. His father was a schoolteacher. After com- 
pleting his elementary schooling he entered the 
Pskov Agricultural Technical School, and in 1925 
he enrolled at the Physico-Mechanical Faculty of 
the Leningrad Polytechnic Institute, from which he 
was yraduated in 1930. He showed great interest 
in physics and mathematics even while in school. 
As a student of the Leningrad Polytechnic Institute 
Isaak Konstantinovich started working in 1928 at 
the Leningrad Physico-Technical Institute, with 
. which he was continuously associated for many 
years, having become one of the outstanding rep- 
resentatives of the school of Soviet physicists, 
trained by academician A. F. Ioffe in that institute. 

The first research performed by Isaak Konstan- 
tinovich, already in his student years (in the labor- 
atory directed by Ia. G. Dorfman), concerned the 
nature of ferromagnetism. ! Dating to that time are 
his first investigations of electric and galvanomag- 
netic properties of liquid metals?~, These dis- 
closed the presence of a Hall effect and of a change 
in the resistance in liquid metals in a magnetic 
field. Prior to these investigations, the presence 
of galvanomagnetic phenomena in liquid metals has 
not been ascertained; it was even assumed that 
these phenomena do not take place in liquid metals, 
which have no crystalline structure. Later, too, 
Isaak Konstantinovich turned to research on liquid 
metals. Working together with S. V. Gubar’,’ he 
showed experimentally that the temperature varia- 
tion of the resistance of liquid metals is connected 
only with the change in the volume of the metal, 


and not with a true temperature dependence of elec- 
tric conductivity. 

The first investigations on the study of liquid 
metals were completed by Isaak Konstantinovich 
upon his return in 1930 from a scientific tour 
through Holland and Germany, where he was sent 
after being graduated from the Institute (he worked 
for some time in Munich with W. Gerlach). 
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In 1933 Isaak Konstantinovich started a cycle of 
investigations on the internal photoeffect and the 
Hall effect in semiconductors.’*? These led to the 
discovery (together with M. M. Noskov) of a new 
phenomenon — the photoelectromagnetic effect in 
semiconductors (the Kikoin-Noskov effect 091 
The investigations concerned the fundamental prop- 
erties of this phenomenon — the spectral distribu- 
tion and the dependence on the light intensity, on 
the temperature, and on the magnetic field. During 
the course of these investigations still another phe- 
nomenon was discovered, the so-called transverse 
effect, quadratic in the magnetic field, taking place 
when the plane of the specimen makes an angle 
other than zero with the direction of the magnetic 
field.'2 

Simultaneously with these investigations, Isaak 
Konstantinovich began many new projects involving 
the study of the properties of metals. This was 
connected, to a certain extent, with the founding of 
the Ural’ Physico-Technical Institute in 1932, into 
which I. K. Kikoin’s laboratory was also incorpor- 
ated. During the first five years of its existence, 
this institute was housed in the Leningrad Physico- 
Technical Institute, and in 1936 it transferred its 
activities to Sverdlovsk, where it still is in opera- 
tion as the Institute of Metal Physics, Academy of 
Sciences, U.S.S.R. as part of the Academy’s Ural’ 
branch. 

In 1934 I. K. Kikoin published a large monograph 
on the physics of metals, written jointly with Ia. G. 
Dorfman.'4 For many years this was the only book 
of this kind in the Russian language. 

Isaak Konstantinovich’s investigations in metal 
physics involved essentially two problems: super- 
conductivity and galvanomagnetic phenomena in 
ferromagnets. In the field of superconductivity he 
succeeded (together with B. G. Lazarev®®) in es- 
tablishing a correlation between superconductivity 
and the Hall effect. Superconducting metals were 
found to have a very small Hall constant (two or- 
ders of magnitude less than nonsuperconducting 
metals). Together with S. V. Gubar’, Isaak Kon- 
stantinovich made in 1939 a very precise measure 
ment of the gyromagnetic effect in superconduc- 
tors.'%!8 The Landé factor turned out to be unity, 
showing the diamagnetism of superconductors to 
be connected with electron currents rather than, 
say, with electron spins. 

By investigating the temperature dependence of 
the Hail effect in ferromagnets (nickel) down to 
the transition through the Curie point, Isaak Kon- 
stantinovich confirmed the fundamental fact that 
the Hall emf in ferromagnets is actually deter- 
mined by the magnetization of the specimen, and 


not by the intensity of the magnetic field. An 
original experiment made possible reliable veri- — 
fication of this fact, important to the theory of fer-., 
romagnetism. Further experiments on copper- 
nickel and palladium -nickel alloys’® have demon- 
strated that the Hall constant in paramagnets is 
determined by the magnetization, so that in gen- 
eral it consists of two parts, one being an “ordi- 
nary” constant, independent of the temperature, 
and the second following the Curie-Weiss, law as 
does the magnetic susceptibility of a paramagnet. 

For the past few years I. K. Kikoin has been 
continuing his intensive research of the transverse }) 
photoelectromagnetic effect.22-2> He has detected 
here an isotropy of the effect in germanium, and 
has experimentally established beyond doubt a con-: 
nection between this anisotropy and the crystallo- 
graphic structure of germanium. 

Isaak Konstantinovich’s work in the Ural’ has 
been identified with many investigations of applied | 
nature. Jointly with D. L. Simonenko, he developed 
a mass-spectographic method for the analysis of 
gases, and together with S. V. Gubar’ and V. S. 
Obukhov he constructed a new kind of kiloammeter, 
based on the measurement of the magnetic field of 
the current-carrying conductors. In the measure- 
ment of tens of thousands of amperes de (in elec-. 
trolysis plants), this method has substantial ad- 
vantages over the use of ordinary shunt instruments.) 
Isaak Konstantinovich and his co-workers were | 
awarded the Stalin prize for this development.”? 


In addition to the investigations mentioned above, 
I. K. Kikoin has led actively many other important 
research projects. His entire scientific activity is 
characterized by high creative initiative, constant 
originality in the approach to the solution of the 
studied problem, and extensive and deep erudition 
in problems of modern physical sciences. 

From the very start of his scientific activity, 
Isaak Konstantinovich has been engaged in exten- 
sive pedagogical activity in academic institutions, 
and also in scientific-organizational work. He started 
teaching already while at the Physico-Mechanical 
Department of the Leningrad Polytechnic Institute, 
and continued at the Ural’, where for eight years 
he was in charge of the Physics Faculty of the Ural’* 
Polytechnic Institute. At present he holds the rank | 
of Professor at the Moscow State University. A 
brilliant lecturer, Isaak Konstantinovich has won 
the love of the students and the respect of his col- 
leagues. He has introduced many novelties in the 
physics education of our country and prepared 
original modern physics courses, always attempting) 
to eliminate all purely formal and obsolescent ma- : 
terial from the programs. 
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I. K. Kikoin’s scientific activity was recognized 
by the Soviet scientific society. In 1943 he was 
chosen a corresponding member of the Academy 
of Sciences, and became a full member in 1953. 
This activity was also highly valued by the govern- 
ment — Isaak Konstantinovich was awarded orders 
of the Soviet Union and has won the title of a Stalin 
Prize Laureate. I. K. Kikoin reaches this signifi- 
cant age in his life, his 50th birthday, in the full 
bloom of his creative activity, in energetic and 
fruitful work. 

The editorial staff of JETP congratulates Isaak 
Konstantinovich and sincerely wishes him good 
health and new creative successes for the benefit 
of our Fatherland. 
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The energy spectrum of the electron-photon component of extensive air showers was investi- 


gated at 3860 m above sea level at various distances from the axis. Showers with N= 1.5 x 
10° were recorded. The fraction of high-energy electrons and photons recorded experimen- 
tally was appreciably smaller than that computed from cascade theory, especially at small 

distances from the axis. A better agreement between theory and experiment was obtained at 
larger distances. The lateral distribution of the energy carried by the electron-photon com- 


ponent can be approximated by the law r7", 


where 


n=1.5+0.3 for distances from the 


shower axis in the range 1—9 m and for showers with N= 2x 10°. 


ly continuation of the experiments of Ref. 1 we 
studied the spectrum of the electron-photon com- 
ponent in extensive air showers (EAS). The ex- 
periments were carried out in Autumn 1955 on Mt. 
Pamir (elevation 3860 m) by means of a rectan- 
gular cloud chamber? and a hodoscope consisting 
of about 1000 counters.’ The chamber had a work- 
ing volume of 60 x60 30 cm and effective area 
equal to 0.15 m? for vertical showers. Seven lead 
plates, the first 0.5 cm thick, the second 1 cm, and 
the following five plates 1.5 cm each, were placed 
in the chamber. The top wall of the chamber was 
made of iron 1 cm thick. 

EAS were selected by a coincidence-anticoinci- 


dence system consisting of several counter groups. 


The analysis of hodoscope data made it possible to 
find the axis position and the total number of par- 
ticles for each shower. 

Coincidences of discharges in four group of 
counters placed near the cloud chamber, 500 cm 
in area each, were used for the selection of EAS. 
Anticoincidences between the central system and 
triple coincidences of three counter trays, 300 cm 
in area each, placed at the vertices of a triangle at 
a distance of 19 m from the center of the array, 
were used in order to exclude showers with axes 
farther than 15 — 20 m from the center. In all, 
300 showers with axes within a circle 9 m in ra- 
dius were recorded. 

Distribution of the recorded showers with re- 


2 


2 


spect to the number of particles is shown in Fig. 1. 


The axis position and the total number of show- 
er particles were found from the lateral distribu- 
tion of charged particles determined by means of 
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FIG. 1. Distribution of 
recorded extensive air 
showers with respect to 
the number of shower par- 
ticles N. Number of show- 


ers recorded indicated on 
the y axis. 


the hodoscope.* The error in axis location within 


5 m from the cloud chamber was <1 m, for dis- 
tances larger than 5 m the error amounted to 30 — 
40%. 

The energy of electrons and photons initiating 
a shower in the lead plates in the chamber was de- 
termined by comparing the total number of shower 
particles observed in the sections of the chamber 
with the number of particles calculated according 
to cascade curves for lead® (cf. Table I). The flux 
of particles propagating in the forward direction 
within the angle of 180° was considered. We did 
not differentiate between cascades produced by 
electrons and photons, since the visibility in the 
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TABLE I 


a a 
Section No. 


xN 
4 | 2 | 3 | 4 | 5 | 6 | 7 | 8 
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top section of the chamber was not always satis- 
factory and, besides, a considerable number of 
photons underwent conversion in the top wall of 
the chamber. 

The accuracy of the energy measurement was 
20 — 30% for the region 2 x 108—2 x 10%ev. The 
high density of particles at higher energies (Fig. 2) 


FIG. 2. Cascade shower produced in the chamber by a 
~ 10° ev electron. The axis of the extensive air shower with 
N = 1.3 x 10° fell ~ 0.8 m from the chamber. 


made counting difficult and lowered the accuracy 
to 40 —50%. For lower energies the accuracy was 


also worse because of the small number of second- 
ary electrons.* 

In 25 out of the 300 cases, the number of elec- 
trons and photons incident on the chamber was 
> 50. Showers produced by these particles were 
mixed together and difficult to separate. In these 
cases we found the shower cores, determined the 
maximum of the number of particles in each sec- 
tion and the number of plate in which the shower 
was absorbed, and comparing the results with the 
cascade curves, estimated the electron energy. 
The accuracy of energy determination was then 
slightly lowered. Five cases were not included in 
the final results because of the impossibility of 
separating the showers. The showers involved did 
not contain high-energy electrons and were char- 
acterized by a high particle flux density (~ 100) 
with energies < 10° ev. 

The integral energy spectrum of electrons and 
photons for the region 10®— 10 ey was measured 
for two distance intervals (0 —4 and 4—9m) for 
showers with the number of particles between 104 
—10° (N=6.4 x10‘) and between 1.1 x 10° —108 
(N= 2x 10°). In the region 2 x 10®—10% ev, the 
energy spectrum of the electrons and photons can 
be written in the form 


N= £) = const 6% 


The values of y are given in Table II. In view 
of the absence of a marked dependence of y on the 


*Estimates of the accuracy of energy measurements were 
made under the assumption of a Poisson distribution of the 
number of particles at a given depth. Difficulties of a more 
exact treatment are connected with the problem of fluctuations 
of the number of particles in showers. 
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TABLE I 
r 0—4 m | 4—9 m 
N | 6.4-108 2-108 6.4-104 2-105 
y |0.63-+-0.07 0,60-+0.06 1.3-+0 3 1,340.3 


| A pe ee tS |e ee 


number of particles in the shower, we grouped to- 
gether showers with different number of particles 

for a more detailed analysis of the variation of the 
spectrum with the distance from axis. The results 
are given in Fig. 3. 


log p(>) 


FIG. 3. Integral energy spectra of the electron-photon com- 
ponent of EAS in three distance intervals. Solid lines denote 
integral electron spectra computed from cascade theory for 
s = 1 ands = 1.5 (neglecting ionization losses). The experi- 
mental and the theoretical spectra are normalized for 10° ev 
and 2—4 m. 


For comparison of the experimental results with 
the theoretical predictions we calculated the inte- 
gral energy spectrum of electrons within a given 
distance interval for s=1 and s=1.5.* The 
function P(x, s) is tabulated in Ref. 7 for vari- 
ous values of s. The variable x = Ert/Eg, where 
E is the electron energy in Mev, ry is the dis- 
tance from shower axis expressed in radiation 
units (at 3860 m one radiation unit is assumed to 
equal 460 m), and E, = 21 Mev. The product 
E?-Sp (x,s) is proportional to the number of par- 
ticles with energy =>E ata given r. Integral en- 
ergy spectra were calculated for s=1 and s= 
1.5 (the latter is shown in Fig. 4a). These were 


*The value of s obtained from the absorption coefficient 
of shower particles in air is 1.2— 1.3 (Ref. 6). 


used for the calculation of the lateral distribution 
of electrons with energy =E (Fig. 4b for s = 1.5) 
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FIG. 4b 


FIG. 4a. Integral energy spectrum of electrons at various 
distances from the axis for s = 1.5. The ordinates denote the 
decimal logarithm of the function PVE proportional to the 
number of electrons with energy > E, the x axis — log E (E 
in ev). Numbers at the curves denote distance from the axis 
(m). 

FIG. 4b. Lateral distribution of electrons with energy 
> E for s= 1.5, Distance r in meters. The function PVE 
is proportional to the number of particles with energy > E. 
The electron energies (in ev) are: 1 — 4 x 10°, 2—6 x 10°, 
3—8~x 10°, 4—10°,5 —2x 10°, 6—6-x 10°, 7 — 10°. 


which in turn were used for the determination of th 
number of electrons with energy =E _ incident 
upon the area of the ring between the radii r,; and 
i) 

N = 2nE2-s\ P(x, s)r?d(Inr). 


ry 


Results of the calculations are shown in Fig. 3. 
The theoretical and experimental spectra are nor- - 
malized for 10° ev at the distance of 2—4m from 
shower axis. It can be seen from Fig. 3 that the 
experimental spectrum contains less high energy 
electrons near the axis. At larger distances this 
discrepancy practically disappears for the curve 
calculated for s =1.5. 

We calculated the ratio A of high-energy elec- 
trons and photons to the total number of particles 
in the shower for various distance intervals 
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TABLE Il 
a a 


Experimental values A, % 


N 


Theoretical values A, % 


r, m 3860 m EL sal 100 m! 3260 m°® 
= 
6.4-10¢ 2-108 10°—5-10* 10®—10¢ i 
0=2 | (43+2) (9+2) 38 


2-4 | (5.3-41.5) | (4-1) 


a. 82-40, =) ~(14-£5) E 


| 
in 
if 
alc 
neo 
ae 


0—4 | (102) (71.5) 
4—9 | (4.242) | (2.040, 040.8) £3) 
Maes (EA 10? iz, Pel oll 2.0, ry; ral: that the experiment yields a smaller fraction of 


where p(E =10°) = N[E = 109, ry, r,]/C(ry,12)0 
is the density of electrons and photons with energy 
>= 10° ev per m? in a shower falling within the given 
distance interval, C(r,, rg) is the number of air 
showers in the given interval, o is the effective 
area of the chamber for high-energy electrons and 
photons, and N[E = 10°, ry, Y2] is the number of 
observed electrons with E =10*%ev in that inter- 
val. The value of p(E = 0, ry, rz) was determined 
from hodoscope data. The ratio A determined 
from the experiment was compared with the results 
obtained from cascade theory for s=1 and s= 
1.5 under the assumption of an infinite energy of 
the primary particle. The results of the compari- 
son are given in Table III and Fig. 5. It can be seen 


P(0*r) I 
PUTT,’ 


FIG, 5. Ratio of the flux 
density of electrons and 
photons of > 10° ev to the 
total particle flux density 
in a given distance inter- 
val. O = denote data of 
Hazen,® x —of the authors. 


high-energy electrons and photons than could be 
expected from cascade theory. The discrepancy 
is especially large for the distances 0 —2 m for 
s=1. This is in agreement, within the limits of 
the experimental errors, with the results of Hazen 
et al.® obtained by means of a cloud chamber at 
3260 m above sea level. It should be noted that in 
Ref. 8 the electron energy was determined from 
the number of particles at cascade maximum and 
not from the sum of the number of particles in 
several points of the cascade curve as it was done 
in our work. The method used by Hazen is less 
accurate because of fluctuations and the energy 
values obtained are overestimated. Using that 
method, our value for A would be 13 — 14% in- 
stead of 10%. . 

A comparison was also made with the results 
of Ref. 1 (Table III). It can be seen that the frac- 
tion of high-energy electrons and photons found in 
experiments at 3860 and 3260 m elevation is larger 
than that at sea level! (the variation in the radia- 
tion length with altitude has been accounted for ). 

In 1957 we carried out new measurements with 
the cloud chamber at sea level, selecting events in 
which the EAS axis fell within 0 —3 m from the 
chamber. The error in axis location amounted to 
+1m. The total number of particles in the studied 
showers was ~10‘. Showers of the same frequency 
and, evidently, the same primary energy, recorded 
at 3860 above sea level, have the total number of 
particles equal to N = 6 x 104.* 

Preliminary data indicate that the energy spec- 
trum of electrons and photons measured at sea 
level coincide with that measured on the Pamir 


*It can be assumed® that a shower of N = 6 x 10° particles 
corresponds to a primary of ~ 1.5 x 10"* ev 
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(Fig. 6), and the fraction of high-energy electrons 
and photons at sea level amounts to = 10%. 
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FIG. 6. Integral energy spectra of electrons and photons, 
x — at sea level, 0—4 m from axis, 0 — at 3860 m elevation, 
0—4 m from axis. The curves represent calculations for two 
values of s. 


At the present stage it is impossible to explain 
the discrepancy between the above results and 
those of Ref. 1. It is possible that it is partly due 
to the lower accuracy of shower axis location in 
the earlier experiments and to the larger amount 
of matter present in the roof of the laboratory 
where they were conducted. It is, however, possi- 
ble that showers with different number of particles 
have different structure which causes the differ- 
ence in the spectrum of the electron-photon com- 
ponent. 

Using the results of the measurements at 3860 
m it is possible to construct the lateral distribution 
of high-energy electrons and photons and the lat- 
eral distribution of the energy flux carried by the 
electron-photon component (p,). In constructing 
the lateral distribution of the energy flux we ac- 
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FIG. 7. Lateral distribution of the energy flux carried by 
the electron-photon component for showers with N = 2 x 105 
(r in meters). 
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counted for electrons which did not initiate cas- 
cades in lead but which were absorbed in the first 
or second lead plate. Energy of such electrons ‘ 
was estimated from their ionization loss (cf. Ref. 1). 
The dependence of Py on r can be written in © 
the form Pp =r", where n=1.5+0.3 for show- 
ers with N= 2x 10° (Fig. 7). | 
In constructing the lateral distribution of high- _ 
energy electrons and photons the results were nor-. 
malized for showers with N=10° (Fig. 8). If we | 


log @(2 €) 


FIG. 8. Lateral distribution of electrons and photons with 
the energy e— E> 10° ev, O— E> 2x 10° ev. Theoretical 
and experimental results are normalized for 10° ev at 1.5 m. 
accept the value s =1.2, then the lateral distribu- 
tion of electrons and photons of =10? and = 2x 
10°ev cannot be explained by Coulomb scattering | 
by air atoms only. This may be possibly connected } 
with the influence of the angles of emission of 7° 
mesons in nuclear interactions and of the lateral 
distribution of the nuclear-active component of EA 

On the basis of the above experimental results 
one can, therefore, draw the following conclusions: 

1. A deficiency of high-energy electrons and 
photons has been observed near the axis of EAS. 
This is evidently due to the presence of a flux of 
low-energy photons near the axis and also to the 
fact that nuclear-active particles of 10!°— 10! ey 
contribute heavily to the production of the electron- 
photon component. 

2. The spectrum of the electron-photon compo- 
nent of EAS produced by primaries of <2 x 10“ey 
does not vary with the altitude of observation. This 
fact can be explained either by equilibrium betwee 
the electron-photon component and the high-energy ° 
nuclear-active particles or by the preferential se- 
lection by the apparatus of EAS initiated at a cer- 
tain effective altitude above the observation level. 

In conclusion, the authors wish to express their 
gratitude to G. T. Zatsepin and L. I. Sarycheva for 
the discussion of results and to I. T. Uchaikin and 
D. F. Rakitin which took part in the measurements. 
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PECULIARITIES OF THE PHOTOCONDUCTIVITY IN CADMIUM SELENIDE 
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Kiev Polytechnic Institute 
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Peculiarities of the photoconductivity in single crystals of cadmium selenide excited by red 
light of 7 = 7740A and by x-rays are considered. The first case corresponds to linear con- 
ductivity with a quantum yield p* =const and tT =const, and the second case to nonlinear 
photoconductivity for which p* = B*(L, Jph, t) and T=7(L, Jpn). A two stage excitation 
scheme is proposed in order to explain the irregularities observed in the photoconductivity 


of single-crystal CdSe. 


Chom selenide as well as cadmium sulfide 
belong to those semiconducting materials with elec- 
tron conductivity, which show a considerable inter- 
nal photoeffect under the action of visible light as 
well as of other types of ionizing irradiation. From 
this point of view, CdSe can be quite effectively 
utilized for the preparation of photoresistors, whose 
integral sensitivity is measured in tens of amperes 
per lumen. With a resistance in the dark of more 
than 10'4ohms, changes in resistivity by a factor 
of 10°—10° are observed. The characteristics of 
the photoresistance are determined both by the 
technique of preparation as well as by the intrinsic 
properties of the semiconductor, whose internal 
photoeffect shows a number of peculiarities. 

During the investigation of the properties of the 
added photoconductivity of single crystal CdSe, it 
was noted that the qualitative features of the inter- 
nal photoeffect were similar for irradiation by vis- 
ible light and by x-rays. This similarity shows. up 


both in the statistical properties (current-voltage 
characteristics, nature of the light, variation of the 
sensitivity with applied bias, etc.) as well as in the 
transients in the photocurrent on switching the ex- 
citation in and out. The latter refers to the shape 
of the curve Jph (t) (Ref. 1), which determines 
the general features in the evolution of the process. 
Thus it is found that on approximating the rise and 
decay curves of the photocurrent by exponential 
functions, the time constants of these processes 
show the same dependence on the intensity of ex- 
citation, on the bias applied to the sample, on the 
temperature, etc., independent of whether the con- 
ductivity is stimulated by irradiation in the visible 
part of the spectrum or by x-rays. It was noted, 
however, that quantitatively the processes of exci- 
tation and decay of the photocurrent are substan- 
tially different in the two cases. Also, the detailed 
shapes of the curves prove to be different. 

The samples investigated were single crystals 
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of cadmium selenide obtained by deposition directly 
from the vapor phase in a stream of argon, analo- 
gous to the growth of CdS single crystals.” Plati- 
num contacts were applied to opposite ends of the 
sample by cathodic sputtering, after first cleaning 
the semiconductor surface by electron bombard- 
ment, in such a fashion that the distance between 
the electrodes was about 2mm. The contacts ob- 
tained were not ohmic, but the contact barrier was 
small and did not appreciably affect the current- 
voltage characteristics of the sample, as will be 
shown below. The CdSe crystals grown by this 
technique showed a maximum photoeffect in the red 
region of the spectrum at A=7700A (Fig. 1) and 
at the same time were very sensitive to x-rays. 

It was noted that the kinetics of the photocon- 
ductivity of single crystals of CdSe are markedly 
dependent on the nature of the exciting irradiation, 


Jpn, relative units 


i.e., the parameters of the excitation and decay 
processes of the photocurrents under otherwise 
identical conditions are functions of A. This is 
illustrated by Fig. 2, which shows oscillograms 
of the photocurrent when the sample is excited 
with square light pulses at two different values of 
A and by x-rays with a maximum energy of 50 kv. 
The value of the resultant photocurrent was the 
same for all three curves and equal to lya with 
a bias of Uph = 18 v applied to the sample. 

From an analysis of the oscillograms shown 
above it follows that, of the three excitation proc- 
esses studied, only the first case corresponds to 
a linear shape where Jph(t) varies exponentially 
with time. The second and third curves show a 
marked deviation from linearity in the initial rise 
of the photocurrent. An analysis of the initial stage 
shows that it corresponds to a parabolic time de- 
pendence of the photocurrent, where J ph ~ (24 
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FIG. 1. Spectral sensitivity of single crystal cadmium sele) 
nide. 


FIG. 2. Oscillograms of the photocurrent - 
in single crystal CdSe excited by radiation 
‘of different types: 1 -—A=7740 A, 2—A 
= 7160 A, 3 — x-rays of 50 kv max. energy. 


Thereafter the parabola degenerates into an expo- 
nential whose time constant is, however, larger by 
about an order of magnitude than the time constant. 
which characterizes Curve 1. The relaxation proc 
esses do not show such a characteristic depend- 
ence on A: As a rule, the decay of the photocur- 
rent is exponential, with approximately equal val- - 
ues for the time constants of all three curves, ex- 
cept for the tail of the decay curves which amounts 
to only 10-15% of Jpn gp. 

The mismatch in the shape of the curves shown: 
above cannot be explained by a different concentra: 
tion of current carriers forming in the active vol- 
ume of the crystal, since the greatest deviation 
from linearity in the initial stages of the curves is 
observed under excitation by weakly absorbed ligh 
which penetrates uniformly throughout the whole 
crystal (A =7740A and x-rays). The deviation 
from linearity in the photocurrent rise curve is i 
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this case a consequence of different mechanisms 

of excitation of the photoconductivity in CdSe when 
the crystal is illuminated by x-rays and by light of 
long wavelength, corresponding to the maximum of 
the spectral characteristics of the photocurrent. 

The formal kinetic equation for the photocurrent, 

which determines J h 4S a function of t, may be 
presented in the form 


eral TT don BL, (1) 


where T is defined as a quantity inversely propor- 
tional to the time constant 7 for the rise or decay 
cf the photocurrent, and £* is a coefficient pro- 
portional to the quantum yield B and related to 
parameters of the photoresistance such as the mo- 
bility uw, the absorption coefficient k’, the mag- 
nitude of the applied bias Uph and the distance d 
between the electrodes by the relationship 


6° = Buek'U,,,/ a. (2) 


In the general case T and £* may depend upon 
the intensity of illumination L, the current car- 
rier concentration and the time, i.e., T(L, Jph, t) 
and p*(L, Jph t). In this case the kinetics of the 
photoconductivity will obviously be non-linear. The 
rise and decay curves of the photocurrents may then 
have different shapes with values of T differing 
by an order of magnitude. The condition that T 
and £* are constants obviously corresponds to the 
linear case. 

It follows from Eq. (1) that the initial stage of 
the rise of the photocurrent when t «<T is deter- 
mined by 


Ly= BrLt. (3) 


Every deviation from linearity in the relation- 
ship (3) is caused by the time dependence of the 
quantum yield B*=£8(t). Expanding this expres- 
sion into a series and taking into account only terms 
of the first order of magnitude, in the assumption 
that the term of zero order is equal to zero, we ob- 
tain Jph ~ t?; this is indeed observed experimen- 
tally under excitation by strongly absorbed light 
and by x-rays. Curve 1 of Fig. 2 corresponds to 
the condition @* = const. 

On the other hand, when the photocurrent is 
measured after a long interval of time, i.e., when 
t >> 7, it proves to be proportional to the product 
B*r. Then the lux-ampere characteristics of the 
sample must be determined by a relationship of the 
form 


Jon= BL, (4) 


where £* and T may themselves be functions of 
L, in agreement with the above. 


Proceeding in the same manner as in the treat- 
ment of the time dependence of the photocurrent in 
the initial stage of the rise curve, it is not difficult 
to show that the relationship (4) of the photocurrent 
with B*(L) and +t(L) must lead to a nonlinear 
curve with increasing slope for Jph(L). This non- 
linearity should be particularly marked at low in- 
tensities of illumination when the concentration of 
photoelectrons is small, and should change with in- 
creasing L first to a linear relationship and then 
to a nonlinear relationship with decreasing slope. 
In the case of single crystals of CdSe such a be- 
havior of the light characteristics corresponds to 
excitation by x-rays as illustrated in Fig. 3. In the 
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FIG. 3. Light characteristics of single crystal CdSe. The 
dashed curves correspond to excitation by white light, the full 
curves correspond to excitation by x-rays. The abscissa gives 
L in lux for curves a and b; the ordinate for a— Jpy, x 2.10° 
amp, for b — eye x 10° amp. The abscissa gives I in 
roentgens/minute for curves c and d; the ordinate for 
Cae 10° amp, for d — Jon X 2 10’ amp. loUeas 0; 
2s RNe 1S: Ses hs 100 v. 


diagram the full curves represent Jpn(I) under 
excitation by x-rays of intensity I, and the dashed 
curves represent Jph (L) under excitation by non- 
dispersed white light and with different biases ap- 
plied to the sample. 

Starting from the shape of the spectral charac- 
teristics of CdSe shown in Fig. 1 one may conclude 
that the characteristics of the photocurrent pro- 
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duced in this experiment by excitation with white 
light should be close to those of Curve 1, Fig. 2. 
Analysis of the curve J ph (L) showed that in this 
case the dependence of the photocurrent on the in- 
tensity of illumination at low values of L is linear 
and that it curves downwards in the region of large 
values of L; whereas under excitation by x-rays 
Jph ~ FP at low intensity I, and changes first to 

a proportional relationship on increasing I and 
thereafter to a nonlinear relationship with decreas- 
ing slope. From the curves shown in Fig. 3 it fol- 
lows that the nonlinearity of Jph(L) or Jph(1) 

in the region of intermediate and large intensities 
of the exciting irradiation depends also on the mag- 
nitude of the bias applied to the sample, particular- 
ly for low values of Uph. At large values of Uph 
(of the order of hundreds of volts) the curvature 
of the light characteristics is caused by the heating 


Jpn, relative units 7 
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sities increasing from Curve 1 to Curve 4. It fol- 
lows from the curves shown that the nonlinearity 
mentioned above, which is caused by variations of 
B* and t with L, appears only at small levels 
of excitation. The process becomes linear for 
large values of I and for large carrier concentra- 
tions in the crystal (Curves 3 and 4). This refers 
not only to the variation of B* and +t with I, but 
also to the variation of these parameters with time. 
Indeed, on increasing the level of excitation the 
quantum yield 8* no longer depends on the time, 
giving evidence of the transition from a “bimolecu- 
lar” to a “monomolecular” process.°»4 

Some useful information on the hypothetical 
structure may be obtained from a consideration of 
the I—V characteristics, as is well known.® For 
CdSe single crystals these characteristics curve 
upwards in the absence of light and are for the 
most part linear under illumination regardless of 
the wavelength of the exciting light (Fig. 5). Such 
a variation of Jph with Uph may be explained by 
the presence of electron traps close to the bottom 


of the sample by photocurrents. In the present 
paper this part of the curves is not discussed fur- 
ther. 
The above discussion leads to the conclusion that | 1 
excitation by x-rays produces an essentially non- 
linear curve also in the case of the statistical char- 4 
acteristics, whereas excitation by light in the vis- | 
ible part of the spectrum close to the maximum — 
sensitivity gives an approximately linear curve. 
This renders evidence of the different mechanisms | 
of the internal photoeffect in the two cases. 

The variation of B* and t with L should ob- 
viously show up in the kinetics of the photoconduc- _ 
tivity, mainly in the rise of the photocurrent. From | 
this point of view, the investigated case of single 
crystals of CdSe appears typical, as is illustrated 
by the oscillograms of Jpn(t) in Fig. 4. The os- § 
cillograms were taken under different x-ray inten- | 


FIG. 4. Oscillograms of excitation and decay 
of photocurrents in single crystal CdSe for different 
x-ray intensities, expressed in roentgens/min: 1 ~— 25; 
2 — 125; 3 — 250; 4 — 375. Curves 3 and 4 coalesce. 


26 
t x 50, sec. 


of the conduction band with quite low life times for 
the electrons. Consequently their role in deter- 
mining the kinetics of the photoconductivity is neg- 
ligibly small and did not show up in the preceding 
experiments. These levels should be unoccupied 
in darkness and are filled under illumination. The 
space charge localized in these traps under illumi- 
nation displaces the Fermi level in the semicon- 
ductor. As a result the metal-semiconductor con- 
tact does not block the current and the J ph (Uph) 
curve becomes linear. This is confirmed by the 
temperature dependence of the photocurrent and 
of the dark current in single crystal CdSe as 
shown in Fig. 6. The temperature variation of the 
photocurrent was measured under illumination by 
red light of wavelength A =7740A (Curve 1) and 
by x-rays (Curve 2). In accordance with expecta- 
tions, at relatively low temperatures until the ap- 
pearance of an appreciable dark conductivity 

Jph (T°) ~ exp(Tg/T°) independent of the wave- 
length of the exciting illumination, where Tg is 

a constant for the given range T°. 
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FIG. 5, Current-voltage characteristics of single crystal 
CdSe. Numbers placed besides the curves correspond to the 
flux in ma of the x-ray tube at a generating voltage of 50 kv. 
a — excitation with visible light; b — dark current. 
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FIG. 6. Temperature dependence of the photocurrent and of 
the dark current in single crystal CdSe. 1 — excitation with 
d = 7740 A, 2 — excitation with x-rays, 3 — dark current (for 
curve 3 the units of the abscissa are 1/T x 10). 


The experimental results concerning the photo- 
conductivity of single crystals of CdSe discussed 
above makes it plausible to adopt the transition 
scheme shown in Fig. 7. The scheme is based on 
a two stage mechanism for the excitation of the 


FIG. 7. Model of 
the proposed optical 
transitions in single 
crystal CdSe. 


photoconductivity (aL and a,n;L). As shown by 
Lashkarev® and Tolstoi,! the presence of such a 
transition causes 6* to be a function of L, Joh t 
and Tt to be a function of L, Jph- Moreover, the 
different character of the excitation and decay 
curves of the photocurrent follows from the formal 
treatment of a two-stage excitation. The rise 
curves of the photocurrent are found to depend on 
L, but not the decay curves. In this connection it 
is worth noting that the excitation process takes a 
longer time than the decay. These general con- 
clusions are in good agreement with the experimen- 
tal data given in the present paper. 

In the scheme of Fig. 7, t2 are the electron 
traps. As mentioned above, they do not affect the 
photoconductivity and play a part only in the de- 
pendence of Jph on Uph. The localized electron 
levels are marked “£2”. Level 1 should be nearer 
the bottom of the conduction band and level 2 
nearer the top of the valence band. In agreement 
with this scheme, the capture cross-section of 
level 1 for electrons is less than the capture cross- 
section of level 2 for electrons. For this reason 
level 1 may be regarded as sparsely populated by 
electrons, and level 2 as almost completely occu- 
pied by electrons. 

Recombination from the band onto level 1 is 
more probable than excitation for low excitation 
intensities and low current carrier concentrations 
within the band. In this case the solution of the ki- 
netic equations for the postulated transition scheme 
leads to* J Or t? for the processes taking place 
at the beginning of the rise curve; this is observed 
experimentally. For increasing excitation, the 
ejection a 4n,L becomes more probable than re- 
combination onto this level. The analysis shows 
that in this case Jpn ~ L and Tt ~ 1/L. At large 
levels of excitation, partial saturation’ must occur 
as a result of the two stage optical transitions. 

The transition scheme shown in Fig. 7 corre- 
sponds to excitation by x-rays and strongly ab- 
sorbed light. Under excitation by red light of wave- 
length } =7740A, the transition aL should be 
considered as the primary transition, leading toa 
change in conductivity. However, such a transition 
suggests the possibility of conduction by local lev- 
els;‘ this has yet to be confirmed. 
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Measurements of the momentum p and velocity v of 660-Mev protons were conducted’in the 
external beam of the synchrocyclotron. The mass m, = p/v was compared with the value com- 


puted in accord with the relativistic relation m2 = mp[1 —(v?/c?)]7! 


Both mass values are in 


agreement within the limits of the experimental error. The observed relative deviation was 


Am/m = 0.004 (1 + 0.6). 
INTRODUCTION 


‘Tae accuracy with which the theory of relativity, 
now a classic one, describes high-velocity effects, 
as well as possible deviations from the theoretical 
predictions, may be rightly questioned. The exist- 
ence of such deviations can, of course, be rejected 
from purely theoretical considerations requiring 
the preservation of the internal completeness of 
the basic theory. The decisive answer, however, 
indisputably belongs to the experiment. The large 
experimental material available confirms, on the 
whole, the existence of relativistic effects in nature 
but contains little data with respect to the degree 
of accuracy of the theoretical predictions. It is 
often claimed that the successful operation of cyclic 
high-energy particle accelerators gives an accu- 
rate confirmation of the relativistic dependence of 
the mass on velocity. Farago and Janossy,! how- 
ever, having analyzed the corresponding experi- 
mental material, have concluded that the relativis- 
tic relation is confirmed to a considerably lesser 
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extent than it is generally assumed. Quantitative 
results from accelerators now in operation are in- 
definite to a few percent. It was found in direct 
experiments with electrons! that the experimental 
error is rather large (2—10%). Grove and Fox? 
carried out an experiment with protons, using a 
140-inch synchrocyclotron. They determined the 
equilibrium orbit for 385-Mev protons and meas- 
ured the angular frequency on the orbit. The re- 
sults are in agreement with the relativistic law of 
the variation of mass. An analysis of the data is, 
however, rendered difficult by the complex motion 
of protons inside the accelerator on the one hand, 
and by the scant information provided by the au- 
thors on the other. 

The purpose of our work was to compare the 
proton mass calculated according to the relativis- 
tic relation m2 = mo[1—(v?/c?)]7!/ (from the 
measured value of v) with the value m, = p/v 
found from the measured proton momentum and 
velocity. The measurements were conducted in an 
external beam of protons of about 660 Mev, which 
made it considerably easier to determine the pos- 
sible errors. 
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A general diagram of the experimental arrange- 
ment is shown in the figure. The external beam of 
the six-meter synchrocyclotron passed through col- 
limators I and II, was deflected in the field of 
electromagnet M with poles 1 m in diameter, then 
passed through collimator II and struck the ioniza- 
tion chamber. J;. The shape and dimensions of col- 
limator openings are shown in the figure. Adjust- 
ment of the collimating system was carefully 
checked by exposing an x-ray film. 

The current in the coils of electromagnet M 
was adjusted to obtain maximum counting rate in 
chamber J;. The film exposed at the exit from 
collimator III then recorded a sharp image of the 
proton beam, symmetrical with respect to the col- 
limator axis. The magnetizing current was stabil- 
ized within 0.1%. Fluctuations of the magnetic field 
intensity were smaller still, since the iron core 
was almost saturated. ; 

An accurate determination of the momentum of 
protons from measurements of the magnetic field 
was impossible in practice, because of stray fields 
of the synchrocyclotron magnet and of the magnet 
M. The momentum of the protons of the beam tra- 
versing the collimating system was measured using 
‘the method of current carrying filament.*” A Litz 
wire 0.2 mm in diameter was threaded through all 
collimators and was supported three,meters from 
the exit from collimator III by means of a silk 
thread with attached weight Q ona miniature pul- 
ley. As is well known, a stretched wire carrying 
a current I in magnetic field assumes the form 
of the trajectory of a charged particle with momen- 
tum p =aQ/I. If the tension Q of the wire is ex- 
pressed in grams and the current I in amperes, 
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then the momentum of a singly charged particle in 
Mev/c will be given by the relation 


p = 2,943Q/1.' 


In the above formula the weight and elastic stres- 
ses of the wire are neglected. The accuracy with 
which the force of the weight Q is converted into 
wire tension depends on the accuracy with which 
the pulley is centered and on the quality of its 
bearings. It was found experimentally, for the pul- 
ley used, that it takes a difference of 0.3 g to upset 
the equilibrium between two 300 g weights hanging 
on a thread looped over the pulley. 

By varying the current continuously at a con- 
stant tension Q = 300 g, a position was found such 
that the thread passed freely through the collima- 
tors along their axes. The corresponding current 
was measured with a calibrated ammeter of 0.001 
amp accuracy. 

As a check, a measurement of the proton mo- 
mentum was carried out in which the tension due to 
a weight of 300 g was transmitted to the wire by 
means of a pendulum suspension. For the wire ten- 
sion and the force due to the weight to be equal, it 
was necessary that the horizontal distance from 
the pendulum suspension point to the point of junc- 
tion with the horizontal wire be equal to the verti- 
cal distance from the point of suspension to the 
horizontal wire. The error in the value of tension 
depends only upon the accuracy of length measure- 
ments. The suspension point of the pendulum was 
attached to the frame of an overhead crane in the 
hall where the experiments were carried out. The 
above distances, amounting to about 5 m, were 
made equal to within +5 mm. The results of these 
measurements were in good agreement with those 
obtained with the pulley. 
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To determine proton velocities we made use of 
earlier results obtained by measurement of the 
angle of the Cerenkov radiation.* The mean veloc- 
ity of the protons in the external beam was found 
to be vo /c = 0.8090 + 0.0005. The mean range Rg 
of protons in copper was determined from the 
Bragg curve simultaneously with the velocity 
measurements. In the present work only the Bragg 
curve and the mean range R were measured for 
the proton beam separated by the collimating sys- 
tem. As shown by Mather and Segré,' the Bragg 
curve depends on the energy distribution of the 
beam particles, but the mean range is‘always equal 
to the thickness of absorber, for which the current 
in the ionization chamber amounts to 0.82 of the 
maximum value. Correction to the value of the 
mean proton velocity was found from the difference 
in the mean ranges AR =R- Ry, based on the 
stopping power for copper. A copper absorber with 
an automatically variable thickness from 254.6 to 
270.7 g/cm? and a second ionization chamber J, 
were placed behind the first chamber for the meas- 
urement of the Bragg curve. The chambers J, and 
J, and the copper absorbers were those used in 
previous measurements, which were carried out 
simultaneously with the measurement of the proton 
velocity. 


RESULTS AND DISCUSSION 


In the measurements of the proton momentum 
by the method of the current-carrying conductor 
it was found that Q = 300.04+0.3g and I=0.681 
+ 0.001 A. Hence 


p = 1296.5+ 2.3 Mev /c. 


A series of measurements was carried out with 
Q = 200 g. These yielded a result consistent with 
the first series, within the accuracy limits. This 
means that for Q = 200 g the errors arising from 
neglecting the weight and elasticity of the wire are 
no larger than the errors in the measurement of 
the current and tension of the wire. 

It was found from the measurements of the mean 
range of the protons that the energy of the protons 
used in the experiment was slightly higher, and 
their range larger by 3.8 g/cm’, than Ro meas- 
ured previously. Repeated measurement of the 
Bragg curve showed that the accuracy of measure- 
ment of the range difference AR amounted to 10%. 
For determination of the corresponding correction 
to the value of proton energy, the stopping power 
of copper for protons of velocity v/c = 0.81 was 
found from the formula of Bethe® to be equal to 
-— dE/dx = 1.73 Mev/g-cm™. It follows that the 
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difference in the mean energy of protons of mean 
velocity vg and of the beam protons used in the 
present experiment amounts to AE; = 6.6 Mev. . 

Since the momentum measurement pertains to 
protons near the magnetic analyzer and the veloc- . 
ity v and range were measured after the protons | 
traversed about 5.5 m of air, it was necessary to 
introduce a correction for the energy loss in air. | 
This amounted to AE, = 1.5 Mev. The total cor- 
rection is therefore AE = AE; + AE, = 8.1 Mev. | 

Since the relative value of the correction 
amounts only to 1.2%, the error in its determina- © 
tion can be neglected. The corresponding correc- . 
tion to the velocity is calculated according to the 
relativistic expression for energy. Assuming the © 
rest energy of the proton to be 938.2 Mev (Ref. 9). 
we obtain for the mean velocity a value v/c = | 
0.8112 + 0.0005. The fact that, while aiming at de-: 
tecting small deviations from the basic relativistic: 
relation m =my)[1- (v2/o? 72, we used a rela- : 
tivistic relation to determine the corrections AE 
and Av, is justified by the small magnitude of the : 
corrections. 

Using the values for the momentum and velocity 
of protons given above, we obtain 


m, = p/v = 1598.24 3 Mev/c? 


and 
My = My [1 — (v? /c?)}—"h = 1604.3 + 1.9 Mev /c?. 
Hence 
Am = m, — m, = 6.1 (1 + 0.6) 
or 


Am /m = 0,004 (1 + 0.6). 


(the errors represent standard deviations ). 

The results are, within the limits of the experi-. 
mental errors, in agreement with the relativistic 
law of the variation of mass. 

In conclusion the authors wish to express their 
gratitude to Prof. L. Janossy for his interest in the 
work and their appreciation to B. S. Neganov and 
Iu. D. Baiukov for assistance and valuable discus- » 
sion. 
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The range and specific ionization in air, argon, and hydrogen have been measured for the ions 
from Be to Ne at velocities between 1.5 x 108 and 12 x 10°cm/sec. For v = 5x 10°cm/sec, 


the specific ionization and the range of an ion is approximately proportional to the particle 
velocity v. At higher velocities, the range is proportional to v? and the specific-ionization 
curves have a flat maximum, as in the Bragg curve for q@ particles. The stopping power of 
a substance, B, is not the same for all ions and decreases with increasing Z of the ion. 


1. INTRODUCTION 


In connection with the study of nuclear reactions 
induced by multiply-charged ions and by hypernu- 
clei, interest has increased recently in the passage 
of charged ions of light elements, with atomic num- 
bers Z> 2, through matter. Particularly inter- 
esting are the ranges and specific ionizations of 
these ions. A theoretical prediction of these char- 
acteristics is a rather complicated matter, owing 
to the difficulties of accounting for the charge ex- 
change, which comes prominently into play at an 
ion velocity v close to the velocity of its orbital 

electrons. Recent publications describe the stop- 
ping of ions in photo emulsion’ and in air,?~ 
using certain simplifying assumptions concerning 
the effective ion charge and the stopping power B 
of the substance. These reports need an experi- 
mental verification. 

The only information available up to recently 
was on the ranges (referred to air) of recoil 
nuclei in a condensation chamber, at velocities 
from 2X 108 to 7 x 10®%cm/sec.®-! A short time 
ago reports were published on the ranges of many 


accelerated ions in gases, at velocities below 1 x 
10°®cm/sec,” and of lithium," beryllium, and 
nitrogen4 ions at higher velocities. The ranges 
of certain multiply-charged ions in photoemul- 
sion®—!8 and of nitrogen ions in nickel’® were also 
measured. As to specific ionization, there exist, 
in addition to a report’? concerning its constancy 
at velocities from 10 x 10° to 20 x 108em/sec, 
also data (in gases) for neon and nitrogen ions 
in the velocity region below 3 x 10®cm/sec (Ref. 
20), and also for lithium ions.'*>?! 

In this investigation, we studied the ranges and 
the specific ionizations of ions from Be to Ne, at 
velocities from 1.5 x 10° to 12 x 10®cm/sec in 
argon, air, and hydrogen. 


2. DESCRIPTION OF THE EXPERIMENT 


In this work, as in the work reported in Ref. 13, 
we employed a focused ion beam extracted from a 
72-cm cyclotron. After passing through a system 
of 1 X10 mm slits, the beam entered the register- 
ing apparatus (Fig. 1). 
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FIG. 1. Diagram of measuring apparatus. 


The measurement method consisted of moving 
a charged-particle recorder, attached on a movable 
rod, along the trajectory of the beam inside the 
stopping chamber, to measure the relative ioniza- 
tion along the path. The particle speed was deter- 
mined from the intensity of the field of the focusing 
magnet, calibrated for a particles and deuterons 
of known energy. The value of the field, in turn, 
was determined from the ranges of a particles in 
air and of deuterons in air and hydrogen, using tabu- 
lated data on the energy dependence of the range.” 
The accuracy of the speed determination did not ex- 
ceed 2% and that of the corresponding energy de- 
termination did not exceed 4%. To obtain ions of 
different velocities, we varied the magnetic field 
intensity and the frequency of the electric field be- 
tween the dees of the cyclotron. The gases BFs, 
air, and Ne were introduced into the ordinary arc 
source of the cyclotron. Beryllium ions were ob- 
tained from a source with a beryllium plug. 

The ions were stopped in chamber 1 (Fig. 1), 
filled with gas at pressure suitable for operation 
of the proportional counter and at the same time 
sufficient to keep the total range of the ions within 
the chamber. The average pressure was approxi- 
mately 40 mm mercury for air, 35 for argon, and 
130 for hydrogen. At low velocities (v < 4 x 10° 
cm/sec), pressures up to 2mm mercury were 
used, and the ions were registered in this case 
with an ionization chamber. An inclined mercury 
manometer, accurate to +0.3 mm Hg, was used 
to measure pressure from 1 to 50 mm Hg. Higher 
pressures were measured with an ordinary U- 
shaped manometer. 

The vacuum portion of the cyclotron was separ- 
ated from the stopping chamber with a celluloid 
film 3, ~120 g/cm? thick. An identical film 4 
was placed in the vacuum a certain distance away 
from film 3. Film 4 could be placed in the path of 
the beam to determine the air equivalent of the 
first film. 

The specific ionizations and the ranges of ions 
with velocity from 4 x 10° to 12 x 108cm/sec 
were measured with a proportional counter and a 
linear amplifier 2. The counter comprised a rect- 
angular brass box with a 3 x 10 mm slit for the 
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admission of the particles. The collecting elec- 
trode was a tungsten wire 60 microns in diameter, 
stretched parallel to the slit and placed 7 mm off 
the center of the slit. The counter was 6 mm deep | 
and was not separated from the stopping chamber. 
The pulses at the output of the linear amplifier 
were measured both visually with a cathode ray 
oscillograph, and on the film of a loop oscillograph | 
60 mm wide. As a check, each series of measure-~ | 
ment was repeated many times. 
The ranges of nitrogen ions at velocities from 

1.5 x 108 to 4 x 108cm/sec were measured with a 
flat ionization chamber 5, recording the total cur- 
rent at a given portion of the ion path. A chamber | 
approximately 3 mm deep was attached to the mov- 
ing rod together with the counter. The high voltage 
electrode, measuring 82cm, was in the form of. 
a tungsten wire mesh 60 microns thick, the distance 
between wires being 1 mm. The particles entered 
the chamber through the mesh and moved in the 
chamber in the direction of the electric field. The 


current in the ionization chamber was measured 
with an integrator. The readings of the measuring 
chamber were related to the readings of a monitor 
chamber 5’, located at the input to the stopping 
chamber, and providing passage for the entire 
beam. To avoid energy losses in the film, a differ- 
ential vacuum system was employed with a pressuri 
drop from 10 to 2 x 1075 mm Hg, obtained by four 
stages 6 —9, separated by 1 x10 mm channels 4 
to 10 cm long. To provide comparison with the re- 
sults obtained with the counter, control measure- 
ments were made at 5 and 8 X 10°cm/sec, using 
the film instead of the differential vacuum. 


3. PROCESSING OF THE RESULTS AND EXPERI- 
MENTAL ERRORS 


The measurements yielded the dependence of 
the pulse amplitudes (or of the ionization current} 
on the distance between the recorder and the point 
of entry of the beam into the stopping chamber. Th 
end of the range was determined from the x-inter- 
cept of the experimental curve for the specific ion- 
ization. At a pressure of 760 mm mercury, the 
range was calculated from the formula 
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R =1(p/760) + AR, 


where £ is the length of the ion path in the stop- 
ping chamber, p is the pressure in the chamber 

in mm Hg, and AR the equivalent of the celluloid 
film when operating with the. counter, averaged over 
all measurements for the given ion and gas. This 
equivalent amounted to ~1 mm for air and argon 
and ~4 mm for hydrogen. 

The measurements of the film equivalent did not 
show it to depend on the ion velocity, but an approx- 
imately linear dependence on the ion charge was 
observed. In hydrogen, the reduction in the value 
of the equivalent from the proton to the neon ion 
amounted to 30% in neon, 15% in argon, and 5% in 
air. Since the accuracy in the measurement of the 
equivalent did not exceed 15 — 30%, the observed 
law can be considered only approximate. In meas- 
urements with the ionization chamber, AR repre- 
sented the effective length of channel 6, equal to 
(63 + 3) (p/760) mm, which was calculated with 
the Knudsen formula for viscous flow. 

The absolute values of the specific energy los- 
ses in Mev/cm was obtained from the pulse ampli- 
tude vs. distance curve by two methods: (A) nor- 
malization with respect to energy, as described in 
Ref. 16, and (B) comparison of the pulse from a 
given ion with the pulse from a proton of known 
energy, for identical counter positions. Both meth- 
ods yielded equal values, within the limits of ex- 
perimental error. Table I gives the results of the 
comparison for argon. To check the procedure, 
specific ionization vs. velocity curves were ob- 
tained for q@ particles and deuterons, and these 

curves agreed quite satisfactorily with the avail- 
able data.?2»?8 


The major error, both in the determination of 
the range and in the determination of the specific 
ionization, was due to the considerable spread of 
the pulses within a single series and between vari- 
ous series of measurement. Calculations have 
shown that in the region with v > 3 x 10°cm/sec 
the spread within any one series can be accounted 
for almost entirely by statistical fluctuations of the 
coefficient of gas amplification. Differences be- 

_ tween series was probably due to counter-voltage 


TABLE I 


dE/dx, Mev/cm 


Ion 


dar 
’Bet2 5.0+0.4 5.2+0.5 
s1B+2 6.2+0.6 5.8-+0.6 
14N+3 9.1+0.4 8.5-+0.8 
16Q+8 9.6+0.5 9.541 .0 
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fluctuations. The summary error, which includes 
in addition to the above error also the errors in 
the measurements of the pressure and of the film 
equivalent, is shown in Figs. 2 —4 to fluctuate be- 
tween 2 and 7% for the range and between 7 and 
15% for the specific ionization, depending on the 
ion and on the velocity (at v > 3 x 108em/sec De 

Figure 2 shows, by way of an example, the ex- 
perimental points obtained by measuring the de- 
pendence of the specific ionization on the range for 
the ions ''B and “N in air and in hydrogen. The 
solid line represents the average of the experimen- 
tal points. 


4. RESULTS 


The results of the range measurement are 
shown in Fig. 3 in the form of the dependence of 
Z?R/A on E/A, i.e., in units that are independent 
of the isotopic mass of the ion A. The solid lines 
on the graph were obtained by integrating the curves 
of the specific ionization and are continued dotted 
to the range measured at maximum energy E. 

The dots represent the results of direct measure- 
ment of the ion ranges at various velocities. The 
points fit the curves within experimental accuracy. 
This shows that, within the experimental error, the 
average energy required to produce a single pair of 
ions is independent of the velocity and of the type 
of ion, i.e., that the forms of the curves of specific 
ionization and of average energy loss dE/dx coin- 
cide, as was indeed assumed in the normalization 
of the specific-ionization curve. 

Comparison of the ranges of the ions in various 
gases shows that, for equal velocity, the range is 
greater by 6% in argon and by a factor of 3.7 times 
in hydrogen, compared with air, and that this ratio 
diminishes somewhat with increasing Z of the ion 
(by ~10—20% as Z increases from 5 to 10). At 
a velocity v <5 xX 10°cm/sec, the range of the ion 
is proportional to the velocity, and at higher veloc- 
ities the dependence of R on v changes, the 
range becoming approximately proportional to v 
at velocities ~6 —8 x 10®cm/sec. 

The specific ionization, as can be seen from 
Fig. 5, is proportional to the velocity at v <5 x 
108cm/sec, and at v ~ 6—8 x 108cm/sec it has 
a maximum similar to the Bragg curve for @ par- 
ticles. At the maximum, dE/dx ¥ 1.5Z Mev/cm. 

Comparison of the curves of the specific ioni- 
zation in various gases shows that it is possible to 
employ for all ions a factor 0.92 + 0.05 in convert- 
ing from argon to air, and 0.29 + 0.01 in convert- 
ing from hydrogen to air. These coefficients, ac- 
curate to ~10%, can be considered equal to the 
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dE/dx, Mev/cm 


R, cm 


FIG. 2. Specific ionization: A — 'B, B — *N; a -— in air, 
b — in hydrogen, depending on the residual range at 760 mm 
Hg. 


ratio of Nez? for the given substances, where 
Ny is the number of atoms per cm? of matter, and 
Zg is the atomic number of the medium, On the 
whole, the dependence of the specific ionization on 
Z andon Z, can be written 


dF. ans 
— Vase = N23 Zi (2); 


where f(v) is independent of the medium and of 
the ion within +10 —15%. 


5. INTERPRETATION OF THE RESULTS 


The ranges of ions in air, measured by means 
of an ionization chamber (see Fig. 4), are approx- 
imately 1mm shorter than the ranges obtained 


Z’? R/A, cm 
g 


a qi QZ @Q3 O46 @F 46 a7 8 
E/A, Mev 
FIG. 3. Dependence of the ion ranges on the energy at a | 
pressure of 760 mm Hg. A ~ in air, B — in argon, C — in hy-: 
drogen. Values of the ranges in air for the protons and the 
& particles were taken from Ref. 22, those for the Li ions — 
from Ref. 13. 


with the aid of the counter. A similar difference 
is observed also in argon ( ~1 mm) and in hydro- 
gen (~2mm). Qualitatively this can be attributed 
to nuclear collisions. It is known that at the end o 
the range there is an increase in the number of 
elastic collisions between the ions and the atoms 
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vx 14 9 cm/sec 


R, cm 
FIG. 4. Dependence of the ranges of “N ions on the velocity in air at 760 mm Hg: — our experimental results, obtained 
with a proportional counter, and 0 — with an ionization chamber; A— measurements in a condensation chamber,!4 A — values ob- 
tained in Ref. 12, -.-——.. — measurements of recoil nuclei,6»® ...— measurements in photoemulsion, recalculated for air.15 
Calculated curves: —-———— from Ref. 3, —«:—+:— from Ref. 4, and —» —.— from Ref. 5. 


dE/dx, Mev/cm dE/dx, Mev/cm 
V2 : 


dE/dx, Mev/cm 


Mt y UU a 
0 ze, 4 G e 1d 72 a 2 4 a 8 A 
v x 1078 cm/sec Nas 


g a 4 6 8 10 12 
v x 10-8 cm/sec 
FIG. 5. Specific ionization of multiply-charged ions as function of the velocity: A — in air, B — in argon, C — in hydrogen. 
Solid line — results of this investigation, dotted line ~ from Refs. 22, 23, and 13; dash-dot line ~ from Refs. 21 and 20. 
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of the substance, leading to greater energy losses 
per collision and to greater deflection angles. 
Since the dimensions of the input slit of a propor- 
tional counter are small, the counter recorded es- 
sentially the ions that did not experience elastic 
collisions and whose range was greater than the 
range of most ions that entered into the ionization 
chamber. A theoretical estimate of this effect, 
based on the classical approximation,”4>?° leads to 
a range difference that is close to that observed 
experimentally. 

Figure 4 gives all the published data on the 
ranges of the 'N ions in air. According to Ref. 
14, the ranges of accelerated nitrogen ions, meas- 
ured in a condensation chamber, are approximately 
5% less than our values, but this can also be attri- 
buted to the influence of nuclear collisions. The 
curve obtained from data on the ranges of the re- 
coil nuclei,®*8 a curve characterized by low statis- 
tics and large spread of individual points, differs 
on the average from our results by 10%. An anal- 
ogous correspondence is observed also for oxygen, 
fluorine, and neon ions.®~? Only in the case of the 
boron ions are the ranges of the recoil nuclei (see 
Ref. 11) approximately 1.5 mm smaller than ours; 
this apparently can be attributed only partially to 
nuclear collisions. 

Figure 4 gives also the curve for the ranges of 
nitrogen ions in photoemulsion, recalculated for 
air using a value of 1800 for the stopping power. 
The fact that the curves agree within 15% shows 
that the stopping power of the photoemulsion with 
respect to air is the same for these ions as the 
stopping power for q@ particles. 

For comparison with experiment, Fig. 4 shows 
three calculated curves.*~> The curve from Ref. 4 
is close to the experimental curve for a velocity v 
= 6 x 10®cm/sec, but at greater velocities it gives 
undervalued ranges. To the contrary, the curves 
from Refs. 3 and 5 do not agree with experiment 
at low velocities, but at v > 7 x 10®cm/sec they 
agree with the experimental curve within 10%. 

The measured specific-energy losses for the 
‘4N ions agree, within the limits of experimental 
error, with the previously obtained data? (Fig. 5). 
However, the specific-energy losses for the ?°Ne 
ions, cited in the same reference, are 30% lower 
than those obtained in our work. Such a discrep- 
ancy can be hardly attributed to various influences 
of nuclear collisions. The curve of Ref. 11 for the 
specific-energy losses for !!B ions, calculated 
from the ranges, differs from our curve by not 
more than 10%. The value of the specific ioniza- 
tion calculated in Ref. 5 for nitrogen and beryllium 
ions is too high, and at the maximum it exceeds 


the experimental value by approximately 30%. 
It is known that the average energy loss can be 
calculated from the formula a | 


— dE | dx = (4ne4 / mv*)i*?. N,-B (cv), 


where i* is the effective ion charge, and B is 
the stopping power of the substance. In the above- 
mentioned calculations of the ranges and specific- | 
energy losses,'* the value of B was assumed the ff 
same for all ions and was determined from the val-} 
ues of dE/dx and i* for protons or a particles. | 
The values of B calculated in our work from the i 
values of dE/dx, and the values of the rms charge } 
from the equilibrium distribution of the charges in 
the ion beam,”* have shown that in the velocity i! 
range v<3—5x10%cm/see B diminishes with | 
increasing Z and is approximately 20% lower for |) 
20Ne than for the “B ions. A similar character of |] 
the dependence of B on Z follows from the known; . 
Bloch formula for the specific-energy losses,” ac~ |} 
cording to which 


B =Z,(In(2mv* / 1) — Q], 
Q=Rpll + j (He? /hv)] —$(1), 


where 2» is the logarithmic derivative of the T 
function and Ry is the real part of y. As Z in- 
creases, the mean charge, and consequently also the 
the quantity Q (which depends on the ratio of the 
mean charge to the ion velocity ) increases and the 
stopping power B diminishes. 

The Bloch formula is applicable only when the 
ion velocity v is considerably greater than the 
velocity u of the orbital electrons of the atoms of 
the substance. At v ~ 3—5 x 108cm/sec, this 
condition is not satisfied for a considerable num- 
ber of electrons. One can assume, however, that 
at least for those electrons with u<v, the depend-} 
ence of the stopping power on the ion charge fits 
the Bloch formula, and that the contribution to the 
stopping produced by electrons with u>v is inde- 
pendent of Z. Asa result, we can assume that 
B= Bo - Z2Q, where By is independent of Z, 
and Vis is the effective number of electrons of the 
atoms of the substance, for which the Bloch for- 
mula is valid. 

As the velocity increases, Z* should also in- 
crease, and should approach Z, in the limit. The 
dependence of @ on v inthe region vy ~ 3—6 x 
10° cm/sec is weak, since the value of the mean 
charge is approximately proportional to v (Ref. 26) 
At greater velocities, when the mean charge in- 
creases more slowly, Q diminishes. At the same: 
time, as the velocity increases, the value By in- 
creases rapidly, i.e., B becomes on the whole less 
dependent on Z. 
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TABLE I 


He 10.8-40.3 0.29 11.7 
B 10.0-40,8 0.58 11.7 
N 9.8+0.7 0.74 12.025 
O 8.60.6 0.82 11.4 
Ne 8,240.5 0.92 11.0 


| 
22.4 0 


0.3 | 20.440.6 0.29 +0.6 
0.8 | 20.041.5 0.60 23.641.5 
027 | 17684413 0.75 22.3-£1.3 
0.6 | 45.6+1.0 0.84 20.64-1..0 
0.5] 16.4+1.0 0.92 21,94 .0 


We determined the value of Z% from the values 
of B and Q, corresponding to the experimental 
values of the mean ion charge in gases.”* In the 
velocity region v ~ 4—5 x 108cm/sec, it turned 
out to be close to 3 for air, ~6 for argon, and ~1 
for hydrogen, i.e., Z% * BS The values of B, Q, 
and By) =B+ Z%Q for v =4x10%cm/sec are 
given in Table II (the data from the survey of Ref. 
24 are used for the @ particles). The values of 
By, as can be seen from the table, are the same 
for all ions within +7%. 

It must be noted, that the close agreement be- 
tween the theoretical calculations, based on the 
assumption that B is independent of Z, with ex- 
periment is to certain extent fortuitous and may 
be due to the fact that the dependence of the mean 
charge on Z is assumed in these investigations 
to be somewhat weaker than actual. 

In conclusion, I express my gratitude to S. S. 
Vasil’ ev for interest in this work and for a dis- 
cussion of its results, to the cyclotron crew headed 
by G. V. Kosheliaev, and also to B. M. Makuna for 
help in this work. 
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DECAY SCHEME OF Ba 
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The gamma-ray spectrum of Ba!” was measured with a scintillation gamma spectrometer. 
The spectrum was treated by the method of Maeder, Miiller, and Wintersteiger. The relative 
intensities of gamma rays with energies of 30, 160, 305, 430, and 537 kev were respectively 


0.7, 0.18, 0.12, 0.18, and 1.0. Measurements of 


y—y and B—y coincidences were obtained. 


A decay scheme for Ba!4? is proposed on the basis of the results of the present and previous 


investigations. 


Bean, Peacock and Wilkinson! have studied the 
beta spectrum of Baa the two components of 
which have end-point energies of 1022 and 480 kev 
and relative intensities of 60 and 40%. Cork and 
his co-workers’ have investigated the internal con- 
version electrons from the gamma rays of Ba!4? 

by measuring the conversion electron energies and 
determining their relative intensities. The conver- 
sion electrons were ascribed to gamma rays with 
energies of 29.6, 118.5, 131.8, 162.1, 304, 421.8, 
435.8 and 536.7 kev. Maerker and Birkhoff® and 
Rohr and Birkhoff* measured the internal conver - 
sion coefficient of 540-kev gamma rays from Ba’. 
obtaining ax = (5.6 +1.9) x10 with K/L+M= 
6+2 and 5+0.5, respectively. 

Kelly and Wiedenbeck® using a scintillation spec- 
trometer recorded gamma rays from Ba'*? with 
energies of 30, 132, 162, 304, 436 and 537 kev. 
Through an analysis of the gamma spectrum meas- 
ured from a source inside the crystal conclusions 
were reached regarding y—y coincidences. The 
same article gives the angular correlation of 162 
and 304-kev gamma rays. 


N (pulses/sec) 
4g 


EXPERIMENTAL PROCEDURE 


Radioactive Ba‘*? decays with a half life of 13 
days to radioactive Lal? which, in turn, decays 
with a half life of 40 hours to the stable isotope 
Ce!4?, Thus the source always contains a mixture ~ 
of the radioactive isotopes of Ba‘? and La!*?, 

Chemical purification was effected by precipi- | 
tating La from the Ba in solution. Drops of the 


filtered solution were deposited on a collodion film | 


and dried. Gamma radiation from the prepared 
source was measured by means of a scintillation 
spectometer. B—y and y—y coincidences were 
also recorded. The Ba!4° spectrum was automat- 
ically recorded.’ Since La‘? is gradually accu- 
mulated in the source measurements were per- 
formed as soon as possible after preparation of the 
specimen and not later than 5 hours afterward. 

The amount of La!*? 
from its 800-kev line. The La!*? spectrum was 
subtracted from the spectrum of Ba!!® containing 


Lal. the remaining spectrum is shown in Fig. 1. 


FIG. 1. Gamma-ray spectrum of Ba‘*°: E,, — gamma- 
ray energy; N — counting rate (analyzer output). 


a 20 40 60 100 200 OG 400 500 600 709 
Ey (kev) 


394 


in the source was estimated 
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In analyzing the spectrum the method of Maeder et 
al.’ was employed to calculate the form of the line 
(the form of the photopeak and the form and mag- 
nitude of the Compton electron spectrum) from the 
frequency and height of the gamma-ray photopeak 
at a given energy. In order to ascertain that 30- 
kev gamma rays came from the source and did not 
result from secondary effects in the crystal a cop- 
per absorber with a thickness of 1 g/cm? was 
placed between the source and the crystal. This 
caused the 30-kev gamma peak to disappear com- 
pletely while the remaining spectrum of harder 
gamma rays was attenuated only slightly. 


TABLE I. Energies and rela- 
tive intensities of gamma ra- 
diation from Ba!*? 


| Our measurements 
From 
Pre /Kelly and | Rela 
rie Wieden- prorey tive 
‘ Beaks (kev) inten- 
| sity 
as A S 30 30 Oe 
131.8 132 a & 
162.4 162 160 0.18 
—- — 230 0.02 
nen ° 304 3095 On 
435.8 436 430 0.48 
536.7 537 537 1.0 


Gamma rays at about 230 kev were observed in 
addition to previously known gamma radiation. 
This is probably scattered radiation. Table I shows 
the measured relative intensities of the gamma 

rays. 

Figure 2 presents three spectra of gamma rays 
coinciding with beta rays of different energies. 
The counting rate of the beta spectrometer was 
normalized for all three gamma spectra. The hard 
beta rays correspond to a transition to the ground 
level or first excited level of La!4°, with the same 
counting rate of the beta spectrometer for differ- 


N (pulses/sec) 
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FIG. 2. Spectrum of gamma rays coinciding with: 1 — the 
soft part of the beta spectrum, 2 — the middle of the beta 


spectrum, 3 — the hard part of the beta spectrum; N is the 
counting rate at the output of the coincidence scheme. 
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ent energies the B—y coincidence rate was re- 
duced when the beta spectrometer was adjusted for 
the harder part of the spectrum. The 540-kev 
gamma rays coincide only with soft beta rays. 


N (pulses/sec) 
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FIG. 3. Spectrum of gamma rays coinciding with other 
gamma rays of the following energies: 1 — 450 kev, 2 — 304 
kev, 3 — 160 kev, 4 — 30 kev; N is the counting rate at the 
output of the coincidence scheme. 


Figure 3 contains the spectra of gamma rays 
coinciding with other gamma rays of various en- 
ergies. The following gamma-ray coincidences 
occur: 300-kev gamma rays coincide with those 
of 160 kev, while 30-kev gamma rays coincide 
with those of 540 and 300 kev. 


CONCLUSIONS 


Since we know the internal conversion coeffi- 
cient of the 540-kev gamma transition®** we can 
compare the present results with those of Cork 
and his co-workers” and attempt to estimate the 
internal conversion coefficients for the remaining 
transitions Preliminary values of the internal 
conversion coefficients can be taken from tables 
in Refs. 8 and 9, using the relative intensities of 
conversion electrons in Ref. 2. The latter method 
must be preferred because the relative intensities 
of conversion electrons can be determined more 
accurately when their energies are close than 
when they are separated by a large energy interval. 
These results are shown in Table II. 

It can be seen from Table II that the x-ray con- 
tribution to the 30-kev gamma transition may be 
neglected. Conversion also has little effect on the 
relative intensities of hard gamma transitions but 
greatly changes the 30-kev transition. Table III 
gives the relative intensities of gamma transitions 
with the internal conversion coefficients taken into 


account. 
In the decay scheme proposed by Kelly and 


Wiedenbeck® the 450-kev gamma transition goes 
to the ground level. This is contradicted by the 
facts given below, which permit the conclusion 
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TABLE I. Preliminary values of internal conversion coefficients. 
Gonversion Conversion 
Energy lati coefficient coefficients | Conversion Al 
of | Conversion Canaan (Ref. 8 and | computed |eoefficients | Relative | 
gamma | electron Shalens 9) in the from the | used in the intensity 
transi- | level and usmicene ratios Ly conversion present of 39-kev 
tion energy (kev)! version Lip Ly oF coefficient ork x-rays 
(kev) K:L for E=540 
: kev 
29.6 lie Pas) 20 3.8 5+10-2 3.8 ee 
Ly 23.7 2 3.141.107! 5-10-8 0.3 
Ly 24.4 1 6.3-10-2 2-10-8 One '6.6 0 
M 28.2 10 — 2-10-2 1.6 
N 29.3 5 — 4-10-2 0.8 
118.5 K 79.8 4 = = = = 
131.8 ie Aiea 4 = zs = nee 
162.1 K 412333 10 2.8-10-1 4.0-10-1 2.8-10-1 
Gatoonw 5 7.5-10-2 5:10-2 0.7-10-1 fGOss 
M 160.8 2 — 2-10-2 0,3-10-! 
230 = = = ee = = 
304 K 265.5 4 == 6-10-2 6-107? 0.6-10-2 
421.8 K 382.8 4 = 2 = ae 
435.8 K 397.4 4 — 4-10-2 4-10-2 0.16-10-* 
536.7 K 498.0 4 = 6-10-8 7-40-8 0.5-10-2 
1b SRO) 4 — 4.10-8 
0.03 


that the transition in question goes to the first 
excited level at 30 kev. The analysis of y—y 
coincidences shows that 540-kev and 30-kev 
gamma rays coincide. To account for the large 
relative intensity of the 30-kev transition it must 
be assumed that the 540-kev transition goes to the 
first excited state rather than to the ground level 
of La'*®, The difference between the end-point 
energies of the two beta components is 542 kev 
according to Beach et al.! rather than the 507 kev 
of the decay scheme in Ref. 5. All of the other 
data obtained in the present work agree with the 
decay scheme in Ref. 5. 

Figure 4 shows the decay scheme of Ba! which 
is in accordance with the results of our present 
work. 

The author is deeply grateful to Professor G. 
V. Gorshkov, in whose laboratory this work was 


TABLE II. Relative intensities of gamma 
transitions 


Relative 
intensities 


Relative 
intensities 


Energy (kev) Energy (kev) 


118.5 
131.8 
162.1 


230 


*The relative intensity of the 30-kev transition is probably 
too high because of inaccurate knowledge of the intemal con- 


version coefficients. 
**The 230-kev line evidently belongs to scattered radia- 


tion, 


FIG. 4. Decay scheme of Ba‘*°, 


done, for his continued interest and valuable sug- 
gestions. The author also wishes to thank V. I. 
Katsapov for the chemical purification of Ba to 
remove La. 
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MEASUREMENT OF FAST NEUTRON ABSORPTION CROSS SECTIONS 
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Submitted to JETP editor September 28, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 574-578 (March, 1958) 


The absorption cross sections for 25, 220 and 830-kev photoneutrons have been found for 20 
elements, using neutron transmission in strict spherical geometry.* 


1. METHOD OF MEASUREMENT. 


. OR the measurement of neutron absorption 
cross sections, we used the transmission of neu- 
trons in strict spherical geometry (with the neu- 
tron source placed inside a sphere of absorbing 
material). The spherical geometry of the experi- 
ment eliminates the direct effect of elastic scatter- 
ing. The effect of inelastic scattering, which is 
important for high energy neutrons, was scarcely 
evident because a long counter was used for de- 
tecting the neutrons. Thus, from relative meas- 
urements we determined the absolute value of the 
neutron absorption cross section. 


2, EXPERIMENTAL ARRANGEMENT 


The experimental arrangement is shown sche- 
matically in the figure. Three photoneutron 
sources, spherical in shape, were used (Sb — Be, 
Na—D,O, and Na—Be). They consisted of y 
sources of Sb or NaF 25 —30 mm in diameter, 
embedded in spherical targets of Be or D,O, 8 
mm in thickness. After assembly, the source had 
a diameter of 45—50 mm. Table I gives the char- 
acteristics of the neutron sources used in the pres- 
ent work. 


*The measurements were catried out in, 1952-1955. 


-@ 


FIG. 1. Arrangement of the experiment. 1—neutron source, 
2 — absorbing sphere of sample material, 3 — long counter: 
a — paraffin container, b — boron counter; Pre — preamplifier, 
Amp — amplifier, Sc — scaler, Re — mechanical recorder. 


oe er ee 
eek ea 


Omri 


The energy and intensity of the hard neutron 
group from the (Sb —Be) source was determined 
from the decay scheme’ of Sb!*4 and the behavior 
of the (y, n) reaction on beryllium.’ 

The samples of materials for study were in the 
form of spheres with outer diameter 15 — 22 cm, 
with a cavity 5—8 cm in diameter in their interior. 
They consisted of two hemispheres, so that the neu- 
tron source could be inserted into the cavity. The 
materials to be studied were taken both in cast 
metal and in powder form. The powders were 
placed in spherical brass containers having wall 
thickness 1—1.5 mm. The dimensions of the con- 
tainers were the same as those of the cast spheres. 
The powders were thoroughly dried before filling 
the containers. 


The neutron detector used was a long counter,® 
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TABLE I 
; Angular distribution of Maximum A ia 
Neutron | atesite | ‘peutrone fom (7,0) | neuton aneray | “ares "ey. 
—=5 60 days Isotropic! 29 kev? . | 2544 (93%)35 
oa ; : 400 (7%) 
(Na—D,0) 15 hr. 144.7 sin’? 270 kev3»4 | 22042034 
(Na—Be) 15 ” 1+0.8 sin?) 1 Mev3»4 | 830-+403+4 


which had the same sensitivity for neutrons of dif- 
ferent energies. Pulses from the counter entered 

a wide-band amplifier and were counted in a PS-64 
scale-of-64 recorder. 


3. CALCULATION OF ABSORPTION CROSS 
SECTION 


The computation was made using the formula 


(4 —(No/N;)) (1 — exp {— (R — nr) / 24,3) rn 
((R —r)(1—(No2/N1)) + T((Ne2/ arin om 


og = 


where 0d, is the neutron absorption cross section, 
No the number of atoms per cc, Aty the transport 
length, £ the mean length of neutron path in the 
material, N, the number of neutrons recorded 
from the (bare) neutron source, Ny the number 
of neutrons recorded with the neutron source placed 
inside the absorbing sphere, R the radius of the 
sphere, and r the radius of the cavity in the sphere. 
The formula was obtained on the assumption that 
the path lengths of neutrons that suffer elastic scat- 
tering in the absorber have an exponential distri- 
bution. This formula is valid for relatively large 
absorptions ~ 25 — 30%. 

The average path of the neutrons for a point 
source was calculated using a somewhat modified 
formula due to O. D. Kazachkovskii,* which takes 
into account the presence of the cavity in the sphere: 


2 tr x Tote 


(2) 
+ 0.29(R— ae exp {— paren [xh 


where rp = R+0.7A4;. For some of the elements, 
2 was computed using the data of Barshall et al.° 
on the transport cross section oy, for 220-kev 
neutrons, and the data of Lovchikova’® for 830-kev 
neutrons. For most of the elements, at 830-kev, 
we used the values of o;, found by Walt and Bar- 
schall'! and Walt!? at 1 Mev. In those cases where 


*Private communication. 


there were no experimental data for o,, for the 
elements under investigation, we used the value of 
Oty computed on the basis of the paper of Feshbach 
and Weisskopf. 13° From the graphs in their paper, 
we found the ratio oty;/otot (where stot is the 
total cross section). Using the experimental val- 
ues of Cintas we calculated o;, for all the ele- 
ments studied. Comparison of known experimen- 
tal values of oy, with the computed values showed 
satisfactory agreement. 

For 25-kev neutrons the scattering is isotropic, 
and for low values of dg we can use the total scat- - 
tering cross section Og = Otot in place of of, in 
calculating £. 


4, CONTROL EXPERIMENTS AND CORRECTIONS 


1. Because the boron counter is sensitive to y 
rays from the photoneutron source, a correction 
was made for counting of y quanta. The correc- 
tion was of the order of 2 —3% of the total count. 

2. A correction for fission of U*®®, which is 
contained in the normal mixture of isotopes, was 
made on the absorption cross section of uranium. 
Depending on the neutron energy, this correction 
amounted to 3 —10% of the capture cross section. 

3. Elastic and inelastic slowing down of the neu- 
trons in the spheres changes the primary neutron 
spectrum. This can result in a change in ag. 
Measurements were made with spheres of differ- 
ent sizes. The values of og obtained were the 
same for a given element within the limits of ac- 
curacy of the experiment. This means that the 
softening of the initial neutron spectrum is of no 
consequence, in first approximation. 

4. An experimental correction was made for 
scattering of neutrons in the walls of the sample 
holders. The size of this correction decreased 
from ~5 to 2% with increase of neutron energy 
from 25 to 830 kev. The capture ‘cross section 
was calculated only for those powders in which 
the effect of capture was greater then the correc- 
tion for the container. 

5. In calculating the average neutron path 
length, it was necessary to include Og in deter- 
mining og from oto. A method of successive 
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approximations was used. We first determined 
Og using Of¢o¢ in place of Og- Then we improved 
Oo, by using the formula 


Ss = Cict — Sq 


and again calculated Og. Since dt 4 is known to 
an accuracy of ~ 15 — 20%, corrections of Og 
were made for those elements in which the meas- 
ured o, > 0.1 barns. 

6. A correction was made for the finite distance 
between the detector and the neutron source. This 
experimental correction was determined in several 
ways. For a distance of 1 meter between the de- 
tector and neutron source, the correction was of 
the order of 1% for all energies. 

7. The presence of a hard neutron group in the 
(Sb — Be) source reduces somewhat the values of 
the measured absorption cross sections for 25-kev 
neutrons. A computation showed that og, is re- 
duced by 3—5%. This correction was not applied 
to the experimental values of og, since the size 
of the correction is beyond the limits of accuracy 
of the computation. 

There were also other effects whose contribution 
to the computation of the absorption cross section 
were so small compared to the accuracy of the 
method that they could be neglected. Among these 
effects are: 

(a) multiplication of the neutrons in U8 (<1% 
correction to o, for uranium); 

(b) the effect of the finite dimensions of the neu- 
tron source on the size of the average neutron path 
in the sphere (a correction of ~1—2% in Q); 

(c) the effect of the anisotropy of the (y,n) re- 
action in (Na—D,O) and (Na—Be) sources on 
the size of the average neutron path in the sphere 
(a correction of <1% in 2); 

(d) the effect of reduction of neutron energy be- 
cause of backscattering in the source). 


5. DISCUSSION OF RESULTS 


The results of the present measurements are 
given in Table IJ. All the absorption cross sections 
reported up to now were measured mainly by the 
activation method.'4~!8 They refer only to indivi- 
dual isotopes. The advantage of the method de- 
scribed here is that it does not require absolute 
measurements of neutron fluxes and £B activity 
of samples, and is also applicable to isotopes which 
are stable after neutron capture. With the excep- 
tion of a few isolated cases, the data of the present 
paper are in good agreement with the absorption 
cross sections found in the papers mentioned above. 

The sensitivity of the long counter varies by 
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Oj» millibarn O,, millibarn 


Ele- Ele- 
ment) 4544 | 220420] s30+40|| 254-4 | 200420 | 8304.40 
kev kev kev kev | key ey 

Mg | 1943 [13-440/10-+4 |] ca | 32147 | 12345 | 7345 
AL | 4743 | 643 | <f6l] Sn | 112255 50t8 3646 
S <44 | <38 | <40 || Sb 4444-4 | 130+10 |100+8 
Ca 13-+10} 5+10 8-10); I 1097-39} 3144-42 |101+-40 
Cr [44446 [36241 [214 || Ba | <108 | <iie | <it4 
Fe | 192 1342 | 942 || w | 432-4426] 133-435 | 40433 
Ni | 5041 [26-2 [196 |] Hg | 2029 | 108-11 | 432612 
Cu | 3263 [182 |t924 || Pb (ares nissan 

Zn | 2942 |241+2 18+3 |] Th | 4574 | 235-46 |203-46 
Se 2454111834 13158--16|| U 5724-7 | 20445 [147-7 


~18% in the energy range ~1 Mev (Ref. 8). Such 
a change in sensitivity affects the value of o, to 
some extent, since in this energy range there is an 
effect of elastic slowing down of the neutrons in the 
spheres and, in addition, in the 830-kev energy re- 
gion there is appreciable inelastic scattering of the 
neutrons for some of the elements. Reduction of 
the sensitivity of the counter to elastically and in- 
elastically slowed neutrons acts as an apparent in- 
crease in the absorption effect, and consequently 
raises the value of the absorption cross section. 

Attempts were made, both experimentally and 
by computation, to estimate the increase in dg 
caused by elastic and inelastic neutron collisions. 
Computation showed that for 830-kev neutrons og 
may be increased by 24 — 30% because of the vari- 
ation in counter sensitivity. For 220-kev neutrons, 
the increase in o, varies between 2 and 4%. For 
25-kev neutrons the variation in counter sensitivity 
is so small that it has no effect on the value of og. 
Separate experiments were carried out with spheres 
of graphite (which has no appreciable neutron ab- 
sorption), thick enough to reduce the average neu- 
tron energy by a factor of two. The counting rate 
with the graphite sphere for 25-kev neutrons was 
hardly changed. For 220- and 830-kev neutrons, 
the counting rate was lowered by about 3 — 5%. 

An analysis of all the errors of the method en- 
ables us to estimate the accuracy: for 25- and 220- 
kev neutrons, the method gives absorption cross 
sections to an accuracy of 3 —15%, while for 830- 
kev neutrons the absorption cross sections are too 
high by 20 —30%. In the future we plan experiments 
with a detector which has a more constant sensitiv- 
ity in the energy range below 1 Mev (though we pay 
the price in poorer response at higher energies ). 

In conclusion, the author expresses his gratitude 
to O. D. Kazachkovskii for continual help in the 
work and for valuable advice, and to V. P. Pazov- 
ska and I. M. Kopylov who helped in the measure- 
ments. 
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The author is grateful to Prof. A. I. Leipunskii 
for continued interest in the work. 
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The cross sections for capture and loss of electrons in single collisions of 5-kev to 40-kev 
hydrogen atoms with He, Ne, A, Kr and Xe atoms and with H,, Ny, and O, molecules are 


measured by a mass-spectrometric method. 
INTRODUCTION 


Tae passage of fast neutral particles through a 
substance is accompanied by processes of electron 
capture and loss as the particles collide with atoms 
of the substance. The first of these processes can 
occur only if the neutral particle possesses positive 
electron affinity. As a result of electron capture 
and loss a neutral beam which has traversed a layer 
of matter will upon emerging contain singly charged 
negative ions and positive ions of various charge 
multiplicities in addition to neutral particles. A 
beam of hydrogen atoms, each of which can capture 
or lose only a single electron, will upon emerging 
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include negative hydrogen ions, hydrogen atoms and 
protons. For thin layers of matter permitting only 
single collisions the composition of the emerging 
beam will be determined by the cross sections for 
electron capture (d9-;) and loss (0 ,) by hydro- 
gen atoms (oj, is the cross section for a process 
whereby a particle with charge ie is transformed 
into a particle with charge ke). -For thicker lay- 
ers, where multiple collisions begin to play a part, 
the composition of the emerging beam is deter- 
mined not only by the two cross sections already 
mentioned but also by 049, O_49, 04-1 and o_4,. Of 
these six cross sections for a hydrogen beam the 
cross section 0) for the capture of a single elec- 
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tron by protons has been most completely investi- 
gated./-8 

The most important of the cross sections that 
determine the composition of a hydrogen beam is 
Oy, Since it determines the attenuation of a proton 
beam in its passage through matter. It is also pos- 
sible to compare the experimental values of o4 
for protons in hydrogen and helium with a number 
of theoretical calculations.®~ 4 

There have been several investigations to de- 
termine the cross sections 09; and o 4) for elec- 
tron loss by hydrogen atoms?»"5»!6 ang by negative 
hydrogen ions,‘»5»?»16 respectively. The cross sec- 
tions o;_,; and o_;; for the capture and loss of 
two electrons by protons and negative hydrogen 
ions, respectively, have also been measured.!">18 
There has been no direct measurement of the cross 
section o)-, for electron capture by hydrogen 
atoms. In Ref. 16 this cross section was calculated 
from measurements of o.4) and (N~/N?® )p» which 
is the ratio of the negatively charged component to 
the neutral component in a beam of equilibrium 
composition assuming o,-4 = 0-4, = 0. 

The capture of electrons by neutral atoms is 
of considerable interest because in this case the 
electron is bound at the electron affinity level. 
There may be a definite correlation between the 
electron affinity of atoms that capture electrons 
and go-;. Such a correlation would make it pos- 
sible to determine the electron affinity, which can- 
not be measured easily. It is also of interest to 
determine to what extent electron capture by neu- 
tral particles satisfies Massey’s adiabatic crite- 
-rion. It should be noted that the theoretical cal- 
culation of o»-; is somewhat simplified by the 
absence of excited levels in many negative ions, 
as a result of which electrons are captured only 
at the ground level. 

Recent investigations'®~*! have shown that the 
most promising method of producing a strong neg- 
ative ion beam is the conversion of positive ions 
into negative ions by sending them through a layer 
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of matter. The negative ions appear both through 
single processes It ~ I~ (capture of two electrons 
by a positive ion in a single collision) and in 
stages: It I° and 19 I-. Hence for the pur- 
pose of calculating the negative ion content of the 
emerging beam oy-,; must be known in addition to 
other cross sections. It should also be noted that 
knowledge of the cross sections for all inelastic 
interactions between hydrogen particles and gas 
molecules will make it possible to improve the 
calculations of energy losses by protons of mod- 
erate energies (E * Ey) passing through gases.” 

The foregoing considerations induced us to de- 
velop the apparatus and experimental procedure 
for the measurement of op-;. As the first part of 
our program of measuring oy-; for H, C, O, Cl 
and F atoms, the present article gives measure- 
ments of o9-; for hydrogen atoms colliding with 
He, Ne, A, Kr and Xe atoms and Hy, Ny and O, 
molecules. Since our procedure enabled us to 
measure both oy, and also oo, for electron loss 
by hydrogen atoms, the data for the latter are also 
given. ; 


APPARATUS AND EXPERIMENTAL PROCEDURE 


To obtain a beam of hydrogen atoms we neutral- 
ized protons by sending them through a mercury 
vapor target, which we had previously used!8:!9 to 
produce a beam of negative hydrogen ions. Figure 
1 is a diagram of the apparatus used in the present 
experiments. A hydrogen ion beam came from an 
ion gun which consisted of a high-frequency ion 
source 1 of the Reifenschweiler type,” a three- 
electrode lens 2 and an accelerating tube 3. The 
electrostatic corrector 4 was used to correct the 
direction of the ion beam. A monoenergetic proton 
beam which was selected by the magnetic mass 
monochromator 5 entered the mercury vapor tar- 
get chamber 6, which was described in Ref. 19. 
The beam emerging from the mercury vapor con- 
tained protons and negative hydrogen ions in addi- 
tion to hydrogen atoms. A second magnetic ana- 
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FIG. 1. Diagram of apparatus. 
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lyzer 7 separated the charged and neutral parti- 
cles. A small admixture of charged particles in 
the hydrogen atom beam resulted from collisions 
of atoms with residual gas molecules along the 
path from the magnetic analyzer to the entrance 
diaphragm of the collision chamber 8. These 
charged particles were removed from the neutral 
beam by the plane condenser 9 placed before the 
entrance to the collision chamber. The neutral 
beam was collimated by two diaphragms 10 and 
11. One of these, of 3-mm diameter aperture, was 
placed directly behind the mercury vapor target; 
the second, of 2 mm diameter, was aligned axially 
in front of the entrance tube of the collision cham- 
ber. This tube was 5 mm in diameter and 50 mm 
long. The beam emerged from the collision cham- 
ber through a tube of the same length and diameter. 
The distance from the exit plane of the entrance 
tube to the entrance plane of the exit tube was 50 
mm. The equivalent current of the hydrogen atom 
beam entering the collision chamber was between 
10° and 4x 1078 amperes. The beam intensity 
was enhanced with increasing energy of the hydro- 
gen atoms because of better focusing of the proton 
beam at higher energies. To obtain 5-kev H atoms 
we used the process Hy — H, (a beam of 15-kev 
H3 ions was directed at the mercury vapor target ) 
since at 5 kev the proton beam was poorly focused 
on the target by the ion gun. 

The beam emerging from the collision chamber 
was separated into neutral, positive, and negative 
components by the electric field of the plane con- 
denser 12, which consisted of plates 80 mm long 
separated by 24 mm. The currents of the charged 
components were measured by means of Faraday 
cylinders 13 and 14. The Hy; current was meas- 
ured by an EMU-3 vacuum tube electrometer with 
a sensitivity of Wie amperes per division; the 
proton current was measured by a string electrom- 


eter with a sensitivity of 10=% amperes per division. 


Vacuum thermocouple 15 was used to measure the 
intensity of the neutral component. The thermo- 
electric power of the thermocouple was measured 
by an M107/3 mirror galvanometer with a sensi- 
tivity 2 x 10-8 volts per division. 

The pressure of the gas which entered the col- 
lision chamber was measured by a Knudsen gauge 
calibrated against a McLeod guage. The residual 
gas pressure in the chamber was 2 x 107>mm Hg. 

The cross sections odo-; and 09, were deter- 
mined by the mass-spectrometric method which 
was described in detail in Refs. 17, 18, 24 and 25. 
This method investigates the dependence of the 
ratios N~/N° and N*t/N® on the gas pressure in 
the collision chamber. N~/N® and N*/N® are the 
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ratios of the number of negative hydrogen ions and 
the number of protons, respectively, to the num- 
ber of hydrogen atoms in the beam passing through ‘| 
gas in the collision chamber. Since different de- 
tectors were used to measure the intensities of the 
charged components and the neutral component of 
the beam, the vacuum thermocouple used to detect | 
the neutral component had to measure the absolute | 
intensity of the neutral beam. | 
For absolute measurements of the neutral beam | 
intensity we used a vacuum thermocouple that was | 
essentially similar to the thermocouple described 
in Ref. 21. The thermocouple was calibrated by 
means of a proton beam; simultaneous measure- _ 
ment was performed of the proton current strength 
reaching the receiver of the thermocouple and the 
thermoelectric power generated in the junction. 
The calibration factor was determined for all en- 
ergies at which we were to measure the cross sec-: 


tions of interest. 
It was essential for the correctness of the meas4 


urements of N~/N® and N*/N® and thus for the 
correctness of oo-, and 09; that the entire beam 
of neutral particles should reach the thermocouple — 
receiver, i.e., the beam axis had to pass through 
the center of the diaphragm aperture and the di- 
ameter of the beam had to be smaller than the di- 
ameter of the-aperture. Otherwise the measured 
ratios N~/N° and N*/N® are too large, because 
the 14 mm diameter of the openings of the Faraday 
cups was large enough to admit the charged com- 
ponents of the beam entirely. 

In order to verify that the entire neutral beam 
was reaching the thermocouple, a diaphragm with 
variable aperture was placed in front of the ther- 
mocouple for the purpose of determining the beam 
diameter. This diameter was 4.5 mm for beam 
energies of 5, 10 and 20 kev while the thermocouple 
aperture was 6 mm in diameter. 

‘The neutral beam produced by the H, —-, H? con- 
version from 10 to 40 kev was intense enough to 
cause deflections of not less than 20 to 30 divisions 
of the galvanometer used to measure the thermo- 
electric power of the thermocouple. However, at 
5-kev beam energy the deflection was still very 
small, both because of the reduced particle energy 
and because at 5 kev the ion gun achieved poor fo- 
cusing of the proton beam on the mercury vapor 
target. : 

The conversion H;—H? can be used to produce 
a beam of 5-kev hydrogen atoms. A beam of 15- 
kev Hy ions is properly focused on the mercury- 
vapor target by the ion gun. On the other hand, the: 
conversion coefficient of molecular hydrogen ions 
transformed into atoms is larger than for protons, , 
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as we established in our investigation of the con- 
version of positive to negative hydrogen ions in a 
ee ape target. 19 In earlier work (Ref. 18) 
we used the Hj} — Hj] conversion to produce a 
beam of low-energy Hy ions. But in using H3 — 
H? to produce a beam of hydrogen atoms, a diffi- 
culty is encountered which is absent when the dis- 
sociation of molecular ions is used to obtain nega- 
tive ions. This difficulty lies is the fact that as a 
result of the dissociation of H3 ions with energy 
E, in addition to H} atoms with energy 15, Hp 
molecules with energy %E canbe Groatogs (Hg 
is unstable). Only when the number of Hg mole- 
cules in the neutral beam emerging from the mer- 
cury-vapor target is small compared with the num- 
ber of H} atoms can this beam be used to meas- 
ure the cross sections of interest. It is thus nec- 
essary to have some method of determining the 
relative content of H} and H} in the neutral beam. 
The neutral beam produced after passage of Hy 
ions through the mercury-vapor target traversed 
a collision chamber filled with argon at 2 x 1074 
mm Hg. Because of the loss of electrons by HY 
and H$ through collisions with argon atoms the 
beam emerging from ve collision chamber had to 
ponteln particles of Hy with the energy YE and 
Hy with the energy 2/3; E being the energy of 
the Hy ions striking the mercury-vapor target. 
The emerging beam was found to contain positively 
charged particles with the energies %,E and %E 
These are evidently the ions H, and Hp that re- 
sult from collisions of H}? and H$ with argon 
atoms, with the loss of electrons. This provides 
confirmation of the hypothesis that the neutral beam 
produced by passing Hy ions through a mercury 
vapor target consists of H} and Hf. 

It is evident that the relative numbers of H} and 
HS in the neutral beam must depend on the thickness 
of the mercury-vapor target. Specifically, we can- 
not exclude the possibility of complete dissociation 
of the molecules into atoms in a target of sufficient 
thickness. In order to determine whether this oc- 
curs we investigated the relation between the Hi 
and Ht currents in the beam after the neutral 
beam had traversed the argon-filled chamber, and 
the thickness of the mercury vapor target. The 
target thickness was varied by changing the boiler 
temperature (see Ref. 26). Figure 2 shows Int 
and Tyt as functions of the boiler femperative, 
It can be seen that Tyt and I,,+ pass through a 
maximum and begin to diminish with further in- 
crease of the boiler temperature; this results from 
scattering in the mercury vapor jet. However, Int 
diminishes much more rapidly than Ty} this 
apparently results from increased dissociation of 


AND CAPTURE 403 


I+ 19% 


40 0 


120 760 200 
o 
tC 

FIG. 2, The Currents I,;4 and Iy+ as functions of the 
boiler temperature: + — for H+; @ — for “Ht. 


molecules to form atoms as the target thickness 

is increased. At tpoiler ¥ 190°C we have Iyt = 
Gear 107!!amp while Ipj+ < 2 x LOme amp. It thus 
follows that when the target thickness corresponds 
to tpoiler = 190°C the neutral beam that results 
from passage of Ht ions through the target is 
practically completely atomic in character. This 
is also confirmed by the fact that the cross sec- 
tions oy-, and oo; as measured with a neutral 
beam from 10-kev protons and with a neutral beam 
from 30-kev Ht ions were identical within the 
limits of experimental error. The measurements 
of o9-; and oo; with 5-kev neutral beams obtained 
from Hy a H? were subsequently performed at a 
boiler temperature of 200°C. 

There are inherent systematic errors in the 
mass-spectrometric method which we used to 
measure 0 o-; and 09;. These result from: (a) the 
influence of the pressure and composition of the 
residual gas in the apparatus on the magnitudes of 
the measured cross sections;” (b) unequal scatter- 
ing of protons, atoms and negative hydrogen ions 
in the collision chamber; (c) unequal attenuation 
of the beams of protons, atoms and ions on their 
path from the collision chamber to the vacuum 
thermocouple and Faraday cups of the analyzer. 

By investigating the dependence of oy-; and 
do, on (N7/N®°)¢ and (N*/N°)¢* we have shown 
that the error due to residual gas in the path of 
the beam is small and within the limits of experi- 
mental error. In order to determine the influence 
of unequal scattering in the collision chamber we 
measured oo-; and oo, with an aperture of 2mm 


*(N"/N°), and (N+/N°), are the values of N°/N° and N+/N° 
when no gas is admitted into the collision chamber. 
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diameter behind the collision-chamber outlet and 
axially aligned with the exit tube, as well as in the 
absence of this aperture.* This aperture reduced 
to one sixth the solid angle of emission of the par- 
ticles leaving the collision chamber. Measure- 
ments were performed at beam energies of 15 and 
30 kev in He and Kr. Identical values within the 
limits of experimental error were found for oo-; 
and 0; with and without the use of the diaphragm 
aperture behind the exit tube. Thus the scattering 
of particles in the collision chamber does not seri- 
ously affect the measurements. The correction for 
unequal attenuation of the separate beams in the 
analyzer does not exceed a few tenths of one per 
cent and is unimportant. Random errors amounted 
to +20% for op, and +15% for 09. 

The energy of the hydrogen atoms was deter- 
mined from the sum of the potential differences 
across the ion source and accelerating tube, which 
were measured by electrostatic voltmeters cali- 
brated against a resistance voltmeter. As we have 
shown in Ref. 18, the energy loss of the protons in 
traversing the mercury vapor target is very small. 
There was an error of +3% in the measurement 
of the hydrogen atom energy. 


RESULTS AND DISCUSSION 


We measured the cross sections for electron 
capture and loss in collisions of hydrogen atoms 
at 5 to 40 kev with He, Ne, A, Kr and Xe atoms 
and Hz, Np and O, molecules. The collision 
chamber was filled with hydrogen passed through a 
palladium barrier, spectrally pure helium, neon, 
krypton and xenon, oxygen with 0.9% impurity, 
argon with 0.3% impurity and nitrogen with 0.03% 
impurity. 

Figures 3 and 4 show the cross sections o9-; 
and 0 9, as functions of the hydrogen atom energy 
for atomic and molecular gases. The cross section 
at each energy was obtained by averaging two meas- 
urements, and was computed per gas particle, 
which in the case of the molecular gases means 
per gas molecule. 

Figures 3 and 4 show that in the investigated 
energy range oo-; for H atoms in He, Ne, Hy, 
Ny, and O, passes through a maximum, which with 
He occurs at 20 kev and with Ne,, H2, Np and O, 
at ~10 kev. InA, Kr and Xe gp-; decreases 
monotonically with rising energy. oo-, varies 


*It is not desirable to have a diaphragm directly at the 
exit aperture of the exit tube since this would distort the pres- 
sure distribution in the tube and change the effective length of 
the collision chamber. 
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from 2.4 x 107'8em? (in He at 5 kev) to 6.6 x 
107 cm? (in Xe at 5 kev ). For the molecular 
gases 0o-;, within the limits of error, does not 
depend on the kind of gas. For atomic gases ap-; 
is observed to depend on the kind of gas, especially 
at low energies. oy_,; increases with the atomic 
number of the inert gas. 
For all gases except He oy; decreases with 

reduced energy of the H atoms. The maximum 
of oo; for He occurs at 15 kev. oo; varies from 
4.2.x 107"cm? (in Kr at 5 kev) to 3.7 x 1076 
em? (in Xe and N2 at 40 kev). oo; is about one 
order of magnitude larger than go_;. 

It is of interest to compare our results with 
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those obtained by other investigators. As men- 
tioned in the introduction, there were no direct 
measurements of o9-;. For Hy, Nj, O., He, Ne 
and A it is possible to make a comparison with 
the values for g)_, calculated by Stier and Bar- 
nett’® from measurements of O49 and (N-/N’), 
assuming small cross sections for two-electron 
transfers (04-;=0-4,;=0). For Hy, o9-; was 
calculated by Whittier® using his own measure- 
ments of (N~/Nt )p and o_y) and Bartels’ meas- 
urements of UNGZNE Je. 

Our measurements of oo; for Hy, Ny, Op, He, 
Ne and A can be compared with tose of Stier 
and Barnett.'® Montague’ also measured oo in 
H,, but his data cover the energy range 45 — 329 
kev, which is outside our energy range.* oo; was 
calculated theoretically for atomic hydrogen by 
Bates and Griffing?* and for helium by Bates and 
Williamson.” 

Figure 5 shows oo-, and go; as functions of 
energy for Hy, Nz, O2, He, Ne and A; the val- 
ues obtained in the present investigation are com- 
pared with those obtained by other writers.t The 
figures show that our values for oo_; are in good 
agreement with the calculations of Stier and Bar- 
nett, but that for H, they differ somewhat from 
those computed by Whittier. The fact that these 
investigators calculated o -,; without taking ac- 
count of two-electron transfers could not have in- 
troduced any considerable error; our measure- 
ments!">!8 have shown that the cross sections for 
such transfers are small compared with those for 
one-electron transfers. 

Figure 5 shows that our values for 09; are 
consistently lower than those measured by Stier 
and Barnett, although the curves have similar 
shapes. The beginning of Montague’s curve (Fig. 
5) is more consistent with our curve than with that 
of Stier and Barnett although the American authors 
all used the same method of neutral beam attenua- 
tion while our measurements were obtained by a 
mass-spectrometric method. When the values of 
Oy-1 and oo, given by different writers are com- 
pared it must be kept in mind that the discrepancies 
may be caused by an admixture of excited meta- 
stable atoms in the neutral beam that enters the 
collision chamber. The percentage of metastable 
atoms in the neutral beam can differ in the various 


*Montague actually measured the sum 901 + 99-1, but since 
O91 > Oo-1 this sum differs very little from O94. 

+tSince other authors give the cross sections per gas atom 
our values for d9.1 and Go, in the case of the molecular gases 
which are given in Fig. 5 were obtained by halving the meas- 
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experiments depending on the experimental condi- 
tions (different targets for neutralizing the origi- 
nal charged beam, different distances between the 

target and collision chamber) and thus account for 
the discrepancies between the results. 

The foregoing considerations provide no explan- 
ation of the discrepancy between the value of ao 
obtained in the present work and that of Stier and 
Barnett.'® Although the hydrogen atom possesses 
a metastable 27S; state with a lifetime of the 
order of 0.1 sec, in both experiments the neutra! 
beam before entering the collision chamber passed 
through the electric field of the condenser which 
removed charged particles. This field reduced the 
lifetime of the excited atoms to 2 x 1078sec, so 
that the neutral beam entered the collision cham~ 
ber in an-unexcited state. 

A comparison of the experimental and theoreti- 
cally computed values of oo; (Fig. 5) shows that 
in the 5- to 40-kev energy range for hydrogen the 
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theoretical values are in good agreement with the 
experimental results obtained in the present work 
and by Montague. For helium there is consider- 
able difference between the theoretical and experi- 
mental curves with regard to both magnitude and 
form. The experimental curves pass through a 
maximum at 10 —12 kev, whereas the theoretical 
curve rises monotonically in this range .* 

In the comparison of theoretical with experi- 
mental results the following circumstances must 
be kept in mind. 09; is computed theoretically for 
atomic hydrogen whereas the experiments are per- 
formed with molecular hydrogen. In the compari- 
son it is therefore assumed that a molecule of hy- 
drogen is equivalent to two atoms. In Refs. 28 and 
29 go, was calculated in a Born approximation; 
the values thus obtained should generally be valid 
for E > Ep (Eo = 25 kev, which is the energy at 
which the velocity of the hydrogen atom equals the 
orbital velocity of the electron). Indeed, for E > 
100 kev we find good agreement between theory 
and the experimental results of Stier and Barnett 
in the case of helium. For hydrogen the agreement 
is not so good but is still satisfactory (see Ref. 29). 
Thus the disagreement between theory and experi- 
ment for helium in the vicinity of E + Eg is not 
surprising, as the Born approximation is not gen- 
erally applicable to this energy range. On the 
other hand, the good agreement between theory 
and experiment for hydrogen is evidence either 
that the experimental results for oo; are inaccu- 
rate or that the Born approximation in this special 
instance is valid up to E » Ey. We know that the 
calculation of oy by the Born approximation for 
protons in hydrogen is in very good agreement with 
experiment up to energies of the order of Boi! 
Jackson*® has shown that this is not accidental but 
is associated with the fact that when the total inter- 
action Hamiltonian is used for Z= Z’ =1 (where 
Z and Z’ are the atomic numbers of the incident 
and struck particle, respectively ) the correction 
to the matrix element in the second Born approxi- 
mation is zero. There may be a good theoretical 
reason for the applicability of the Born approxi- 
mation to oo; near E ~ Ey for hydrogen atoms 
in hydrogen. 

As mentioned in the Introduction, the composi- 
tion of a hydrogen beam that has passed through 
matter is determined by the six cross sections o49, 
O01, So-11 F-10, F1-1, 0-44. For a beam in equilibri- 
um we have 


*The theoretical curve reaches its maximum at 60 kev 


(Ref. 29). 
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(a), (1) 
For a hydrogen target there have been determined 
in our laboratory o49,° Sa seee O-119') Soy, and Goam 
(the present work), and also (N/N*)p.* Substi- 
tuting these results in Eq. (1), we can derive 0-49 
and compare this result with the measurements in 
Refs. 5 and 16. Figure 6 shows good agreement 
between our calculation for o-,) and the results 
in Ref. 5 but somewhat greater divergence from 
the results in Ref. 16. Considering the cumulative 
error in the calculation of o-4) and the apprecia- 
ble error in the measurements of o_j9 in Ref. 16, 


the discrepancy is within the limits of experimental © 


error. 
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By using the solutions of the differential equa- 
tions that determine the composition of a hydrogen 
beam [see Eq. (3) of Ref. 17], it can be shown that 
at very low gas pressures in the collision chamber 
the following relation exists between N*/N~ and 
pressure: 


N*/N7 = xp + Qp’, (2) 


where 
K=O) RD (3) 


Q= Ye [S30 S91 + 941 (G19 + 911 — S30 aan 3,_)] (L/ RT): 
(4) 


Experiment shows that the beginning of the curve 
N'/N~ = £(p) always satisfies Eq. (2). By apply- 
ing the method of least squares to the experimental 
results, we can determine Q and then o-;) from 
Eq. (4). We have plotted the curve N*/N™ = f(p) 
for Hg and Hj; ions of 30-kev energy{ and used 
the foregoing method to compute g_49. This value 


*The results given in Ref. 17 for (N'/N+), in H, have 
been checked with our apparatus. Our results were 20% higher 
than those of Ref. 17 and were in good agreement with 
Whittier and Stier and Barnett. !® These results have been 
used for the computation of o_i9 through Eq. (2). 

1For this purpose we used the apparatus described in 
Ref. 18. 
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of o_y in Fig. 6 is in good agreement with both 
the value calculated for an equilibrium beam and 
with experimental measurements. 

The pressure dependence of N~/Nt over the 
entire pressure range as far as the equilibrium 
point is given [see Eq. (3) of Ref. 17] by the for- 
mula 


N7 __ % + ay exp {— (4 L / RT) p} + ae exp {— (rol / RT) p} 5 
N+ ~~ bo + by exp {— (riL / RT) p} + bs exp {— (rok / RT) p}’ (5) 


where rj, rp, a9, a, etc. are functions of the six 
cross sections oj,. Substituting into (5) the values 
of these cross sections for hydrogen at 32 kev, we 
can calculate N~/N* at various gas pressures in 
the collision chamber and compare the results with 
our experimental curve N7/Nt =f(p). Figure 7 
shows that the experimental curve and the curve 
plotted according to Eq. (5) are in good agreement. 


a 
ne? 


10 12 1% 16 18 20 22 24 26-0" 
p, mm Hg 


OP 254 


6 8 


FIG. 7. N-/N+ = f(p): dashed curve — calculated from 


Eq. (6); solid curve — experimental. 


The comparisons which have been made show that 
our measurements of 049, 09-1, %-11. %1-1, %1 and 
(N7/ Nt) do not contain large errors and can there- 
fore be used to calculate the composition of a hy- 
drogen beam in a hydrogen target. For calculating 
the composition of the beam in inert gases and in 

N, and O, together with our measured results for 
Toi» To-1» F-11 and O1-1 the values of 010 and 0-40 
in Refs. 7 and 16 can be used. 

Our knowledge of the six cross sections for 
charge transfers in hydrogen particles colliding 
with gas particles permits us to compare these 
cross sections among themselves. The three elec- 
tron-capture cross sections and the three electron- 
loss cross sections obey the following inequalities* 


*There is a single exception for 0.1; and 09, at 5 kev in O, 
and N,, where 0.117 So1- 
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in the investigated energy range: 
O11 < 99-1 << Fy (6a) 
oR rh ane vie olny (6b) 


Conclusions derived from these inequalities are in 
full agreement with expectations. It follows from 
(6) that: (1) the cross sections for two-electron 
processes are smaller than the cross sections for 
one-electron processes, (2) the cross section for 
single-electron capture increases with the binding 
energy of the electron in the resulting particle 
(09-1 < 049), and (3) the cross section for the loss 
of a single electron decreases with increase of the 
electron binding energy in the particle which loses 
the electron (004 < o-49). 

From the numerical values of the six cross sec- 
tions which determine the composition of the beam 
we see that gj) is about two orders greater than 
O4-; and o 9-4, and that the latter two cross sec- 
tions do not differ very much from each other (04-; 
amounts to from 30 to 80% of 9-1). o-49 is about 
one order of magnitude larger than o-4, and 094, 
which also do not differ very much (o_4,; is from 
30 to 70% of oo). The ratios of the capture and 
loss cross sections in the investigated energy in- 
terval are characterized by the following numerical 
relationships: o1-;/o-4, varies between 1 and 30%; 
oo-1/7-49 is 0.5—2%; o49/09, for all gases except 
helium decreases from a magnitude on the order of 
10 at the beginning of the range to the order of unity 
at the end of the range. For helium this ratio var- 
ies very little in the energy range under investiga- 
tion and is close to unity. From the dependence of 
the ratios oj,/o,; onthe parameter y (Y= vj/v, 
where vj is the orbital velocity of the electron in 
a moving particle and v is the velocity of the par- 
ticle) it can be seen that for y=1 oj-;/o-4, and 
Oo-1/o-19 are very far from unity whereas o49/o 
differs very little from unity for y=1. Therefore 
the hypothesis that the electron capture and loss 
cross sections are equal when the particle velocity 
equals the orbital velocity of the electron is approx- 
imately valid only for HY = Hi and is not valid for 
Hi Hy and Hi ==Hyj. 

The maxima of the curves o9-;=f(E) in He, 
Ne, Hy, Ng and O, permit us to estimate the im- 
pact parameter for the corresponding processes 
on the basis of Massey’s adiabatic criterion [see 
Eq. (2) of Ref. 25]. The resonance defect for elec- 
tron capture by fast atoms A+ B=A™ + Bt can 
be put into the form 


AE = S,—V3, (7) 


where Sa _ is the electron affinity of particle A 
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and vi is the first ionization potential of particle 
B. In the case of molecular gases electron capture 
by A can occur in two ways: A+ B,=A™ + Be 
and A+B,=A + BY + B, i.e., in the first in- 
stance a slow singly charged molecular ion is 
formed, while in the second instance this ion is 
dissociated. In the latter instance the resonance 
defect is calculated from the formula 


AE = Sa, — (V p+ + Eais), (8) 


where Egig is the dissociation energy of Bp. 

The table contains the values of the impact pa- 
rameter which were computed by means of Mas- 
sey’s adiabatic criterion. The values marked with 
asterisks refer to cases in which the molecular ion 
is dissociated. The impact parameter varies very 
little for different target particles, especially when 
it is assumed that electron capture in molecular 
gases is accompanied by the dissociation of a slow 
molecular ion; the mean impact parameter in this 
case is 3A. The same condition applies to the 
capture of a single electron!’ or two electrons!"»*5 
by singly charged positive ions; for these processes 
the mean impact parameter is 8A and 1.5A, re- 
spectively. Thus for the capture of a single elec- 
tron by an atom, the particles must approach closer 
than for the capture of a single electron by a posi- 
tive ion. The particles must approach closest for 
the capture of two electrons by a positive ion. 


Maximum 
nance Imp act 
Gas defect Param- 
AE Vv, eter (A) 
| (ev) E, (kev) | cm/sec 
He —— Ot 20 2-108 3.4 
Ne —20.7 10 1.4-108 a0 
—14.7 ‘ 
Hy —17.3* 10.2 1.4-108 3.4% 
—15.1 4.0 
N 93. g* 11 1.45-108 2.5% 
—11.8 4.4 
Og 48.9% 8 4.24-108 2.8 


The dependence of oo-; on the electron binding 
energy in a target atom can be expressed most di- 
rectly in terms of the resonance defect |AE| (see 
Eq. (7)). Figure 8 shows the dependence of oo; 
on |AE| for H atoms with an energy of 5 kev 
(curve 1) and 30 kev (curve 2). These points for 
H? — H; in inert gases can be connected by smooth 
curves representing the monotonic reduction of 
Oo-; as the resonance defect increases. The values 
for oxygen fit both curves well if it is assumed that 
electron capture from an oxygen molecule is accom- 
panied by dissociation of the molecular oxygen ion. 
A point for nitrogen lies on curve 2 if, on the con- 
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FIG. 8. Resonance defect according to Eq. (7): 0, @ — for 
O,; 4— for H,; V, ¥— for N,. The same symbols with a plus 
sign above give the resonance defect according to Eq. (8). 


The solid symbols refer to 30 kev. 


trary, it is assumed that the mclecular nitrogen 
ion does not dissociate. The same applies to hy- 
drogen. Values for nitrogen do not lie on curve 1 
whether the molecular ion is dissociated or not. 
There is still insufficient experimental informatior 
available for any conclusions to be drawn from the 
arrangement of values for molecular gases on the 
curve for oo-;=f(|AE|) as to which form of the - 
process H?— H; occurs in a molecular gas, 

The observed reduction of o)-, as the absolute — 
value of the resonance defect increases confirms 
the conclusion reached regarding the reduction of 
this cross section as the electron binding energy 
in a target atom is increased. Figure 8 shows that ; 
this relationship is much more pronounced at lower’ 
velocities of the hydrogen atom. 

A consideration of the curves for oo; = {(E) 
shows that it is not correct to postulate the same 
impact parameter for the process H}— Hy in all 
of the gases investigated here, because a resonance} 
defect equal in absolute magnitude to the ionization 
potential of the hydrogen atom wouldbe the same fo 
all gases, so that the maximum cross section would 
be observed at the same energy for the various 
gases. Figures 3 and 4 show clearly that this is 
not the case. It is possible that the adiabatic postu- 
late cannot be applied to electron loss by fast 
atoms as it can for electron loss by negative ions. 
An analysis of the experimental cross sections for ° 
electron capture and loss by hydrogen particles 
suggests that Massey’s adiabatic postulate is in 
good agreement with electron capture processes 
but cannot be applied to electron loss. Any deci- 
Sion as to the applicability of the adiabatic postu- | 
late to electron capture and loss by fast atoms will } 
have a firmer basis after measurements of oo-; | 
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and 0; at low energies where the slow collision 
condition a|AE|/hv > 1 will be fulfilled. How- 
ever, for measurements in this energy range the 
sensitivity of our experimental procedure will have 
to be considerably increased. 
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We present results of an investigation of the angular and energy distributions of protons from 
the photodisintegration of Be® and C!?, Analysis of the results leads to the conclusion that in 
the region of the giant resonance the interaction of Y quanta with these nuclei is satisfactorily 
explained by the resonance theory of the compound nucleus. For energies above the giant res- 
onance, the interaction of the y quanta is predominantly with individual substructures within 


the nuclei. 


ly the present work we have studied the angular 
and energy distributions of the protons formed in 
the photodisintegration of Be® by y bremsstrahl- 
ung with a maximum energy of Ey max = 44 Mev 
and in the photodisintegration of C 2 by brems- 
strahlung with maximum energies of 30 and 44 Mev. 

The results were obtained using the method de- 
scribed in a previous paper.! The targets were a 
graphite plate of thickness 17 mg/ cm? and a beryl- 
lium plate 15 mg/cm? in thickness. Impurities 
amounted to less than 0.3%. The protons were re- 
corded in NIKFI Ia-2 emulsions of thickness 400 
and 500p. 

In the irradiation of C’” by yY rays with Ey max 
= 30 Mev, only the protons from the C¥(y, p)B" 
reaction were investigated. Other photoreactions 
on carbon in which protons are emitted have energy 
thresholds above 26 Mev, and the protons produced 
in these reactions (which have an energy less than 
3 Mev) were not counted in our experiment. The 
contribution from the C!%(y,d)B!° reaction is 
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very small at both energies since this reaction is 
forbidden by the isotropic spin selection rule. 

We shall first consider the results obtained for 
beryllium. The angular distributions of protons 
from photodisintegration of Be® are shown in Fig. 
1. An analysis of the distributions of the various 
energy groups of photoprotons shows that there is 
no way of explaining all of the results on the basis — 
of a single photoreaction mechanism in this range 
of photon energies. The angular distribution of the | 
4 —6 Mev proton group, as calculated using the 
model of direct interaction of y quanta with indi- 
vidual nucleons in the nucleus,’ contradicts the ex- 
perimental observations. ) 

We therefore made calculations of angular dis- 
tributions of photoprotons for transitions of vari- 
ous types on the basis of the compound nucleus 
resonance model.’ The results of the computations } 
for transitions to the 2 ground state and 3 first 
excited state of the Li® final nucleus are given in 
the table. 


Fig. 1. Angular distributions of proton groups from 
photodisintegration of Be® by y quanta with E. mex: 
Mev. The solid curves show the angular distributions 
calculated from the intermediate nucleus model, with 
transition to the ground 2+ state of Li*, @—E, = 4-5 
Mev, 0 — E, = 5-6 Mev, x — E., = 6-9 Mev, A—E 
9-12 Mev, A—E, = 12-15 Mev, a— E, 2 15 Mev. 
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‘3 I Angular A I Angular , 
Distribution Distribution 
Li® left in 2* ground state 
3/2 0/2 const ore, oe 4-+ sin?0 
3/2 3/2 const 3/2 3/2 const 
3/2 1/2 const 3/2 4/2 const 
9/2 9/2 const 5/2 5/2 13 + 3cos?@ 
0/2 3/2 const 5/2 3/2 2+ cos? 6 
5/2 1/2 const 5/2 1/2 const 
Li® left in 3+ first excited state 
9/2 5/2 const ‘ay? 9/2 13 + 3cos?0 
3/2 3/2 const 5/2 3/2 2+ cos? 0 
V4 1/2 const 5/2 1/2 const 
7/2 5/2 const 7/2 5/2 1.7+ cos? 6 
Uj? 3/2 const 7/2 3/2 6 + 7 cos? 6 
7/2 1/2 const 7/2 1/2 const 


{ is the relative orbital angular momentum in the final state, s is the 
total spin of the reaction products, I is the total angular momentum of the 


photon-target system. 


It is not possible at present to evaluate the sta- 
tistical weights of transitions with different s and 
I. Figure 1 shows the comparison of the computed 
angular distributions for photoproton groups with 


energies 4—5, 5—6 and 6 —9 Mev with the experi- 


mental data, on the assumption that the statistical 
weights of all the transitions to the 2* state are 
the same. If these protons are produced by y 
quanta absorbed by the nucleus in the region of the 


dipole resonance, then the assumption that the most 


probable transition is that to the ground state is 


valid. However, even if for some reason the inten- 
sity of transitions to the first excited state is com- 


parable to the intensity of the ground state transi- 


tions, the table shows that the shape of the computed 


angular distribution should hardly change. 

The angular distributions of the higher energy 
proton groups differ from those expected on the 
resonance theory of the compound nucleus. These 
deviations begin to appear even for the 5—6 Mev 
proton group, and increase with increasing proton 


Yield in relative units. 


og J 60 G0 120 «160 


Fig. 2. Comparison of angular distribution of photoprotons 
from Be’, assuming a two-nucleon interaction mechanism, with 
the angular distribution of the proton group of the same energy 
from photodisintegration of the deuteron. The data for the deu- 
teron are shown by the solid curve. E \ max = 44 Mev, hv = 42 
Mev. 


energy. Starting with the 6 —9 Mev proton group 
and higher, the experimental angular distributions 
have their maximum at an angle of 50°, i.e., the 
angular distributions are highly asymmetric around 
90°, with preferential emission of the protons for- 
ward, in the direction of motion of the y quanta. 
The isotropic part of the distribution decreases 
with increasing energy of the photoprotons, and is 
only one-seventh of the anisotropic part for protons 
with energies greater than 15 Mev. At the same 
time, as we see from Fig. 2, the angular distribu- 
tion of the protons from Be® which have energies 
above 12 Mev is in good agreement with the angu- 
lar distribution of protons from photodisintegration 
of the deuteron by 42 Mev vy quanta.* This shows 
that already at excitation energies of the order of 
40 Mey the production of photoprotons from Be?® 
occurs via a two-nucleon mechanism. Apparently 
the fixed position of the maximum, which is shifted 
markedly toward smaller angles (45° — 55°), in 
the angular distributions of other proton groups, 
shows the presence of the two-nucleon mechanism 
for absorption of y quanta by Be® down to proton 
energies of 6—9 Mev. The complete energy spec- 
trum of the Be’ photoprotons is given in Fig. 3. 
The analysis of its high energy part is also in favor 
of the quasideuteron model. In the spectrum of the 
photoprotons with energies above 12 Mev, which is 
shown in Fig. 4, there is a characteristic kink 


. whose position is in qualitative agreement with the 


computed kink in the spectrum of protons from 
photodisintegration of the deuteron. The quantita- 
tive relation between the cross sections per effec- 
tive quantum for the 12 —15 Mev proton group from 
the Be’ photodisintegration and the corresponding 
proton group from deuteron photodisintegration is 
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\% Oped = (1.0 + 0.2) Aog. It is clear that within the | 
limits of error the proportionality coefficient is the | 
same as that for higher energy proton groups. This. 
is also in accord with the assumptions made above 
concerning the mechanism of formation of photo- 
protons from Be’ at these energies. 

The angular distributions of protons from photo- 
disintegration of c! by bremsstrahlung with — 
Emax = 30 Mev and E., max = 44 Mev are the 
same (Fig. 5). Since in the first case the protons 
are formed only in the Cty. p)B" reaction, the 
coincidence of the angular distributions is appar- 
ently related to the fact that the Cl pn) BY? 
contributes little in this range of excitation energy. — 

ACM ATL G Baa Lie 6% 2 pated This is indicated also by the great similarity of | 

; os the photoproton energy spectra, which are shown 

Fig. 3. Complete energy spectrum of protons from photo- : ; ; : : 

disintegration of Be’; E,_. = 44 Mev. in Figs. 6 and ve It is true that the na the | 

energy distribution of the protons from irradiation 

of C” by bremsstrahlung with Ey max = 44 Mev | 
is shifted somewhat toward lower energies com- 
pared to the energy spectrum from irradiation of 

Cc by y quanta with Ey max = 30 Mev. 

For the low energy protons (4—7 Mev), which 
are apparently produced when y quanta are ab- ; 
sorbed by the C! nucleus in the region of the giant 
resonance (since the energy distribution of the 
protons within this energy range reproduces the 
shape of the cross section curve for the C'(y, p)B™ 
reaction and the maxima of the curves also co- 
incide), the angular distributions are in good 
agreement with those expected on the model of — 
a direct photoeffect, as well as with the distri- 
bution from the resonance theory of the compound 
nucleus. The identity of the conclusions from both © 
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12. 99 16 18 161711920 22 2 models is caused by the fact that the final B'! nu- | 
£,,Mev cleus is left in either the er ground state or in | 
Fig. 4. Energy spectrum of protons with energies 2 12 Mev the Y, 5 first excited state. However, the experi- 
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for higher energy protons (which, like those for 
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Fig. 6. Complete energy spectrum of protons from photo- 
disintegration of C'? by radiation with By sax 44 Mev. 


N 


24 68NI7H 6 1 
£p,Mev 


Fig. 7. Complete energy spectrum of protons from photo- 
disintegration of C’” by radiation with men = 30 Mev. 


Be’, deviate from the resonance model) are es- 
sentially different from what would be expected 
from either of these models. The difference is 
characterized by a rapid decrease in the isotropic 
part of the distribution. An explanation for this is 
to be sought in the fact that, with increasing energy 
of the y quanta, the mechanism of absorption of 
the y quanta by individual substructures begins 
to be important. For carbon such structures are 
apparently quasi a particles. The angular dis- 
tribution of the protons from photodisintegration 
of these structures has no isotropic part. Appar- 
ently the smallness of the isotropic part of the an- 
gular distributions of the high energy protons is 
also explained in this way. 

It is of interest to note the appreciable contri- 


bution of the two-nucleon mechanism for absorp- 
tion of low energy y quanta to the photodisinte- 
gration of Be’. This may be related to the pres- 
ence of a weakly bound neutron in the Be’ nucleus. 
On the other hand, in the photodisintegration of 
carbon, because of the high neutron binding energy 
(17 Mev), the two-nucleon interaction mechanism 
does not appear. It also does not appear at higher 
energies. This is shown by the angular distribu- 
tions and energy spectra of photoprotons with en- 
ergies above 18 Mev which are obtained from 
photodisintegration of C!” by y quanta from 
bremsstrahlung with E, max = 64 Mev. In explain- 
ing this fact it should be remembered that the iso- 
topic spin selection rule may play an important 
role for the interaction of y quanta with C! nu- 
clei. In the case of the two-nucleon mechanism for 
absorption of y quanta, it forbids emission of a 
proton and a neutron with parallel spins. 

So although the analysis of the results on photo- 
disintegration of C’? does not enable us to make a 
unique choice, the whole aggregate of experimental 
data on the photodisintegration of Be’ and C™ are 
in favor of the statement that the photodisintegration 
of light nuclei with absorption of y quanta in the 
region of the giant resonance occurs via formation 
of a compound nucleus. In the decay of the com- 
pound nucleus, the final nucleus is left preferen- 
tially in its ground state. With increasing energy 
of the y radiation, processes begin to be impor- 
tant in the photodisintegration of light nuclei which 
owe their occurrence to absorption of the y radia- 
tion by substructures within the nuclei. The two- 
nucleon mechanism for absorption of y quanta by 
nuclei is already the dominant process at energies 
of the order of 80 Mev. 

In conclusion, the authors express their sincere 
appreciation to G. K. Kliger and V. I. Riabinkin for 
assistance in the work. 
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X-ray luminescence of air, nitrogen, argon, and gas mixtures, induced by radiation of wave- 
length 0.3—1.5A, was investigated in the pressure range from 0.01 to 760 mm Hg. It is shown 
that the principal role in the excitation of gas glow is played by photoelectrons and recoil elec- 
trons, produced by interactions between x-ray quanta and gas atoms. The data obtained are 
explained satisfactorily by combining the gas-kinetic mechanism of extinction of the excited 
levels with x-ray absorption in the gas. For argon and air the experimentally-determined 
mean light yield, under normal conditions, is 5 x 1074 and 2 x 107‘ light photons respectively 
per absorbed x-ray quantum of wavelength 1.2A, and 9 x 10-* and 5 x 107* photons respec- 


tively per quantum of wavelength 0.6A. 


No x-ray luminescence of metallic surfaces proper was observed at flux intensities up to 
600 r/sec. It was established that the glow observed on a metal surface in air is due to lumi- 
nescence of the thin layer of gas adjacent to the surface, induced by the photoelectrons knocked 


out from the metal by the x-ray quanta. 
INTRODUCTION 


In recent years there has been more interest in 
research on the glow of gases and metals under the 
influence of ionizing radiations. The use of gas 
scintillators in nuclear physics and many astro- 
physical problems (polar lights, glow of night sky, 
etc.) require a detailed study of the mechanism of 
glow of matter under the influence of cosmic radi- 
ation, y rays, and fast charged particles. Refer- 
ences 1 —6 contain extensive experimental and 
theoretical material on the glow spectra, intensi- 
ties, and durations of glows resulting from the in- 
teraction of various gases with slow and fast elec- 
trons, q@ particles, and positive ions. Refs. 7—11 
contain the glow characteristics of noble gases used 
as luminophors and scintillation counters. 

However, in spite of the relatively large number 
of investigations, the mechanism of the glow in- 
duced in gases and metals by the individual types 
of radiation has not been sufficiently studied. The 
emission of light by gases and metals under x- 
irradiation was investigated in only two works. In 
1937 Krasnikov first observed and described these 
phenomena qualitatively.'? In 1955 Spicer" inves- 
tigated the pressure dependence of the glow inten- 
‘sity in air, nitrogen, and argon, and also obtained 
the first data on the glow spectrum. The excitation 
mechanism for the glow of gases and metals under 
the influence of x-irradiation was not discussed in 
these works. 

The aim of the present work is a more detailed 
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investigation of the glow of gases and metals under © 
the influence of soft x-rays. In addition to disclos-_ 


ing the dependence of the glow intensity on the type | 


and pressure of the gas, certain data have been ob-- 


tained on the mechanism of transformation of x- 
radiation into visible light. 


PROCEDURE 


The source of soft x-rays was a high-power dis- | 


mountable close-focus type TRB-3 x-ray tube, de- 
veloped by the Institute of Physical Chemistry of 
the Academy of Sciences, U.S.S.R.'4 The tube op- 
erates at 50 kv and 40 ma. The distance between 

a focal center on the tungsten anode and the outer 
surface of the beryllium window is 20 mm. Under 
these conditions, the intensity of x-radiation in the 
window plane reaches 600 r/sec. 

The chamber for the study of the luminosity of 
metals comprises a hermetically-sealed volume 
with two windows (Fig. la). The x-rays enter the 
lower beryllium window 1 and the luminous phe- 
nomena are observed through window 2. The in- 
vestigated metal plate 3 is placed in the path of 
the x-ray beam against window 2. 

The inner volume of the chamber can be evacu- 
ated to 10-* mm Hg. The chamber for the study of 
gas glow (Fig. 1b) was made taller to exclude the 
additional illumination that might arise on the up- 
per end of the chamber. To absorb the undesirable 
glow from the sidewalls, the latter were covered 
with black paper. In spectral investigations, win- 
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Fig. 1. Chambers for the investigation of x-ray lumines- 
cence: a— of metals and b—of gases. 1—beryllium window; 
2—glass window; 3—investigated metal; 4—recording instru- 
ment. 


dow 2 was replaced by a plate of transparent quartz 
3 mm thick. The total thickness of the beryllium 
placed between the anode of the tube and the inner 
cavity of the chambers was 2.3 mm. 

The luminous phenomena in the chambers were 
observed with the aid of a photomultiplier, a photo- 
graphic camera, and a spectrograph. The first 
method made it possible to evaluate quantitatively 
the intensity of the glow as a function of the type 
and pressure of the gas and of other characteris- 
tics. All experiments were carried out with type 
FEU-19 photomultipliers, whose output signals were 
recorded with an EO-4 oscillograph. The photo- 
multiplier sensitivity was 700 —1200 amp/lu. The 
oscillograph gain was 10?—10°. At maximum gain, 
a 1-mm deflection of the beam on the oscillograph | 
screen corresponded to a flux of 2 x 107" lu on 
the photocathode. 

The photographic camera was used to determine 
the spatial distribution of the glow intensity within 
the volume of the chamber. The relative aperture 
of the objective was 1:1.5, the focal distance was 
f= 50 mm. Using type D panchromatic motion pic- 
ture film (250 —350 GOST units), the glow could 
be photographed in the chambers at exposures from 
5 to 200 minutes. 

The spectral investigations were made with a 
type Q-12 Zeiss quartz spectrograph. The high 
intensity of the x-rays source made is possible to 
record glow spectra with photographic plates, with- 
out resorting to photomultipliers, as Spicer had to 
- do. 


EXPERIMENTAL RESULTS 


Figure 2 shows the results of the first measure- 
ments of glow intensity as functions of the air pres- 
sure for Be, Cu, Mo, Sn, and Pt. The measure- 
ments were made with a photomultiplier using the 
circuit of Fig. la. As can be seen from the graph, 
the absolute light yield increases with increasing 
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Fig. 2. Dependence of glow intensity on the air pressure 
in the chamber, for various metals. 


atomic number of the metal. As the pressure is 
reduced from 760 to 7—10 mm Hg, most metals 
exhibit an increase in glow intensity. Further re- 
duction in pressure leads to a monotonic decrease 
in intensity. Finally, at approximately 107? mm Hg 
and below, the photomultiplier detects no notice- 
able light yield even at maximum gain. These un- 
expected results show that the observed glow is not 
connected with fluorescence induced in metals by 
the x-rays, as was proposed in Ref. 12. It has been 
suggested that the glow of gas in the chamber is 
excited by electrons, knocked out by the x-ray 
quanta from the metallic surface and from the gas 
atoms as the result of the photoeffect. Figure 3 
shows photographs of the glow of the air in the 
chamber, confirming this suggestion. Ata rela- 
tively high pressure (76 mm Hg) one observes, 

in addition to the glowing column of air in the low- 
er portion of the chamber at the outlet window, also 
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Fig. 3. Photographs of x-ray luminescence of air in 
the chamber of Fig. la: a— pressure 76 mm Hg; b— 
pressure 7 mm Hg; c—experimental setup for the con- 
firmation of the electronic nature of the observed glow; 
d—photograph of x-ray luminescence at 7 mm Hg, using 
the scheme of Fig. 3c. 
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a bright glow of the surface of the plate (marked 
by an arrow in Fig. 3a). Such a photograph can 
readily lead to the erroneous conclusion that the 
metal surface fluoresces. However, the next photo- 
graph, made at 7 mm Hg, contradicts such a con- 
clusion. Here the glowing region near the surface 
broadens noticeably, and merges with the glowing 
cone in the lower portion (Fig. 3b). Upon slight 
modification of the experiment, this phenomenon 
manifested itself even more clearly. The platinum 
plate was rotated in the chamber in such a way, 
that the objective of the camera did not “see” the 
surface facing the source of x-rays (Fig. 3c). In 
spite of this, the pressure of the glow of the air 
in the chamber turned out to be analogous to that 
of the preceding photographs (Fig. 3d). 

Further confirmation of the electronic nature 
of the excitation of the glow of the gas under x- 
irradiation, and also data on the energy of the elec- 
trons that excite the glow, were obtained by photo- 
graphing the glow of the air in a magnetic field. 
The setup of the experiment is clear from Fig. 4a. 
A hole 10 mm in diameter was drilled through the 
lower pole of a horseshoe shaped electromagnet to 
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y 2 ‘ A 
Fig. 4. X-ray luminescence of air in magnetic field. a— 
experimental setup, b— without magnetic field, c—with 
magnetic field. 


permit passage of the x-rays through the gap be- 
tween the poles. To increase the number of sec- 
ondary electrons, the surface of the upper pole op- 
posite the source of radiation was covered with a 
lead plate. With electromagnet coils energized, 

the field intensity in the gap between the pole is 

~ 300 oersted. Photographs of the glow of the air 
in the gap between the poles without and with a mag- 
netic field are shown in Figs. 4b and 4c respective- 
ly. It is seen quite distinctly that in the presence 
of a magnetic field the glowing region contracts 
towards the axis of the polepieces and assumes the 
shape of a glowing column. An estimate shows that 
the electron energy does not exceed 1000 v ina 
field of 300 oersted. 

The pressure dependence of the intensity of the 
glow of air and argon, in the absence of a metallic 
surface in the chamber, is shown in Fig. 5 (solid 
curves). The experiments were made in the cham- 
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Fig. 5. Dependence of the intensity of x-ray luminescence 
of gas on the pressure. Solid— authors’ data, dotted —Spicer’s 
data.(Ref. 13). 


ber shown in Fig. 1b. For convenience in compari- . 
son of the curves among themselves and with the 
results of other investigators, the ordinates repre- — 
sent the glow intensity in percent of the intensity at 
760 mm Hg. The course of the curves is seento 
be similar to that of the curves of Fig. 2. Up to 
pressures of 100 —200 mm Hg for air and 300 — 406 
mm Hg for argon, the glow intensity remains prac- — 
tically unchanged. Further reduction in pressure 
is accompanied by a monotonic decrease in inten- 
sity. The increased glow intensity in the 5 —50 
mm Hg region, observed in the experiments with 
the metallic plates, is not seen in this series of 
measurements. An analogous behavior of the 
curves was established in experiments with helium, | 
oxygen, and nitrogen. The general character of the 
observed laws is in close correspondence with the 
pressure dependence of the glow as obtained by 
Spicer’ for air (dotted curve of Fig. 5). The ab- 
solute glow intensity depends on the type of gas. 

At atmospheric pressure, the glow intensities of 
helium, oxygen, air, nitrogen, and argon are re- 
lated as 1:2:10:35:1,000. The glow intensity of 
a gas mixture is determined by the composition 
and the ratio of the mixture components and by the 
pressure. Figure 6 shows graphs for the glow in- 
tensity of mixtures of argon with oxygen (a) and of 
argon with nitrogen (b). The abscissas represent 
the percentage of oxygen or nitrogen constant in the 
argon, while the ordinates represent the glow in- 
tensity in percentage of the intensity of pure argon. 
Three series of measurement were made for pres- | 
sures p= 50, 150, and 350 mm. In all cases, a 
small admixture of oxygen (up to 1—2%) has re- 
duced the glow intensity by a factor of several 
times: The “quenching” influence of the oxygen is 
stronger at high pressure than at low pressure. 
The glow of an argon-nitrogen mixture has a differ- 4 
ent character. Here a small addition (1— 2%) of 
nitrogen increases the glow intensity. Further in- 
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crease of the nitrogen concentration results in a 
slow decrease in intensity. 

Figure 7 shows the pressure dependence of the 
glow intensity of a mixture of 80% argon plus 20% 
oxygen. For comparison, the same graph shows 
the pressure dependence of the glow intensity of 
air. The character of the two curves is practically 
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Fig. 7. Dependence of intensity of x-ray luminescence of 
air (a) and mixture 80% Ar + 20% O, (b) on the pressure. 


identical. It is interesting to note that the absolute 
intensity of the glow of a mixture of argon with oxy- 
gen is only slightly higher than the glow intensity 

of air at equal pressures. This experiment refutes 
Spicer’s point of view concerning the influence of 
the natural-argon content of air on the intensity of 
its glow. 

An attempt was made to establish the connection 
between the glow intensity of gas and the hardness 
of the x-rays. For this purpose, the soft compo- 
nent of the x-ray spectrum was “cutoff” with the 
aid of aluminum filters 0.05 to 2.3 mm thick. The 
drop in glow intensity of air and argon had an ex- 
ponential dependence on the thickness of the filter, 
with a variable exponent. From the resultant 
curves one can conclude that soft x-rays produce 
a more effective excitation. It must be noted that 
our experiments did not disclose the linear depend- 
ence of the logarithm of glow intensity on the filter 
thickness, as indicated by Spicer. 

Figure 8 shows the result of microphotometry 
of a spectrogram of argon glow at atmospheric 
pressure. In the investigated spectral range, 6,000 
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Fig. 6. Dependence of intensity of x-ray 
luminescence of argon on the concentration: a— 
of oxygen, b—of nitrogen, for pressures Dies 00) 
p, = 150, and p, = 350 mm Hg. 
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— 2,500 A, seven lines were observed in the violet 
regions. The positions and relative intensities of 
these lines are in good agreement with the lines of 
the neutral atoms in the spectrum of argon excited 
by an electric discharge (shown by vertical bars).!5 
The most intense lines were those at 3390, 3600, 
3840, 3180, and 4180A. 


3100 3200 3300 8400 3500 3600 3700 3800 3900 4000 4/00 
wavelength, A_ — > 
gael: TT: TT i ZI 


Fig. 8. Spectrum of x-ray luminescence of argon at atmos- 
pheric pressure (the lower lines are those of argon in gas dis- 
charge, coinciding with the x-ray-luminescence lines). 


The data obtained on the x-ray spectrum, inten- 
sity, and spectral composition of the visible glow 
excited by x-rays has made it possible to estimate 
approximately the yield of the light photons per 
x-ray quantum. Such a calculation was made for 
argon and air at atmospheric pressure. The cen- 
ter line of the wavelength of the light radiation was 
taken to be 3500 A. The calculation results are 
listed in the table. 

Light yield of x-ray lumines- 
cence (p=1 atmos, t= 20°C) 


light yield 


wavelength per absorbed 
Gas of x-rays, x-ray quantum 
A in photons, 
X= 3500 A 
0.6 | 9-10-3 
Ait 1.2 2-10-4 
0.6 9-10-74 
Argon 1.2 510-4 
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Errors in the determination of the spectra of 
the x-ray and optical radiations, inaccurate know- 
ledge of the spectral characteristics of the photo- 
cathode of the multiplier, errors in the account for 
the geometry of the experiment, and several other 
factors difficult to control may cause these values 
to deviate from the true values by a factor of 4—5. 
These data must therefore be considered only as 
tentative, illustrating from the quantitative point 
of view the effective cross-section of x-ray lumi- 
nescence in gases. 


EVALUATION OF RESULTS 


Let us consider the possible mechanism for the 
transformation of an x-ray radiation into visible 
light on a metallic surface. Ginzburg and Frank 
have described the occurrence of transition glow 
upon passage of fast charged particles through the 
separation boundary between vacuum and a metal. '8 
However, to obtain a noticeable glow of a metal 
under the influence of electrons, their energy must 
be not less than several tens of kv. It is known that 
the energy of most photoelectrons “knocked out” 
from a metal by soft x-rays does not exceed 1 kv. 
At such energies, the probability of glow due to the 
transition effect is vanishingly small. It is possi- 
ble to represent the occurrence of visible glow on 
a metallic surface as being due to the long-wave 
region of the bremsstrahlung spectrum. In this 
case the radiation of light can take place only in 
very thin surface layers of the metal, on the order 
of 10-§cm. Even for soft radiation, the number of 
x-ray quanta converted into light in such a thin 
layer is negligible. The absence of a noticeable 
glow of metallic surfaces in vacuum confirms these 
gualitative considerations. 

With the photomultiplier sensitivity having a 
maximum of 107!!lu, we can state in any case that 
the yield of light photons from the metallic surface 
per x-ray quantum is less than 107°, and is at least 
two orders of magnitude less than the glow inten- 
sity of air, as recorded in our experiments. The 
apparent glow of a metallic surface in air must 
thus be attributed to glow of the layer of gas ad- 
jacent to the surface, induced by the electrons 
knocked out by x-ray quanta from the metal. Since 
the mean energy of such electrons is 1,000 ev, their 
range in air amounts to ~2.5 10cm. A glowing 
layer of gas of such thickness is perceived by the 
observer as a glowing metallic surface. 

The increase in the absolute intensity of glow 
with increasing Z of the metal, as indicated in 
Fig. 2, does not contradict this statement. The 
glow of the photoeffect increases with increasing 
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Z, and the number of secondary electrons exciting 
the gas atoms should be greater for a heavier than 
for a lighter metal. There are no grounds for as- 
suming that the mechanism of glow excitation in 
gas differs from the above in the absence of a 
metal. 

Anestimate of the probability of direct excitation 
of the levels of the argon atoms by 1.2-A x-ray quanta | 
shows that this probability is at least 10’ times as 
small than the probability of excitation of the levels 
of the atoms by electrons “knocked out” by the 
photoeffect or by recoil electrons. The observed 
laws of glow of gases, excited by fast electrons 
and other charged particles, confirm this opinion. 
The pressure dependence of the glow intensity ob- 
tained by Griin and Schopper‘ for nitrogen and for 
an argon-nitrogen mixture by irradiating these 
gases with a particles from polonium, is in good 
agreement with the laws of x-ray luminescence of 
gases. 

The spectra of the x-ray luminescence of gases 
also confirm the principal role of fast electrons in 
the excitation of the glow. Fan has shown! that as 
the electron energy increases, the spectrum of the 
gas glow shifts towards the short-wave region. It 
is known that the most intense argon-discharge 
spectral lines, when the energy of the electrons 
does not exceed 100 v, are located in the 8100 — 
8500A and 4700 — 3900A ranges. In our case, the 
most intense spectral lines lie between 3400 and 
3800 A. 

Let us consider in greater detail the effect of 
the pressure and of the composition of a gas mix- 
ture on the intensity of the gas glow. Spicer pro- 
poses that the pressure dependence of the glow in- 
tensity is determined by the change in the rate of 
electron-ion recombination with pressure. This 
assumption is not corroborated by calculations or 
by experimental data. The probability of direct 
recombination at negligibly small electron and ion 
concentrations (not more than 10! ions per cm?) 
is very small. In addition, the recombination radi- 
ation should have a continuous spectrum. Our and 
Spicer’s experiments resulted only in line spectra. 
The experimental relations are explained much 
better by the gas-kinetic mechanism. It is known 
that the average lifetimes of the excited levels can 
vary for different gases over very wide range, 
from 107? to 107° sec. The probability of transi- 
tions from the excited levels with radiation of light — 
photons increases with diminishing lifetime. For 
argon atoms, the fundamental levels with light ra- 
diation have average lifetimes of 107’ —107® sec 
and in addition, there exist metastable levels with 
a lifetime ~1072 sec. The average time interval 
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between collisions of argon atoms amounts to 1.64 
x 107! sec at p=latmos and 1.2107’ sec at 
p=1mm Hg (t= 20°C). Comparing these quanti- 
ties, it is easy to note that, at pressures close to 
atmospheric, the time between two collisions of 
argon atoms is 1 — 2 orders shorter than the glow 
time of the ground levels. The glow intensity 
under such conditions, for a given number of ex- 
cited argon atoms, will be less than the glow in- 
tensity for the same number of excited atoms at 
a pressure ~1mm Hg, when the time between two 
atom collisions exceeds the lifetime of the excited 
level. 

The number of excited levels n, which glow at 
a given pressure p, is expressed by a function of 
the type 


n= N(1—exp{— tok / 9p), (1) 


where N is the total number of excited levels, T) 
is the average lifetime of the excited level, ty is 
the average time between two collisions at p=1 
atmos, and k is a coefficient that accounts for 

the number of collisions per extinction event (ratio 
of gas-kinetic cross-section to the extinction cross- 
section). On the other hand, reducing the pressure 
reduces the x-ray absorption and correspondingly 
the number of excited levels per unit volume. This 
dependence is of the form 


N ~I,(1 — exp {— vxp}). (2) 


Here Ip is the intensity of the x-rays, mw the lin- 
ear coefficient of attenuation of the radiation in the 
gas at a pressure of 1 atmos, and x is the thick- 


-ness of the gas layer absorbing the radiation. The 


interaction of these two opposing processes is 
shown in Fig. 9. Curve 1 shows the gas-kinetic 
extinction as a function of the pressure, in accord- 
ance with expression (1), while curve 2 shows the 
dependence of the absorption on the gas pressure 
(2). The superposition of the two laws is repre- 
sented by curve 3: 


n~ I,(1 — exp {— pxp}) (1 — exp{—tk/tp})- (3) 


This curve has an extended horizontal section in a 
relatively large pressure range, in good agreement 


- with the experimental data. 


The mechanism described makes it also possible 
to explain the experimentally-observed increase in 
glow intensity in the presence of a metallic surface 
at pressures from 1 to 10 mm Hg (curves of Fig. 
2). In contradistinction with x-ray luminescence 
of a pure gas, the number of secondary electrons 
knocked out here from the surface of the metal 
does not diminish with decreasing pressure, and 
stays at approximately the same level. Thus, ina 
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comparatively wide pressure region, the principal 
role is played here by gas-kinetic extinction, and 
the total intensity recorded by the photomultiplier 
should increase with diminishing pressure. Only 
after the mean free path of the electron in the gas 
begins to exceed the dimensions of the observed 
glowing region does a noticeable decrease in glow 
intensity take place. Naturally, the quantitative 
relations here are determined to a great extent by 
the geometry of the experiment. However, a nu- 
merical estimate of the results of the graph of 
Fig. 2 confirms these considerations quite well. 

The observed laws of the glow of gas mixtures 
are also in good agreement with the mechanism of 
gas-kinetic extinction. It is known that a small 
addition of oxygen exerts a considerable quenching 
influence on the glow of a gas discharge.'’ Oxygen 
is characterized by transitions from excited levels 
without radiation of light.? The large number of 
energy levels in this diatomic gas leads to a prac- 
tically resonant “selection” of the energies of the 
excited levels of argon, causing an extinction.of the 
x-ray luminescence even at small oxygen concen- 
trations. At low pressures of argon-oxygen mix- 
tures, the collisions between the atoms of these 
gases are less frequent and the quenching influence 
of the oxygen is less pronounced (see Fig. 6a). 
This process, whereby the oxygen extinguishes 
the excited levels of gas atoms, is apparently the 
decisive factor not only for argon, but also for air. 
A similar course of curves for the mixtures 80% 
Ar + 20% O, and N) + Oy (air), shown in Fig. 7, 
confirms the above. 

To the contrary, a small addition of nitrogen 
increases the intensity of argon glow (Fig. 6b). An 
analogous phenomenon was observed by Grtin and 
Schopper,* where, at nitrogen concentrations in 
argon from 1 to 15%, an increase in glow intensity 
by 5—7 times compared with the glow intensity of 
pure argon was observed under the influence of @ 
particles. The spectral investigations of the glow 
of argon under the influence of charged particles, 
performed by Bennet and Hughes,” have shown that 
a slight concentration of nitrogen in argon (0.001%) 
is sufficient to excite intensely the lines of the sec- 
ond positive group of neutral molecules of Nj. The 
excitation potential of the highest level of this group 
corresponds to the potential of the metastable state 
of the argon. Thus, unlike in the case of oxygen, 
the interaction between the excited atoms of argon 
with the nitrogen atoms leads to an increase in the 
glow intensity owing to the radiation of the meta- 
stable levels. 

It is interesting to note that the laws for the 
glow of gases and gas mixtures under the influence 


of ionizing radiations depends relatively little on 
the nature of the radiation. Fast electrons, x-rays, 
@ particles, and other energetic radiations excite 
approximately equal spectra. Fan, who studied the 
glow spectrum of air excited by electrons, protons, 
and helium ions has shown that different charged 
particles of equal velocity, excite very similar 
spectra. The dependences of the glow intensity on 
the pressures and concentrations of mixtures of 
various gases turn out to be exactly similar, and 
show little dependence on the type of ionizing radi- 
ation. 

One can consider it established that at ionizing- 
radiation energies that exceed by many times the 
ionization potential of the gas, the glow is due to 
the electronic transitions and is determined essen- 
tially by the atomic and molecular properties of the 
the gas, by its density, and by its impurities. 

In conclusion, we shall mention several practical 
consequences of the above experiments, which are 


of certain interest to workers with gas scintillators. 


An analysis of the curves of Fig. 9 shows that a 
considerable increase in pressure in a gas scintil- 
lator does not lead to an increase in the lumines- 
cence intensity (in the case of registration of 
charged particles it may even lead to a reduction 
in the glow intensity). Calculations show that at 

a pressure of ~3 atmos the intensity of lumines- 
cence, excited in argon by 1-A x-rays, begins to 
diminish. 

When the chamber is filled with a gas scintil- 
lator, it is necessary to rid the gas thoroughly of 
all possible impurities, which may extinguish the 
glow — oxygen, carbon dioxide, nitrogen oxides, 
etc. 

It is also possible to propose the following 
method for increasing considerably the light out- 
put of a gas scintillator for x- and y-rays. It is 
known that the ordinary gas scintillators have little 
sensitivity to radiations of this type. If a system 
of plane-parallel metal foils is placed in the scin- 
tillation chamber perpendicular to the plane of the 
photomultiplier cathode, then the electrons knocked 
out by the x- or y-rays from the surface of the 
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Fig. 9. Dependence of gas-kinetic extinc- 
tion (1), radiation absorption (2), and total 
light yield of x-ray luminescence (3) on the 
gas pressure: a—argon, b—air. 

(For portions of curves 1A and 2A, the 
vertical scale has been increased by 100 
times.) = 


foils will produce an intense glow of the gas layers © 
located in the gaps between the foils. By choosing | 
suitable foil thicknesses and materials and gap 
thicknesses, and by choosing the kind and pres- 
sure of the gas, it is possible to increase the light 
yield of such a gas scintillator by many times, 
leaving unchanged the remaining qualitative in- 
dices, the low glow time, and the simplicity of 
construction. 
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The viscosity of liquid He? was measured in the temperature range 0.35 — 3,.2° K by means of 
a capillary tube viscosimeter. A slight increase in the viscosity was observed in lowering 
the temperature in the range 1.0 —3.2° K, and a strong increase was noted below 1° K. The 
temperature dependence of 7 in the range 0.5 —1.1° K is satisfactorily described by the for- 
mula T~'/2 and only below 0.5° K does the dependence become stronger; however, it is less 


strong than T~?, 


The measurements of liquid He’ above the A-point show that its tempera- 


ture dependence is not different from that of ordinary liquids, the region near the A-point 


being excluded. 


1. THE VISCOSITY OF He? 


Ly 1950, ‘Pomeranchuk, ! basing his work on the 
general quantum theory of liquids developed by 
Landau, predicted, from qualitative considera- 
tions, a viscosity coefficient for He® with a tem- 
perature dependence of the form 1/ res Later, 
Abrikosov and Khalatnikov? considered in detail 
the kinetic phenomena in liquid He? on the basis 
of the theory of a Fermi liquid constructed by 
Landau.’ In accord with the theory of Abrikosov 
and Khalatnikov, the viscosity of liquid He? below 
0.1—0.2° K has a temperature dependence of the 
form 1/T?, 

Up to the present time there have existed only 
qualitative measurements in the literature on the 
viscosity of He*®. These were carried out by Ab- 
raham, Osborne, and Weinstock.‘ In their re- 
search, the fluidity of liquid He® across a thin slit 
was compared with the fluidity of He‘, Fromtheir 
observations, the authors estimated the value of 
the viscosity coefficient, and established a weak 
temperature dependence — an increase in the vis- 
cosity from 22 to 30.4p poise for a temperature 
drop from 2.79 to 1.04° K. These data were in 
need of verification. Moreover, we were inter- 
ested in extending the range of measurement to 
much lower temperatures. 

Recently, we learned of the measurements of 
Taylor and Dash® which were carried out by the 
method of the torsional vibrations of a disc. The 
data of Taylor and Dash, which were obtained in 
the range 1.3—2.15°K and at T =3.34°K, agree 
both in absolute magnitude and in temperature de- 
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pendence with the results of Abraham, Osborne, 
and Weinstock. 

Below, we shall give a description of the 
method and tabulate the results of our measure- 
ments. 


The Method 


For the measurement of the viscosity of liquid 
He’, we chose the method of the capillary viscos- 
imeter as the most useful for research with very 
small quantities of the liquid. All the measure- 
ments were made in two glass thick-walled capil- 
laries (outside diameter 4—5 mm), carefully 
selected and calibrated. With the help of a metal 
microscope and an ocular micrometer, we deter- 
mined the shape and dimensions of the openings at 
the ends of the capillaries. The form of the open- 
ing was shown to be slightly elliptical, but the dif- 
ference in the dimensions of the ellipses at the 
ends of the capillaries did not exceed 1%. The 
mean values of the axes of the ellipses were equal. 
For the first capillary, of length 35.00 mm, a = 
97.8% and b=105.4y; for the second capillary 
of length 18.13 mm, a=74.lu and b=75.0n. 
For verification of the form of the cross section 
at all points along the capillary, a definite amount 
of mercury was introduced and its length was 
measured. Such a method of checking showed that 
the first capillary had an almost barrel-shaped 
form, while the second capillary had a taper in its 
length of ~ 1%. Calibration of both capillaries by 
the flow of gaseous hydrogen and helium at room 
temperature gave a value of 102.1 as the effec- 
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tive diameter of the first and 74.5y for the second 
which, within the limits of accuracy, coincided 


with the values obtained from direct measurements. 


The error in the determination of the diameter of 
the capillaries amounted to + 1%. 

The principal difficulty of measurement lay in 
the observation of extraordinary precaution against 
the contamination of the capillary with foreign par- 
ticles. In spite of the freedom of He? from carbon 
impurities when cooled to the temperature of liq- 
uid air, there was always a sufficient number of 
foreign particles which easily contaminated the 
capillaries if protective measures were not taken. 
Two arrangements (I, Il) were used in the re- 
search. These are shown in their final form in 
Fig. 1. Measurements were carried out with ap- 
paratus I in the temperature range 1.0 —3.2°K, 
while apparatus II served for measurements below 
1°K. In this and the other apparatus, both capil- 
laries were used in turn. 


Fig. 1. Schematic drawing of apparatus for the measure- 
ment of the viscosity. 


Apparatus I for measurements above 1°K con- 
tained a capillary a with a glass cylindrical res- 
ervoir b attached to it. This cylinder had an in- 
ternal diameter of 5.35 mm and length 20 mm. 
For protection against the entrance of impurities 
from above, there was attached to it a covar cover 
e with a 1 mm diameter metal pipe f leading 
into it. A cylinder c of height 2 mm was ce- 
mented from below to the capillary with a filter 


d of fine cotton fiber cemented to its end. This 
filter trapped particles ~ 0.1. Thanks to the | 
large area of the filter (¢ 5 mm), its resistance 
was negligibly small in comparison with the re- 
sistance of the capillary (the calibration of the 
capillaries with gas did not reveal differences in 
the resistance of the capillaries when the filters_ 
were present). The reservoir was suspended by 
the fiber g ina cylindrical test tube h of inter- 
nal diameter 8 mm, at the bottom of which was 
placed a resistance thermometer R of 40p phos- 
phor bronze. The test tube h was connected with — 
a copper-nickel tube j by a copper connector i. — 
The tube was of diameter 2 mm and passed through! 
the cap of the dewar. A steel cylinder k was | 
mounted at the upper end of the fiber and could be 
adjusted by the magnet NS in the tube, raising 
and lowering the reservoir b. 

He’ was condensed in the test tube so that the 
level of the liquid in the emptied capillary was 
lower than the highest end of the tube f. The liq- — 
uid flowed into the reservoir below through the 
¢apillary, first passing the filter d. A decrease ~ 
in the temperature of He® was achieved by pump- 
ing out the He‘ vapors in the surrounding tank. 
The double helium dewar had a construction simi- 
lar to that described in Ref. 6. The temperature — 
of the liquid was determined from the vapor pres- — 
sure of He’, which was measured by a mercury 
manometer. 

The apparatus for measurements below 1°K 
(II, Fig. 1) consisted of a dewar i with a volume © 
of about 3 cm® and diameter 8 mm, from which 
was carried out a pumping of the vapors of liquid 
He®, The lowest temperature achieved by this 
method was 0.35°K. In contrast to the apparatus I, 
the reservoir b was open at the top and had a fil- ; 
ter e at the entry to the capillary to serve as 
protection against contamination. This was in ad- 
dition to the filter d. The temperature of the liq- | 
uid was measured by a thirty micron phosphor- _ 
bronze resistance thermometer R’, which was 
located inside the reservoir b. The leads of the 
thermometer were taken out through the platinum 
bushing f. The thermometer was first calibrated 
by means of the vapor pressure of He® which was 
measured by a McLeod gauge. In the temperature — 
interval 0.3 —1.0°K, the resistance of the thirty | 
micron phosphor-bronze has a linear temperature — 
dependence, which was checked in a separate ex- — 
periment by means of measurements of the mag- 
netic susceptibility of a paramagnetic salt. 

Just as in the apparatus I, the reservoir b was 
suspended by the filament g and was turned by 


means of a magnet. Pumping out of the He® vapor | 
| 


VISCOSITY OF “LIOAID “he? 


was carried out by means of a mercury diffusion 
pump through a copper tube j of 15 mm diameter 
which was later changed to steel. To decrease 
thermal conduction inside the tube j, a copper 
screen k was employed. It was placed in ther- 
mal contact with the outside He! tank and had a 
temperature ~ 1°K. The He? vapors from the 
openings of the diffusion pump were condensed in 
the coil £ and the liquid He’, cooled to 1° K, was 
transferred to the dewar by means of the valve m. 
With the exception of the lowest temperatures, the 
measurements in apparatus II were carried out 
with the pumping disconnected. In order that the 
temperature not change significantly during the 
measuring time of 1 —2 minutes, a pellet of para- 
magnetic salt, cooled by the vapors of He’, was 
fastened under the reservoir b. Because of its 
large heat capacity, the salt served as a buffer, 
lowering the heating rate of the liquid. With the 
salt in place, it required not less than three hours 
for the liquid to heat from 0.35 to 1°K. 

The process of measurement in both pieces of 
apparatus was as follows. After filling the reser- 
voir b with the liquid, the capillary was raised 
until its lower end did not make contact with the 
level of the liquid outside. Values of the position 
of the level in the reservoir as a function of time 
were determined by means of a KM-5 cathetom- 
eter and a stop watch. Usually the level in b fell 
off by 3— 8 mm, depending on the diameter of the 
given capillary and the temperature, in the course 
of about two minutes. At temperatures close to 
the critical, where the surface tension of He? is 
small, the liquid flowed from the capillary in the 
form of fine strips of visible flow. At low tem- 
peratures, where the surface tension becomes ap- 
preciable, drops were formed at the end of the 
capillary. These were released periodically when 
they achieved critical dimensions. Observation 
was carried out with the liquid rendered visible 
by a luminescent lamp. The cathetometer en- 
abled us to make measurements with the accuracy 
of + 0.01 mm. Because of the distortions brought 
about by the optical inhomogeneities of the glass 
of the dewar, theerrors were somewhat increased; 
however, they did not exceed + 0.05 mm. This 
fact was specially checked by us in Ref. 7. 


Results of Measurement 


Determination of the coefficient of viscosity 
was carried out by means of the formula 


Cam ey) g a3b3 t (1) 
= —33.87R®  8(a? + b*)log(Ho / H) 


where a and b are the elliptical axes in the 
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cross section of the capillary, 2 is the length of 
the capillary, R = radius of reservoir b, Pg 
and py are respectively the liquid and vapor 
densities, H = height of the liquid level in the 
reservoir below the lower end of the capillary, 

t =time, and g = acceleration due to gravity. 
In the research, we used He? with a purity not 
lower than 99.98%. Values of the density of the 
liquid and vapor He? in Ref. 1 were taken from 
the work of Kerr.® The temperature was deter- 
mined according to the scale of Sydoriak and 
Roberts,® with accuracy down to 0.01°K. The 
correction required by the finite velocity of flow 
from the capillary, which is about 1%, was not 
taken into account by us. We also did not con- 
sider corrections connected with the formation 
of small droplets at the end of the capillary. This 
correction would be of the order of 0.1%. 

For the calculation of the viscosity, we con- 
structed a graph of log(H)/H) vs. t for each 
point. A typical graph of this form is shown in 
Fig.2. The straight-line dependence of log ( H)/H) 


a JO 0 150 200 250 
t, sec 


Fig. 2. Dependence of the position of the level in the res- 
ervoir on the time (in semilogarithmic plot) for the capillary of 
diameter 102.1p at T = 1.105°K. 


on t, observed at all temperatures, testifies to 
the laminar flow of the liquid. An estimate of the 
Reynolds numbers for the capillaries of 102.1 and 
74.5 gave 600 and 350, respectively. 

Figure 3 shows the results of measurements 
obtained with the two capillaries. The same de- 
pendence in logarithmic plot is shown in Fig. 4. 
The spread of measurements increases at the 
lower temperatures, which is the result of the in- 
stability of the temperature over the measuring 
interval (~ 0.01 —0.02° at 0.4—0.5°K). The ab- 
solute values of the viscosity coefficient were de- 
termined with an accuracy to within + 5% in the 
region above 1° K, and + 10% for the very low 
temperatures. The mean values of n are given 
in Table I. 
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Fig. 3. Viscosity of liquid He’: 0 = capillary of 
diameter 102,.1p, x = capillary of diameter 74.5p, A = 
results of Abraham, Osborne and Weinstock,’ + = data 
of Taylor and Dash. 


which also agrees with the estimate given in Ref. 


2. 
Fee nto ere nfo ao nto" We did not succeed in carrying out measure- 
sti ae | ies Saat ments of the viscosity in the immediate vicinity 
es of the critical point. Measurements in this re- 
cae eo ne re BO ey gion are extremely difficult becuase of the small 
0.45 3.64 1.0 Pane) 2.4 1.78 density difference py — py. It is quite evident, 
0.50 3.40 ee 2.14 2,6 1.74 : ra 
0.55 399 ree 2.02 2'8 1.70 however, that as T— Tey, the viscosities of the 
: é ee is ee an eee liquid and the gas ought to approach the same value. — 
In accord with the measurements of Becker, Mi- 
senta, and Schemissner, ” the viscosity of gaseous 
He’ at T = 3.35°K has the value of 1.25 x 107° 
poise, which agrees within 20% with our extrapo- 
lated values. In Fig. 3 we have also plotted the 
results of Abraham, Osborne, and Weinstock,! and 
the data of Taylor and Dash.® From a comparison 
of the results, it is evident that while the temper- 
Lr a a a aT, ature dependence of the viscosity in Refs. 4 and 5 
log 7 agrees with our measurements, the absolute val- 
Fig. 4. Viscosity of He*® in semilogarithmic plot. ues are approximately 20% higher, which is ap- 
parently explained by systematic errors in the de- 
As is seen from Fig, 3, the viscosity in the termination of the constants of the apparatus. 
temperature range from 1 to 3.2°K increases 
slightly with decrease in temperature, changing 
from 1.6 X 107° to 2.32 x 10~* poise, which is in 
qualitative agreement with one of the variants of TABLE II, Mean Values of 
the theory of Abrikosov and Khalatnikov.”? In the the Viscosity of He‘ 
temperature range below I°K, n increases 
sharply, reaching a value of 4.8 X 107° poise at FOS) tl POLS Se (0 ween cee 


T =0.35°K. The temperature dependence of 7 

in the interval 1.1—0.5°K, as is seen from Fig. piel gain | 39 ee 

4, is approximately described by the formula 2.4 3.00 3.4 3.25 

1/VT and only below 0.5°K does the dependence Silat es oe 

become much steeper; however, it is weaker than 2.7 3.26 4.0 3.07 
2.8 | 3.28 4.2 3.00 


the dependence 1/T? predicted theoretically, 
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Fig. 5. Viscosity of liquid He*: 0 = capillary 102.1y, x = 
capillary 74.5; la—data of Bowers and Mendelssohn}? 1b— 


the same data, recomputed by us with account of the density 
of the vapor; 2—temperature curve of Taylor and Dash.° 


2. VISCOSITY OF He‘ ABOVE THE A-POINT 


To check our method, we simultaneously car- 
ried out measurements of the viscosity of He! in 
the temperature range above the A-point. The 
measurements were carried out with apparatus I. 


The dependence of log( H9/H) on t had the form 


of a straight line, similar to that shown in Fig. 2. 
The viscosity was calculated by Eq. (1), in which 
the values of pg were taken from the work of 
Kamerlingh-Onnes and Bok (see Ref. 11), the 
values of p, from the measurements of Keesom 
and R. Berman.* 

The results of the measurements, taken with 


the two capillaries, are given in Fig.5. The aver- 


age values of the viscosity coefficient are tabu- 
lated in TableII. For comparison, the data of 
Bowers and Mendelssohn" (broken line 1a) are 


also plotted in Fig. 5. These were obtained by the 


same method. The results of Taylor and Dash 
(broken line 2) are also given. The results of 
our measurements agree with the data of Ref. 13 
in absolute value (within the limits of error); 
however, instead of a monotonic increase in the 
viscosity, we observed a slight falling off, begin- 
ning at the temperature of 2.8°K. The cause of 
the divergence lies in the fact that in Ref. 13, the 


vapor density of He‘ was not taken into considera- 


tion. Close to the critical point, this quantity be- 
comes comparable with the density of the liquid. 

The data of Bowers and Mendelssohn, recomputed 
by us with account of the density correction, give 


the curve 1b, which in its temperature dependence 
does not differ from our curve. The measurements 


of Taylor and Dash,° as is seen in Fig. 5, have a 
temperature dependence which agrees with ours, 
but the absolute value of the viscosity coefficient 


*A partial report. The author expresses his thanks to R. 
Berman for making his data available prior to publication. 
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is approximately 15% higher. We note that even 
in the region below the A-point, the values of the 
viscosity of the normal component of He II (in the 
measurements of Dash and Taylor") exceed by 
10% our data obtained from measurements of sur- 
face attenuation of second sound.” It should be 
emphasized that the temperature dependence of 
the viscosity of He I, contrary to established opin- 
ion, does not differ from the same for ordinary 
liquids, with the exception of the region close to 
the A-point. The monotonic decrease of the vis- 
cosity of He I with temperature does not contra- 
dict the value of the vapor viscosity at the critical 
point, which is equal to ~ 15p poise according to 
the measurements of Ref. 10. 

In conclusion I express my gratitude to Profes- 
sor V. P. Peshkov for his discussion of the re- 
sults and his constant interest in the work, and to 
N.I. Iakovlev, who helped in assembling the appa- 
ratus and in the measurements. 
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The specific heat of spectrally pure bismuth was measured in the temperature range 0.3 — 44° 
K. Below 1.8°K, the coefficient in the tT? term in the formula for the temperature dependence 
of the specific heat is @p = 118.5 + 1°K, while the coefficient in the linear term is y = 1.6 Xx 
10°° cal/ deg’-gm atom, which is an order of magnitude smaller than for most metals. The lin- 
ear term is compared with the specific heat of electrons computed on the basis of the de Haas 


—van Alphen effect. 
1, INTRODUCTION 


Bismurx has a rhombohedral lattice with two 
atoms per cell and a valence equal to three; con- 
sequently, the number of electrons per cell is six, 
Substances with an even number of electrons in 
the cell fill the upper band completely and are in- 
sulators. Inasmuch as bismuth always possesses 
metallic properties, its bands overlap and the con- 
ductivity is brought about by quasi-particles with 
two signs of charge — electrons and holes. 
Investigation of the de Haas — van Alphen effect,! 
galvanomagnetic phenomena””® and cyclotron res- 
onance*?® allow us to conclude that the overlapping 
zone is not large and the concentration of holes 
and electrons ny =Ng & 10°° electron atom’ }, 
whereas for most metals this quantity is of the 
order of unity. Therefore the magnitude of the 
linear term in the specific heat, which is related 
to the electron concentration, ought to be very 
small for bismuth, and can be determined with 


sufficient accuracy only for very low temperatures. 


Measurements of the specific heat of bismuth 
have been carried out a number of times. The 
investigations of Keesom and van den Ende® were 
performed in the range 2 — 20°K with an accuracy 
of 10%. These authors found that @p was not 
constant in the temperature range studied, but had 
a minimum at 9°K. They would give no judgment 
on the linear term of the specific heat. Keesom 
and Pearlman’ measured the specific heat of bis- 
muth in the range 1—4°K. The amount of impur- 
ities in the sample was estimated at 0.01%. In 
view of the difficulty of estimating the content of 
small amounts of impurities, the authors obtained 
data on the change in the electrical resistance of 
their bismuth sample as a function of temperature 
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(Table 1). The measurements showed that below 
2.3°K, ®p is equal to 117°K. In the range 1— 
2.3°K, where the Debye law is valid, the linear 
specific heat term was isolated, with y = (1.9+ 
0.7) X 107° cal-deg *-gm atom™!, 

Ramanathan and Srinivasan® carried out meas- 


| 
| 


urements for a sample of purity 99.95% in the tem-— 


perature range 1.3 —4.1°K. The polycrystalline 
sample “1953” contained 0.02% Pb; 5 X 107°% Mn; 
1x 10 °% Cd; 5 x 104% Cu; 1 10 °% Fe; As, Se, 
Te < 0.001%; 2 x 10°*% Ag. The temperature of 


the specimen was measured by a carbon resistance 


thermometer, the instability of the calibration of 
which reduced the accuracy of the results. The 
temperature region in which ®p was established 
to be truly constant, was not large, which gave us 
no possibility of isolating the magnitude of the lin- 
ear term with sufficient accuracy. Moreover, it 
was not evident whether one could assume that the 
pure bismuth will have the same values of ®p 
and y as was obtained for these relatively con- 
taminated samples. Therefore, the present re- 
search was undertaken with much purer metal and 
at much lower temperatures. 


2. THE SAMPLE AND THE MEASUREMENTS 


The sample investigated was a monocrystal, 
grown from spectrally pure bismuth,* and was 
several times recrystallized and outgassed ina 
quartz ampoule at a temperature of about 600°K in 
a hard vacuum. Table I allows us to judge the 
purity of the specimen by the magnitude of the re- 
sidual resistance. The residual resistances of 


*The spectrally pure bismuth was prepared by the State 
Institute of rare metals. 


SPECIFIC HEAT OF BISMUTH BETWEEN 0.3 AND 4.4°K 427 


TABLE I. Relative Resistances of Samples of Bismuth 
a ee ee 


TK 


| 73,3 | 4,2 


Polycrystalline 0.3014 | 0.0254 | 0.0247 
Spectrally pure specimen 

Monocrystalline 0.285 | 0,006 | 0.006 

| 
Hilger Co. bismuth Polycrystalline 0.285 | 0.026 | — 
Sample of Keesom and 
Pearlman’ ” 0.383 Os12 — 

Sample ‘'1953”’ | ” | 0.68 | 0,56 | 0.425 


several other specimens are listed for comparison. 
The construction of the calorimeter in which the 
determination of the specific heat was carried out 
and the method of measurement were similar to 
those described earlier.? The sample, of mass 
267.3 gm (1.175 gm atoms), was of cylindrical 
shape, with diameter 18 —19 mm and length ~ 90 
mm. The surface of the specimen was covered 
with a thin layer of adhesive BF-2, which was 
polymerized for about one hour at 120°C. A con- 
stantan heater was attached on the layer thus iso- 
lated by the same adhesive BF-2. A light copper 
screw with a phosphor bronze thermometer wound 
on it was screwed into the lower part of the cylin- 
der. The entire thermometer, the heater, etc., 
had less than 0.3% of the weight of the sample. 
Appropriate corrections were introduced in the 
-value of the specific heat. Above 1°K, the resist- 
ance thermometers were calibrated in terms of 
the vapor pressure of liquid helium in degrees of 
the 1955 scale. For temperatures below 1°K, the 
calibration was carried out in terms of the sus- 
ceptibility of ferric ammonium alum (mark ChDA) 
compacted into a cylinder of 12 mm diameter and 
40 mm length. The demagnetization factor of the 
salt!® was found in order to calculate the correc- 
tions. Using the data of Ktirti and Simon," the 
magnetic temperature of an equivalent spherical 
sample was determined; then the magnetic tem- 
_ perature was reduced to the thermodynamic tem- 
perature by the method of Cooke, Meyer, and 
Wolf.’2 The bismuth sample and block of com- 
pressed ferric ammonium alum, which served as 
the cold reservoir for measurements below 1°K, 
were supported on nylon threads in a vacuum jacket. 
The heat exchange of the gases before demagneti- 
zation was brought about by an adsorbing carbon 
pump.” 


3. RESULTS OF MEASUREMENT 


The specific heat was measured in the temper- 
ature range 0.3 —4.4°K. The experimental.points 
in a plot of C/T vs. T? below T =1.8°K (Fig. 
1) form a straight line which determines the coef- 
ficients of the equation which describes the tem- 
perature dependence of the specific heat between 
0.3 and 1.8°K: 


(C/T) x 10* cal-deg?-gm atom™ 


OS 10 15 20 25 T? 30 
Ve 

03 05 7 Me Ww rx 

Fig. 1. C/T as a function of JT? in the region in which the 


T? law is observed; x = measurements of 1953; O = spectrally 
pure sample. 
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C = (1.64. 0.1)-10°T 
+ (2.79 +0.09) -107 T® cal-deg-gm atom" (1) 


The effect of errors in measurement can be 
estimated by the limiting straight lines of that pen- 
cil of lines which can be drawn through the exper- 
imental points on the plot of C/T against T?. In 
this way, the estimated inaccuracy of y amounts 
to + 0.1 X 107° cal-deg?-gm atom™'!, The maxi- 
mum possible systematic error in the values of 
the specific heat for temperatures near 0.3°K did 
not exceed 3 —5% in our estimate. 

In the interval in which the T® law is satisfied, 
i.e., between 0.3 and 1.8°K, the Debye temperature 
@p = 118.5 + 1°K. The change of ®p at much 
higher temperatures is shown in Fig. 2. For bis- 
muth, the T* law is satisfied for T < 0.015 Op. 


4, DISCUSSION OF RESULTS 


The values obtained for ®©p and y can be re- 
garded as reasonably trustworthy, since they are 
the results of measurements taken over an ex- 
tended temperature range, which allows a thor- 
oughly accurate separation of the magnitudes of 
the lattice and electronic specific heats. The pur- 
ity of the investigated sample was evidently suffi- 
cient, as can be judged from the data of Table II, 
in which no appreciable change in the values of 
®p and y with purity of the metal can be ob- 
served, 


TABLE II. © and y of the 
Various Bismuth Samples 


vy: 105, 
Sample Op,°K  |cal-deg™?-gm 
atom"! 
Spectrally pure, 
outgassed sample 118,541) 4.6+0.1 
99.99% of Keesom 
and Pearlman 147+1) 1.87+0.7 
Sample ‘'1953”? 119-+1 2-++0.5 


99.95% of Ramana- 
than and Srinavasan 


| 12044] 1.1444.46 


N. KALINKINA and P. G. STREKOV 


Fig. 2. Dependence of @, on tempera- 
ture, x = measurements of 1953; O = spectrally 


pure sample. 
a 


In Figs. 1 and 2, we have plotted experimental 
points which refer to bismuth with an impurity of 
0.02% of lead. No systematic variation of the re- 
sults that could be related to the spectrally pure 
sample could be noted. The reliability with which 
the quantity y has been measured, allows us to 
attempt to make some conclusions on the contribu- © 
tion of the electrons and holes to the specific heat. 

The coefficient for the linear term of the spe- 
cific heat is determined by the value of the mean 
density of electron states on the Fermi surface: 


nk? (dN | 
C= y= (Fe), TP (2) 


Substituting the quantity y = 1.6 x 107° cal-gm 
atom !-deg™? found experimentally, we find that 
the density of states on the Fermi surface is 
(dN/dE)y -p, = 2.85 X 10°? atom-ev. Since the 


second band in the energy spectrum of bismuth 
contains a very small number of electrons, they 
will be found in states close to the bottom of the 
band and the square law of dispersion is valid for 
the energy. Taking anisotropy into account (which 
is brought about by the real bismuth lattice) , Shoen- 
berg,! on the basis of experimental data on the de ) 
Haas — van Alphen effect, assumed a model for the © 
Fermi surface containing three ellipsoids which 
coincide with each other upon rotation by 120°. 
Let us calculate the electronic specific heat for 
this case. The number of states for a gram atom of 
metal, taking into account both spin directions, N 
= 2VVp/(2mh)’, where V is the atomic volume, 
Vp = volume bounded by the Fermi surfaces in 


momentum space. For the three ellipsoids con- 
sidered, 


Vp = 3(4t/3) props, where pp = V 2m,E. 


It is easy to show that in this case we obtain the 
same results as for the isotropic model of Som- 


merfeld: 
dN UPN 3n,N a 
fee mere | OF 
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where ng = number of electrons per atom, Ey 
= bounding Fermi energy, Na = Avogadro’s num- 
ber. Then 


TR Ma 


= 2 Paes (3) 


In recent measurements of Shoenberg! on the de 
Haas — van Alphen effect for bismuth, the values 
E)/k = 205°K, ng = 1.5 X 107° electrons/atom 
were obtained; these are in excellent agreement 
with the calculations of Blackman, based on ear- 
lier measurements of the de Haas — van Alphen 
effect (ng = 1.2 X 107° electrons/atom, E9/k = 
225°K). Calculating the specific heat of the elec- 
trons from the data of Shoenberg according to Eq. 


(3), we find ye = 0.072 x 1075 cal-gm atom™!-deg™?, 


This amounts to a small part of the experimental 
value obtained by us: 


y = 1.6 10° cal-gm atom-!-deg™. 


The values of the electron concentration found 
from galvanomagnetic measurements’ and from 
cyclotron resonance*’® have the same order as 
does the quantity obtained from the de Haas — van 
Alphen effect of Schoenberg. Therefore we can 
consider that in the case of bismuth, all the con- 
duction electrons take part in the de Haas — van 
Alphen effect. All this compels us to assume that 
the fundamental contribution to the linear term of 
the specific heat is made by the holes which have 
a significantly larger effective mass and less 
boundary energy than the electrons: 


Y, =Y—Y, = 1.53-10°° cal-gm atom~!-deg™, 


where yp, = coefficient determined by the holes, 
Ye = that determined by the electrons and y is 
determined experimentally from data on the spe- 
cific heat. 

At the present time, we can consider it estab- 
lished that, for bismuth, the concentration of elec- 
trons and holes is identical.?*» Taking np = ne 
= 1.5 X 10-5 electrons/atom, we can determine 
the boundary energy of the holes from the specific 
heat. Substituting in Eq. (3) the value found above 
for yp = 1.53 X 107 cal-gm atom™!-deg , we ob- 
tain E)/k = Tp = 9.65°K, which is about 20 times 
smaller than the boundary energy of the electrons. 
Taking the mass of the holes to be isotropic, we 
determine it from the equation 
Y_ =3.26- 1075 (rtp / mo) -nt-V'" cal-gm atom‘ -de aA 


It is shown that mp =2.5mp, i.e., two and one- 


half times larger than the mass of the electron. 

Thus, measurements of the specific heat of 
bismuth down to 0.3°K have led to a value of the 
coefficient in the electronic term of the specific 
heat y = 1.6 x 1075 cal-gm atom” !-deg™*, This 
value is twenty times greater than the value of 
Ye for electrons computed on the basis of data 
on the de Haas —van Alphen effect. It can be 
thought that the holes determine the magnitude of 
the linear term of the specific heat of bismuth, for 
which one gets Eo/k = 9.65°K and mp = 2.5 mp. 

In conclusion, the authors take the occasion to 
thank Academician P. L. Kapitza for his unflag- 
ging interest in the research, and also Professor 
N. P. Sazhin and R. A. Dul’kin for supplying the 
spectrally pure bismuth. 
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A (2+16p) shower produced by a singly-charged particle of (5.128) x 10 ev energy is an- 
alyzed. The energy spectrum of the secondary particles differs from that predicted by Lan- 
dau’s theory, but is consistent with Heisenberg’s theory. The inelasticity coefficient is sig- 
nificantly smaller than unity. The fraction of energy consumed in meson production is on the | 
order of 10 —15%. The ratio of neutral pions to charged shower particles is R = 0.54 + 0.18, 
which indicates that a small fraction of the charged shower particles consists of heavy mesons 


and nucleons. 


A (2 + 16p) event was observed in an Ilford G-5 
emulsion 600p thick, exposed in Italy in 1955 at an 
approximate altitude of 30 km. The energy of the 
primary particle, estimated by the usual kinematic 
method, is (5225) x 10! ey. The shower particles 
are contained within an angle of 1.7 x 107! radians. 
The central tracks cover a distance up to 5 cm 
within a single plate. This made it possible to de- 
termine the energy of 15 shower particles by di- 
rect measurement of the multiple Coulomb scatter- 
ing. 


1. MEASUREMENT OF MOMENTA OF SECOND- 
ARY PARTICLES 


Figure 1 shows a microdiagram of the analyzed 
shower. The momenta of the secondary particles 
were determined by measuring their multiple Cou- 
lomb scattering. Measurements were made witha 
MBI-8M microscope of total magnification 60 X 2.5 
xX 15. The noise level of the stage with standard 
glass guide did not exceed 0.06 per 1000-p cell. 

The geometry of the arrangement of the tracks 
in the shower did not permit the use of the relative- 
scattering measuring method. The scattering was 
therefore measured for each shower track sepa- 
rately. The directly-measured scattering D (the 
second difference of the coordinates of the tracks, 
determined over a cell length t) consists of true 
Coulomb scattering, D,, and of scattering due to 
all other factors, n. Assuming that these quanti- 
ties are independent and that they have a Gaussian 
distribution, we can write 


Di = De + n°, (1) 
De = kt" / pp, (2) 


where k is aconstant, p is the momentum, and 


B the particle velocity in terms of the velocity of | 
light. The quantity n depends on the false scat- 
tering, due to microdistortions of the emulsion, 
nonlinear motion of the microscope stage, asym- 
metry of the track grains, inaccuracy of reading, 
fluctuations in microscope temperature (thermal 
noise), and variation of the microscope focus, 

In the case of high-energy particles, n depends ] 
essentially on the microdistortions of the emulsion, , 
which vary with a certain power of the cell length. 
We can therefore put n ~ t* without introducing 
an excessive error (Ref. 1). 

The value of n can be determined by measur- 
ing the scattering of a high-energy particle by 
three cells along its track. For cells t,, t,, and 
t; with a ratio 1:2:3, Fowler et al.! obtained the | 
value of x and derived a formula for n, on the 
basic cell t,: 


ny = [(27D; — D3) / (27 — 3**))"". (3) 


The value of x is considered constant for a given 
emulsion. However, the value of x for individual 
tracks within the same emulsion may differ con- 
siderably from the average value. In the measure- 
ment of the scattering, when Dg is not much 
greater than n, the elimination of each value of 
n is of major importance for the determination of 
the shower-particle energy. The method described 
below makes it possible to eliminate n for each 
track, Equation (1) for cells ty, ty, and ty, with © 
a ratio 1:2:4, can be written . 
Di == De si ni, 
Dz = Dig + nz = 8Dic + 2”*ni, (4) 
Di = Dic + 1a = 64D i¢ + (2) ni. 


Such a choice of cells makes it possible to elim- 


430 


SHOWER PRODUCED BY A SINGLY-CHARGED PARTICLE 431 


: ot 50 
& . oe vy 
& eee 
A oe 
- : ha 
ys haat oe 
Fig. 1. Microdiagram of the shower, which © Re 2 : 
is formed by a singiy-charged particle (probably u % : 50p 
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TABLE I 
TABLE I Ey from 
Numberiot| pac, Bev 4 Landau’s | 2 ,|"n¢ 0, E}, Bev 
No. tracks! r | n | 10", p tracks theory : 
oer ec ee ee 
12 2,2 0.25 40 42 27+9 | 3/42’ 2605.4 0,16 5°36’ 0,28 
15 5.6 ae 10 45 4.4260.4 24°43" 452.9 0.05 179°03’ 0.47 
13 5 0,13 40 13 1544 224-0’ 434.4 0.66 46°05’ 0.19 
41 1573 0.38 40 41 2448 22/47’ 348.2 4.10 39°02’ 0,28 
10 3.6 0.07 40 10 14+5 28’ +6" 268.3 0.81 56°47’ 0.19 
8 4,75 0.46 40 8 19+6 37’+1’ 249.1 1.48 63°30’ 0.27 
9 4.5 0.18 40 9 8.342.3 40’ +6’ 217.5 0.68 83°53’ 0.16 
7 if 0.59 40 7 >25 46’ +3’ 154.9 = a a 
16 5,5 a 10 16 4.5+0.2 | 1°05'44' 124.2 0.20 475°14" 0.37 
6 1.9 0,34 20 6 8.342.2 4°24’4-4’ 80.5 439 117°13’ 0.26 
5 3.2 0.19 20 5 6.041.5 | 2°03'2’ 61.3 1.84 436°22' 0,34 
14 2.8 10 44 3.64-0,9 | 2°39 2’ 37,6 4.17 151°27’ 0.37 
4 yi 5 4 1,040.3 | 4°08’6’ 29 0.54 173°35’ 0.65 
AZ 2 5 17 2,2-+0,6 5°04’+2’ 19.4 4.37 166°14’ 0.80 
3 1,5 5 3 3.341.1 7°16’+6’ 13.8 2,94 465°35’ 1,93 
48 1.6 5 18 1.6+0,9 | 9°40’+3' 8.3 1.90 169°33' 4.50 
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inate x from the system of equations (4). 
solution yields 
8D? — D? 
OS a ee (5) 
V 64024 D2—16D? 
or 
D D?D? — D4 fs F 
1c ™™ | 64D? + D2—16D? (8) 


In our measurements, the values of n were cal- 
culated from (5). They are listed in Column 3 of 
Table I for the cells indicated in Column 4. For 
tracks where formulas (5) cannot be employed be- 
cause of the small number of measurements, the 
value of n is assumed equal to the value obtained 
at the nearest track in which the above method is 
still applicable. In such cases no value of n is 
given in Column 3 of Table I. Let us note that the 
procedure developed here is not applicable in the 
case when n « Dg or when the forward scatter- 
ing varies with the length of the cell in the same 
ratio as the Coulomb scattering (x = %). 

The reliability of the data obtained depends on 
the ratio D/n =A and, naturally, on the number 
N of independent measurements of the second dif- 
ferences of the coordinates of the track, when the 
chosen cells do not overlap. The values of A for 
the cells indicated in Column 4 of Table I are 
given in Column 2 of the same table. 

When A > 4, the effect of the false scattering 
on the error in the determination of D can be 
neglected. For high-energy particles, owing to 
the insufficient length of the track, it is frequently 
necessary to confine oneself to A < 4. However, 
when Aw 1, the measurement of the scattering 
becomes meaningless. This means physically that 
the observed scattering is of the same order as 
the false scattering. Consequently, the error in 
the determination of the momentum of the parti- 
cles will not be less than 100% in such cases. :For 
particle No. 7, 7 =1, and consequently this means 
that its energy cannot be determined. The value 
observed for this particle on a cell with t = 4000 
wis D=0,59+ 0.17. According to formula (2), 
this scattering corresponds to an energy of 25 
Bev. Thus, the energy of this particle can be 
equal to or greater than 25 Bev. 

The values of the energies of the other shower 
particles are given in Column 2 of TableII. The 
relative error in the quantity pf is 


A (p8) / ppb = 0.75N—h (1 ae; h-2)—*h, (7 
Measurements of the shower tracks were made in 


cells ranging from 500 to 4,000u. The basic cells 
were taken to have t = 500p and t =1,000u. For 
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t = 2,000n and t =4,000p, overlapping of the 
cells was employed. 


2. ANGULAR AND ENERGY DISTRIBUTION OF 
SHOWER PARTICLES 


We used the coordinate method to determine the: 
angles 6; of the shower particles with reer to 
the shower axis. 

For small angles (tan6; ~ sin; ~ 6), the fol 
lowing formula holds 


0, = VB + (ee — 90)", (8) 


where gp is the angle of dip of the shower rela- — 
tive to the plane of the emulsion, gj; is the angle | 
of the dip of the i-th shower particles, and \y 
the angle of the i-th particle relative to the 
shower axis, measured in the plane of the emul- 
sion. TableII (Column 3) gives the angles 0; off 


Assuming a nucleon-nucleon collision, the en- 
ergy of a primary particle is estimated from the 
median and geometric mean angles as well as by 
the method described in Ref. 2. The values of the 
energy Ep, estimated in this manner, are in good. 
agreement with each other. Taking into account — . 
the possible fluctuation deviation from symmetry © 
(forward and backward) in the distribution of the 
particles, in the center-of-mass system, we can — 
indicate the following tolerances in the measure- . 
ment of the energy 


E, = (525°) 102? ev. 


Comparison with the Landau and Heisenberg 
theories was made with respect to the angular and 
energy distributions of the shower particles. 

Figure 2 shows a histogram of the angular dis-. 
tributions of the shower particles in the laboratory 
system, The ordinates represent the relative dif- 
ferential density of the shower particles 


Ff (1n tan 8) 


Fig. 2. Histogram of the differential angular distribution _ 
of shower particles. 


SHOWER PRODUCED BY A SINGLY-CHARGED PARTICLE 433 


A 
f(intan) ree a 


ie A \ntan6 ’ 
as a function of In tan@, where ng is the num- 
ber of charged shower particles and @ is the 
angle relative to the shower axis. The same dia- 


gram shows the corresponding angular-distribution 


functions of the Landau theory? (Curve I) 


—L 


fx (Intan8) = ae exp {VY — (2L Intand + In®tan6y}, (9) 


and of the Heisenberg theory,! assuming an aniso- 
tropic (CurveII) and isotropic angular distribu- 
tion of the mesons, in the c.m.s. (Curve III): 


fu (Intan6) = Cee a) Gl an [ihidei\ (10) 


— 9o2(L-+n ‘ls 
Pity (Intan9) a 3¢? Int ané) /{l ate e Ube ase) | i (11) 
Formula (10) is valid for large energies of col- 
liding nucleons. The function 


fiy (Intan 6) — ¢? (L+intan ) ee e (L+intan %))2 (12) 


pertains to the case of a monoenergetic and iso- 
tropic distribution of the mesons in the c.m.s. 
(Curve IV), when the c.m.s. velocity equals the 
meson velocity in this system. The parameter of 
the angular distribution is 


abe 
=— os > Intan6;. 


é=1 


With the aid of the method of y? tests, we de- 
termined the probability of the symmetry of this 
’ shower to be P(x”) = 75%, and compared the theo- 


retical curves I, II, III, and IV with the experimen- 


tal angular distribution. The probabilities of the 
histogram of the experimental distribution coin- 
ciding with the above theoretical distribution are 
estimated at 40% (1), 60% (II), 1% (III), and 1% 
(IV), respectively. The angular distribution of 
the shower particles is in best agreement with the 
Heisenberg-theory distribution. However, this 
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Fig. 3. Histogram of the energy distribution of shower 
particles in the laboratory system of coordinates. Solid 
line — curve obtained from the Landau theory. 
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Fig. 4. Histogram of energy distribution of 15 shower 
particles in the c.m.s. of the colliding nucleons. Curve— 
energy spectrum according to the Heisenberg theory. 


calculation by the y?-test method is only tentative, 
by virtue of the small number of shower particles. 

To compare the energy distribution of the 
shower particles with the Landau theory, we plot- 
ted a histogram of the energy distribution of the 
shower particles in the laboratory system of co- 
ordinates, showing the distribution according to 
Landau (see Fig. 3). The abscissa represents 
the logarithm of the energy of the shower parti- 
cles in units of the nucleon rest mass, and the 
ordinate the relative particle energy-distribution 
density. The intervals of the histogram (Aln E 
=1) are much greater than the errors in the en- 
ergy distribution, and therefore an account of 
these errors will affect very little the form of the 
energy distribution of the shower particles. 

It follows from this comparison that the energy 
distribution of the particles does not correspond to 
the Landau theory, in that the low-energy shower 
particles exceed the value expected from the the- 
ory. Column 4 of Table II gives the values of the 
energy, calculated for the corresponding angles in 
accordance with Landau’s theory. The comparison 
shows that the measured particle energy is one 
order of magnitude less than the theoretical values. 

To compare the energy spectrum with the Hei- 
senberg theory, we recalculated the data to the 
c.m.s., using a value yo = 52. The values of the 
angles 6; and of the energy Ej in the c.m.s., 
under the assumption that all the shower particles 
are pions, are given in Columns 6 and 7 of Table 
Il. Figure 4 shows the energy distribution in the 
c.m.s. of 15 shower particles whose energy was 
measured. The curve corresponds to the energy 
spectrum of the Heisenberg theory. In this case 
no discrepancy is observed between the theory 
and the experimental data. 

The inelasticity coefficient estimated from the 
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total energy of the charged shower particles and 
of the neutral mesons (with the exception of par- 
ticle No. 7), taking all the possible fluctuations of 
the primary-particle energy into account, is 

0.10 9-08 in the c.m.s. Assuming particle No. 7 
to be secondary, its energy can be estimated by 
assuming that the mean transverse momenta in 
the internal and external cones are equal. The 
value of the average transverse momentum p, of 
shower particles contained within the median angle 
is 0.9c (without particle No. 7); for the external 
half of the shower particles, this value is 1.4pc 
(p is the pion mass). Such an estimate gives a 
value of ~ 68 Bev for the energy of particle No. 7. 
In this case K ~ 0.15. 

Let us note that if we assume the distribution 
of the generated mesons to be isotropic in the 
c.m.s., we can estimate the inelasticity coefficient 
from the angle of the cone of the shower particles § 
This value is K = 0.07. Consequently, the coeffi- 
cient of inelasticity ranges from 0.010 to 0.15. 

Table III presents, for comparison with the ex- 
perimental data, the total number of particles N, 
the average energy of the mesons in the c.m.s., 
and the inelasticity coefficients as given by the 
Landau and Heisenberg theories. The average en- 
ergy of the shower particles in the c.m.s. is de- 
termined by using 15 particles. In the Landau 
theory, the fraction of the energy transferred by 
the mesons is close to unity, since the nucleons 
that participate in the collision are not separated 
in any manner after the collision, and have an en- 
ergy close to the average value. The calculation 
was made for an energy of 5,000 Bev. It follows 
from the table that the experimental values are 
in better agreement with the Heisenberg theory. 


TABLE III 
al 
ee ° 
° Bd 4 
“ ee | 
2 a & 2 > 
§ a ov fies 
eo 198 ce. 
a3 /e%e as 
ae an 
Ha | aad O§ 
Experiment 24 0.5 0.140—0.15 
From Heisen-| 18 0.6 0.1 
berg’s theory 
From Lan- 
dau’stheory |14—15] 6.7 mA 


Inasmuch as the energy spectrum in the c.m.s. 
can be approximated by a power law (see Fig. 4), 
it is possible to estimate the energy of the pri- 
mary particle from the relation ye = 0.5/64/2, 
which yields Eo = (1803 © $8?) Bev. This problem 
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is discussed in detail by Takibaev.” 

If one assumes? that the observed shower par- 
ticles result from a collision between the incident 
nucleon and a nuclear “tunnel” of varying length, 
then the number of the nucleons in the tunnel is 
determined by the values of the median angle 64/2 
and the number of shower particles ng. An anal- 
ysis of this shower leads to the conclusion that the 
number of nucleons in the tunnel should not exceed 
2. This is probable also because the excitation 
energy of the residual nucleus is very small (the 
total energy of the gray and black tracks is 220 
Mev). The investigated shower can therefore be 
considered as produced in a nucleon-nucleon col- 
lision. If particle No. 7 is one of the colliding nu- 
cleons, the principal fraction of the energy, in the 
laboratory system, should be carried away by the 
neutron with which the collision took place, 


3. SOFT COMPONENT ACCOMPANYING THE 
SHOWER 


To study the soft component accompanying the 
given shower, we scanned the volume of the emul- 
sion within a cone making a half-angle 0.15 radi- 
ans with the shower axis. The scanning was per- 
formed with a total magnification 60 X 1.5 X 20. 

In the volume scanned we found 10 electron-posi- 
tron pairs (for nine of these, the distance from 
the center of the star is indicated in Table IV) 
and one trident, the data for which are indicated 
in Table V. 

To separate the bremsstrahlung electron-posi- 
tron pairs from the pairs produced by y-quanta 
from the decay of the 7° meson, we employed the 
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Fig. 5. Number N of electron-positron pairs as a function 
of the angular distance u to the nearest electron track. 


criterion proposed in Ref. 9. We plotted ( Fig. 5) 
along the ordinate the number of pairs as a func- 
tion of the angular distance u_ to the nearest elec- 
tron track of the previously-formed electron-pos- 
itron pair. The pairs for which u < 3X 107 ra- { 
dians were attributed to bremsstrahlung, and those | 
with u > 5X 10 radians to pairs directly con- | 
nected with the decay of the m9 mesons. Accord- 

ing to this criterion, pair No. 10, produced 32,800 | 
from the center of the shower, is a bremsstrahl- | 
ung pair. The remaining nine pairs are produced | 
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Pair energy, de- 
Distance of | termined from angle 


Energy of each 
electron of the 
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Pair energy, de- 
termined from the 


Pair energy, de- 


pair from of divergence pair, det ined. At ine dit _| angle of diver- 
ae “ a Pants ae the Coulane None seater eee ed 
a Ty oO Scat- teri = e 
ean ae scattering, €, and | E, = ©,+ €,, Bev tomb scattering, 
39 DEV 
775 42.5 2.60.6 
ye: 3840.7 6.444 .3 ae 
20.5 
oS 22.5 $403 Sorts | 14.845.9 (Cane 
+49.3 5,642.4 
psi cee eT 1175.8 17.347.9 35 5 
ieee | eet ft 
8820 tap sf0. | 5.3444..0 | 8 das 
9875 +s [a ee] 2.60.5 
EGLO peoGanes: | 14°85-7 | 17.8:46.4 30 + 
19550 (ane cs yey ie | 0.63-0.15 
19650 Ghat 01840. 10 0.81-£0.14 | 
20800 Beate 1 40E0, 20 2140.3 NER 
TABLE V 
| petra 4 First electron Second electron | Third electron 
0, rad 0 | (3.544.3)-10-3 | (3,8441.3)-10-8 | (4.341.3)-10-8 
a1, rad a 2.4-10-8 4.2-10-% 4.2-10-8 
E,, Bev 6,441.2 | 0.5-40.1 1.30.3 1.440.3 


by y-quanta from the n°-meson decay. 

Knowing the number of primary electron-posi- 
tron pairs accompanying this shower, and using 
the law of radioactive decay, it ie possible to cal- 
culate the expected number of x? mesons.””” This 
number is determined from formulas 


Nye = Nyf (r) / 2, (13) 


4 
Xr 


y= » (14) 


(ae) 


eth ae ) 


where N, is the number of y quanta that decay at 
a distance r, A is the average conversion length 


of the y quanta in the photoemulsion (for the Ilford 
G-5 emulsion, 71 = 37.5 mm), p is the average 
range of the 7° mesons prior to decay in the photo- 
emulsion. The average range of the 7° mesons de- 
pends on the energy, but p is much less than A 
and consequently the error in the determination of 
the average energy of the a’ mesons is almost in- 
significant in the calculation of the wheat f(r). 
Starting with a resultant average energy Eos = 1p 
Bev and a lifetime of 2 x 107! seconds for the 1° 
meson, we find p = 65y. Using formula (13) for 
three values of r, we found the ratio of the num- 
ber of the neutral 7° mesons to the number of 
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charged shower particles, R = Nq,)/Ng- For dis- 
tances r of 8, 16, and 24 mm from the start of the 
shower, R is 0.49, 0.45, and 0.59 respectively. 
The mean value is R = 0.54 + 0.18; this corre- 
sponds to eight n° mesons. 

Several methods for determining the energy of 
the electron-positron pairs are described in the 
literature. We estimated the energy of the pairs 
by three methods: 

1. From the angle between the electron and the 
positron of the pair,!! disregarding the effect of 
the Coulomb scattering. These data are given in 
Column 2 of Table IV. 

2. From a direct measurement of the multiple 
Coulomb scattering of the electron and the posi- 
tron. These measurements were made by the pro- 
cedure described in Sec. 1 of this article. The en- 
ergy of each electron and positron of the pair, and 
the energy of the entire pair, are listed in Columns 
5 and 6 of Table IV. 

3. From the angle between the components of 
the pair, taking into account the Coulomb scatter- 
ing. 

According to the work by Lorman,” the deter- 
mination of the energy directly from the diverg- 
ence angle can be used for an estimate of the pho- 
ton energy not greater than 0.5 Bev. In this case 
the divergence angle of the electron and the posi- 
tron can be measured at distances = 100p from 
the point of pair production. At such a distance, 
the Coulomb scattering can be disregarded. For 
high energies, the divergence angle can be meas- 
ured reliably at substantially greater distances 
from the point of pair production, and the contri- 
bution of the Coulomb scattering cannot be neg- 
lected. Unlike in Ref. 12, in this work we as- 
sumed equal distribution of the energy between the 
electron and the positron, and employed for the 
rms divergence angle @ a formula which takes 
into account, along with the Coulomb scattering, 
also the initial divergence of the components of the 


pair: 
ect = (in ey ae 


Here mg is the mass of the electron, E., the en- 
ergy of the y-quantum producing the pair, k the 
constant of the Coulomb scattering, and t the dis- 
tance from the point of the pair production. 

The first term of the right half of Eq. (15) is the 
r.m.s. divergence angle of the pair, calculated in 
accordance with Stearns." The second term is the 
r.m.s. divergence angle of the pair due to the rel- 
ative Coulomb scattering of the pair components. 
Using (15), we plotted a family of curves for dif- 


m 


@ = 4 


(15) 
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Fig. 6. Rms angle between the electron and positron of a 
pair as a function of the distance t to the point of pair pro- 
duction, O—pair No. 1, #—pair No. 2, O—pair No. 3, e— 
pair No. 4, A—pair No. 6, 4— pair No. 9. Numbers on the 
curves represent Bev. 


ferent energies (Fig. 6). The ordinates represent 
the r.m.s. divergence angle, as a function of the 
distance from the point of pair production, in units 
of 100p. As can be seen from Fig. 6, most pairs 
are characterized by an undervalued angle at dis- 
tances close to the point of production. This is 
probably due to the fact that at these distances, by 
virtue of the shrinkage of the emulsion during de- 
velopment, it is impossible to take into account 
the divergence, of the pairs in depth. This method 
was used by us for pairs with energy = 3 Bev. 
The measurement results are given in Column 6 
of Table IV. 

From the energy distribution of the y-quanta 
it is pose to determine the average energy of 
the 1° mesons, E,0 & ~ 2E,,. Calculation of the av- 
erage energy of the nr? mesons from Columns 3 
and 5 of Table IV yields accordingly 


Exo = 24438 Bey and Ex = 15+3 Bev. 


The average energy of the charged shower parti- 
cles is 9+ 3 Bev. Assuming that all these parti- 
cles are pions (and this is confirmed by the fact 
that Rw 0. we a comparison with the average en- 
ergy of the 7’ mesons indicates that the estimate 
of the energy of the y-quanta by method 1 gives a 
poorer agreement than that of method 2, 
Obviously, the most reliable method for deter- 
mining the energy of the pairs is the measurement 
of the mutliple Coulomb scattering of the electron 
and positron. Unfortunately, this method cannot 
always be applied. When the energy of the pair is 
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small (< 1 Bev), then, as a consequence of the 
considerable divergence angle of the electron and 
the positron, the length of the track is, as a rule, 
too short for the application of method 2. On the 
other hand, in the most cases, at electron ener- 
gies > 30 Bev, measurement of the Coulomb scat- 
tering is impossible. Exceptions are pairs with 
tracks = 4 cm long within the limits of the emul- 
sion. ‘ 

It is advisable to employ method 1 at energies 
< 1 Bev and method 3 at energies > 30 Bev. 

A trident was formed 19,355y from the start 
of pair No. 1. True tridents satisfy the following 
criterion’? 


0 >a i=l, 2, 3, 


where 6; is the angle that the i-th electron track of 
the trident makes with the continuation of the primary 
track; ay is the average angle of multiple scat- 
tering (including the Coulomb and all other types 
of scattering) of the i-th electron. It follows from 
Table V that this criterion is satisfied here, 

On the other hand, according to the plot ob- 
tained by Kaplan and Koshiba, 10 the probability that 
this is a bremsstrahlung pair, less than 0.24 away 
from the primary electron track, is nearly 8%. 
These circumstances make it possible to assert 
that the trident is a true one. The total length of 
all electron tracks in the reviewed band is 25 cm. 
Consequently, the average length of formation of 
the trident at an energy of 6 Bev is on the order of 
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25 cm, which is in agreement with the Bhabha 
theory." 
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The Gel fand-Iaglom field equations are extended to the general theory of relativity. 


To obtain a generalized wave equation for a field 
in general covariant form, one must define covar- 
iant differentiation of a generalized wave function 
describing particles with arbitrary spin. Gel’ fand 
and laglom,! Dirac,’ and Fierz and Pauli’ have 
studied the generalized wave equation in the spe- 
cial theory of relativity. In the present article, 


their theory is extended to the general covariant 
form. 


1. SEMIMETRICS AND SEMIMETRIC REPRE- 
SENTATION 


We introduce the metric gj, in space-time 
with the aid of the asymmetric matrix || Aicay tl 
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according to! 
Bin = Kray dacay? Vay P= 18 ral - (1) 


Formally Aj(q) may be thought of as half the 
metric gj. We shall call it the semimetric, and 
the representation shall be called the semimetric 
representation. The metric gj, remains invar- 
iant if the semimetric ) j(q) is subjected to the 
orthogonal transformation 


hay = Liapyhice)s (2) 
where || Lia) || is an orthogonal matrix, which 
means that 

LiapyL ay) = 86): (3) 
This is easily seen from (2) and (3), according to 
which 


= Thode 


rk LR i(a) h(a) 


Z(a)  “R(a) 


= ein (4) 


Therefore all the equations of the general theory of 
relativity must remain invariant with respect to 
two transformation groups, namely, (a) the group 
of general transformations of all coordinates of the 


form 
K* = he Ce. ee; x, KS), 


(5) 


and (b) the group of orthogonal transformations of 
the elements of the semimetric matrix 


hyo) = Lea, yg - (6) 
According to Eq. (1) 
| Det ya = + V Dete, £0. 7 
Denoting the elements of the inverse matrix 
HAicay lee by Maye we have 
Mayhi(ay = Bagi Mayhniay = Ob. (8) 
We define 
AX (n) = hia) dx’, dx! = Nay Xa). (9) 


We shall call these new coordinates x(q) the 
semimetric coordinates. From (8) and (1) it fol- 


lows that 
ds? = Bde Ux" = Axia) AX (qs (10) 


This means that in semimetric space the element 
of length is given by a normal quadratic form and 
is invariant under the linear transformation 
Xa) = Lias)X ip): (11) 

From (9) we obtain 
he (ay = OX(aj[ OX!, Nay = Ox! [Ox ays (12) 


It follows from (11) that 
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so that 
Ray 0 / Ox! —> 0 | OX¢a): (13) 
2. COVARIANT DERIVATIVE OF A GENERAL- 
IZED FIELD FUNCTION de 


Let us introduce an n-dimensional matrix vec- 
tor in semimetric space, whose components Liq) 
form a set of n Hermitian matrices satisfying 
the condition 


[Lia, Lan) = apyLoy — %anLee), (14) 


where I(qg) is an infinitesimal operator of a 
representation of the group of linear transforma- 
tions of Eq. (11). These infinitesimal operators 
satisfy the commutation rules 
[Z(ap), L¢y8)]_ = Bary! (a8) + 8(68! (ax) — 8(aa)l (avy — Fiery! (2a): 
(15) 
We shall denote the contravariant and covariant 
components of this matrix vector in Riemannian 
space by 


LS ha@ bias Le = Miter 


Writing 
117 = RuayAjeryl (ay)s 


we can readily obtain from (14), (15), and (1) the 
relations 

[Li, I pl = 8, lr — Sy lis (17) 
(18) 


_ Two complex generalized field functions ~ and 
y are called adjoint functions if the n Hermitian 
forms 


ipa. = Sali + gilin — Bilin — Bjplit- 


PL ay 
make up a vector in semimetric space. Under 
transformations of group (a) 


Y'Liyh’ = Lia, 


the components of these vectors remain invariant. 
Under the transformations of group (b), we have 


Lah’ = Leap) (p Lipy)- 


The generalized wave functions transform among 
themselves according to 


Y' = Shp = pS, (21) 


where S is a matrix which varies from point to 
point and is related to || Lapy|l by 


(19) 


(20) 


SLiS™ = LapyLigys (22) 


(16) 
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which follows from (20). In order to derive the co- 


variant differentiation formula for a generalized 


field function, we must define the concept of paral- 


lel displacement. If two points x and x + dx are 
separated by an infinitesimal distance, the wave 
functions at these points are related by the infin- 
itesimal linear transformations 


p(x + dx) = [I + A; dx‘] p(x), 
p(x + dx) = (x) (J — A; dx‘], (23) 
where A is a certain matrix. 
If (23) is to define parallel displacement, the 
vector ~L(q)?, which is constructed of Ww and 4, 


must undergo a parallel displacement, which 
means that 


A(ay (% + dx) = {8(ap) + Ng (ag) 4X7} Aig) (x). (24) 
From (23) and (24) it follows that 
(x) LU — A; dx!) Ly UT + Az dx!) b (x) 
= PL (a) P [3(a9) + Ny (ag 4%, (25) 


where the nj(qg) are the components of the af- 
fine connection, which have been given by Rumer. 
According to Eq. (25), the A; are given by 


LayAi — ALay = Nag) Lie) (26) 


4 


é(xB) 
Multiplying (26) by Aig), we obtain 

LiayAve) — AvayL (a) = sag)L(@ Where Aye) = Xie) Az; (27) 
where the N(aBy) = MayNi(ay) are the Ricci curv- 


ature coefficients.® 
The general solution of Eq. (27) will be 


A; = "Te Nia) I (ag) + if J, (28) 


where the fj are arbitrary functions. This is 
easily seen by making use of (14). 
Writing f(q) = Mayfi> we obtain 


As) = */2 Nex! (#8) + ifis!- (29) 


Thus the covariant derivative of a generalized field 


function will be 


Vib = Op /Ox! — Arp, Vid =Oh/Ox' + PA, (30) 


and in semimetric space 
Via? = OY / OX(a) — Aca, Vin? = OY / Ox(a) + YAray- (31) 


3, EXTENSION OF THE GEL’ FAND-IAGLOM 
FIELD EQUATIONS TO THE GENERAL 
THEORY OF RELATIVITY 


The covariant field equations for arbitrary spin 
were obtained in the special theory of relativity by 
Gel’ fand and Iaglom,! and are of the form 


L" oy /dx" + my = 0, (32) 


where ~ is a generalized field function describ- 
ing particles with arbitrary spin, andthe LK are 
matrices which determine the linear transforma- 
tion properties of the ~ function. 

In order that Eqs. (32) become covariant with 
respect to all physically possible transformations, 
the ordinary derivatives 8%/8xK which appear in 
them must be replaced by covariant derivatives 
V;?. Then the general covariant field equations 
will be 


L'Vay + my = 0. (33) 
Inserting (30) into (33) and using (28), we obtain 
L* 0) [ Ox" + m’— fe LU tay one =0, (34) 


where the LK are matrix functions satisfying 
Eqs. (17). From (13), (16), and (34) one can ob- 
tain the general covariant field equations in semi- 
metric space, namely 


L(ay OY / OX(a) + MY — "Yo Nag yLatian? =0, (35) 
where the Liq) satisfy relations (14). If La) 
= (a), Where the y(q) are Dirac matrices, then 
I (ag) me "/s [Yay Yea) = Yiay¥ (ay) (36) 
and (34) become the general covariant Dirac equa- 
tion 
Yoo) OP 1 OX fq) F MY — Ta Yager Maan? =% (37) 


a special case of (34) which has been previously 
obtained by Fock and Ivanenko.® This shows that 
Eqs. (34) and (35) are of greater generality. The 
general covariant Lagrangian is in this case 


L = fa BL" (So — And) — (Se + And) LA + my} 

(38) 
If (38) is substituted into Euler’s equation, one 
easily obtains Eq. (34). Further, it is easily 
shown that the symmetric energy-momentum ten- 
sor and the current vector in general covariant 
form can be written, respectively, 


Tin = "Jo ¥LaVid + PLiVay — ViPLn'p — Valid], (39) 
j* = iedL*y. (40) 


It should be noted that the field equations (35), as 
opposed to those of the special theory of relativity, 
contain the additional operator terms 


am = 1/2 Nagy le a! (er 


acting on the spinor or tensor fields. These op- 
erators may therefore be treated as mass opera- 
tors entering the theory in a natural way. They 


440 DUAN’ 


are not introduced artificially or without any rea- 
sonable basis, as is done in many works on ordi- 
nary quantum field theory. One may hope that 
these operators will make it possible to eliminate 
the difficulties associated with divergences in 
field theory. 

In conclusion, I express my gratitude to Pro- 
fessor Iu. M. Shirokov for discussing the results 
of the present work. 
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We consider circular waves in an uncompensated electron-ion beam in a cylindrical wave- 
guide with perfectly conducting walls. The magnetic field produced by the beam current is 
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assumed to be very strong. We treat the problem qualitatively, without an exact solution of 
the differential equations. It is shown that the beam is stable with respect to the oscillations 
being considered, and the natural frequency bands are found. The electromagnetic field is 


mapped, 


ke The stationary state of an electron-ion beam 
has been examined by Bennett! and Budker.” 

In the present article we consider the oscilla- 
tions of an electron-ion beam in a cylindrical wave- 
guide of radius R. We shall treat circular oscil- 
lations, which means that we assume the electro- 
magnetic field, as well as the electron and ion den- 
sities and velocities, to be independent of z, and 
the dependence of these quantities on r, gy, and 
the time t to be given by 


F(r, 2, ye f(r) ei(ot— py), (1) 
The conclusions we reach can be extended to per- 
turbations of a more general form, namely 
F (r, 9, 2, t) = f(r) eflot—we — a, 
so long as the condition yR « 1 is satisfied. 
The amplitude of vibrations is considered 


small, and the equations are linearized. The prob- 
lem is solved in the hydrodynamic approximation; 


i] 


the electrons and ions have different temperatures, — 
which are constant in space and time. 

We assume also that the magnetic field pro- 
duced by the beam current is so strong that the 
inequalities 


| eH go (r)/mew| S>1, |eHen (r)/Mce | >> | (2) 


are fulfilled at all points within the waveguide. 
Here Hgo(r) is the magnetic field strength, w 
is the frequency 


WW mo/V 1 62M = M,/V | — BF Be = Une/C, Br = Vo:/C, © 


mg and Mp are the electron and ion rest masses, | 
and vye and voj are the electron and ion veloci- — 
ties in the stationary state. Since we are dealing 
with a strong magnetic field, the variable compo- _ 
nentS Vey, Vez» Vir» and vjz of the electron and — 
ion velocities are small. ' 

We shall show below that the beam is stable with — 
respect to the oscillations we are considering, and | 
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that the wth natural frequency lies in the interval 
uviT/R < w < pc/R, where v;7 is the thermal 
velocity of the ions, given by vjp =VT;/M. Here 
Tj is the ion temperature in energy units. The 
thermal velocity of the ions is assumed to be less 
than that of the electrons, given by VeT =V s/o. 

We shall show also that at the distance r = 
uvit/w from the beam axis the vibration ampli- 
tude of the ions has a sharp maximum. This oc- 
curs because at this radius the thermal velocity 
of the ions and the phase velocity of the wave are 
equal. A similar resonance takes place for elec- 
trons at r = tveT/w, so long as this value of r 
lies in the interval 0<r<R. 

2. In the stationary state the electron and ion 
densities nog and noj, the magnetic field Hp», 
and the electric field Ey) are of the torm'? 


Noe (”) =2(T.(1 — Bi) 
+ T; (1 — BBe)]/me? (Be—Bz)? ro (1 + r?/r0)?, 
Noe (r) = 2[T; (1 — Be) 
+ Te (1 — BeB.)]/me? (Be — B)? ro (1 + 1?/ro)?, 
H go (r) = 2me [M92 (0) Bs — Noe (0) Be] r/(1 + 7?/ro), 
Exo (r) = Qe [No (0) — toe (0)} r/(1 + r?/re), 


(3) 


where rp is the effective radius of the beam. All 
the other components of the electric and magnetic 
fields vanish. If the beam axis is made to coincide 
with the axis of the waveguide, Eqs. (3) for the 
electric and magnetic fields satisfy the boundary 
conditions EXn=0 and H-n=0 on the surface 
of the waveguide. Therefore the state of the elec- 
tron-ion beam will not change if it is in a cylin- 
‘drical waveguide of any radius R whatsoever. 

If we use E and H to denote the variable 
parts of the electric and magnetic fields, and Veg: 
Vig» Ne, and nj to denote the variable compo- 
nents of the electron and ion velocities and densi- 
ties, then Maxwell’s equations, the equations of 
motion, and the continuity equations become (the 
constant components cancel out) 


oH 4 OE Are deze 
7 ae = = es, — (Noe =e Ne) Veg sim ‘oO. (Noi + ni) Vigs 
3) OE, 
quot baa eget ef OE ane (i 10), 
ror rdp oC Tike rd@ 
Wee We9\ __ EES ane t, OCpsr ey 
m( at + Veg vie | a > A -n, 0? : 4) 
Wig He op T;, 9 (Mo +7) 
M ( ot Yee ae eh Nop +2; roP i 
on, I[(M + Me) Yeo] ag on, ae 8 [(NMg; + ,) Yel coal 
ot r09 Oe r09 


Hem He ab, = 0: 


In the continuity equations we have dropped 
terms containing ver and vir, since they are 
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small compared with ve, and vy». We shall not 
write out those equations which contain products 
of a large quantity Hoyo, Noe, Or noy by a small 
one Vor, Vez, Vir, OY Viz. These equations can 
be used to determine the velocities vey, Vez» 
Vir, and vjz inthe second approximation. 

When we linearize Eqs. (4) and make use of (1), 
we arrive at 


dH io 4neny, 4ren, 

ag Fs Gite ae = Vee Vies (5) 
d(rE,) ip. iw 
rdr Spied car pea dics AS) 
d (renee 

ao ae E, = 4ne(n; — n.), (7) 
LNOVe = — CEg + ipT ene/Noer , (8) 
iMov;, = eEg + ivT ;ni/nur, (9) 
Of, = (L/P) NoeVeq, _ (10) 
on; = (L/P) NoVig- (11) 


From these equations we eliminate the electron 
and ion densities, obtaining 


Veg = bwreEg/(w?r? — p?027), 

Vip = — iwrreEy/(w?r? — 2077). (12) 
Inserting (12) into Eqs. (5) — (7), we arrive at 
— dH[dr = (ieofc) q (r) Ew, 
d(rE,)/dr = ing (r) Eg, (13) 
where 
q(r) = 1 + Q2(r) P/(p?0e7 — 0 7?) 

+ OF (r) 7 /(wo}y — 0°), (14) 
Q2 (r) = 4re2 Mg (r)/m, Qi = 4xe?M9; (r)/M. (15) 


Eliminating qa(r) from (13), and integrating 
over r we have 


E, = -~ (uc/or) Hz. 
Inserting this expression into (6), we have 


a SS iwcr d(rE.) 


yec®— wr? dr 


(16) 


Finally, eliminating E, and H, from (6), (15), 
and (16), we obtain the differential equation 


£ [py "| -ai B= 0. PM =aa ae 19 


dr dr — wr? 
for Ey, with the boundary conditions? 


if. p45 
Ne Se 


E,(0) finite, E,(R) =0 
E,(0)=0, — Ey(R) =0 


(18) 


The frequency w is an eigenvalue of the differ- 
ential operator of Eq. (17) with the boundary con- 
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ditions (18). 
We note that Ey(r) must not only satisfy the 
boundary conditions (18), but must also be finite 
in the interval 0 =r =R. In addition, vy (r), 
Vig(r), and H,(r), which are related to Ey (rv) 
by (12) and (16), must also be finite in this interval. 
If all the eigenvalues w are real, the beam is 
stable. If, however, one or more of the eigenval- 
ues are complex, the beam is unstable. 
Since Eq. (17) cannot be solved exactly, we 
shall treat it in a qualitative way. 
We shall first show that w is always real. 
Let us assume the contrary, writing w = wo + in, 
where 7 #0. Then the imaginary parts of p and 
q are given by 


Im p = 2c? reyn/{(p2c? — (@2 — 77) 7°)? + AwryPr*}, 


202 ren 


[utah — (08 — WP) 728 + bobs? 


Imq 


20Fregn 


7 [ut0?, — (02 — 9) 7]? + deen? | 


from which it follows that Im p and Imq always 
have the same sign. 

We may, on the other hand, by introducing the 
new variable u = rEg, write (17) in the form 


(pu’)’ — quir = 0 (19) 
with the boundary conditions 
u (0) = u(R) =0. (20) 


Multiplying (19) by u*, the complex conjugate of 
u, integrating over r from zeroto R, and then 
taking the imaginary part, we arrive at 


R R 
Im pju’ Pdr -+\ Imq|ultdr = 0. 


9 0 


(21) 


Since |u’|? and |u|? are both positive, this 
equation cannot hold if Imp and Imq have the 
same signs. Thus all the eigenvalues w arereal, 
and the beam is stable with respect to the oscil- 
lations under consideration. 

To examine (17) further, let us eliminate from 
it the first derivative. To do this, we make the 
substitution 


y =cr Vr E./V wc? — wr. (22) 
Then (17) becomes 
dy/dr? + Q(r) y = 0, (23) 
where 
404 — 10u2c2w2r? — 3e4r4 202 _ q2r2 
00) =" ae as 24) 
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q(r) is given by (14), and y(r) satisfies the 
boundary conditions 


y (0) = y(R) = 9. 


We shall first show that the frequencies w are 
no greater than uc/R. To this end, let us con- 
sider the behavior of Eg(r), Vig(t), Veg(T), 
and Hz(r) inthe interval 0 =r =R. Equation 
(23) has four singular points, namely r=0, yp X 
Vip /s HV /w, and pc/w. It can be shownthat 
Eg(r), since it satisfies the boundary conditions 
(18), remains finite at these points. Expressions 
(12) and (16) show, however, that at r = pv;_/w 
and r = UveyT/w the velocities vjg and veg, re- 
spectively, become infinite, and that at r = pc/w 
the magnetic field H, becomes infinite. 

The first two infinities are fictitious because 
the linearization of (27) in the neighborhoods of 
r=pvjyp/w and r = pvep/w is invalid. To show 
this, consider the nonlinear equations (4). We 
shall attempt to find a solution of these equations 
in which the desired functions contain the time t 
and the angle g only in the combination & = wt 
— py. It follows from Eqs. (4) that at r=px 
vit /o 


(25) 


Qie dig/dé = — (ev;7/Mo) Eg: (26) 


This equation indicates that Vipeee of the same 
order as VE,. Since Ey is small, vj, is also 
small, but of lower order. In the linear approxi- 
mation this means that vj, becomes infinite if 

E,, remains finite. Thus at the point r= px 
vjp~/w the amplitude of the ion vibrations in- 
creases sharply. At the point r= pve7/w there 
will take place a similar resonance in the elec- 
tron vibrations. 

As for the point r = pc/w, the magnetic field 
H, remains infinite at this point also in the non- 
linear theory. Indeed, were we to repeat the op- 
erations which led to (16), this time on the nonlin- 
ear equations (4), we would obtain 


OH, cr 0(rE.) 
OE  we®@— wy? Or” 


for which it follows that H, becomes infinite at 
r = pc/w. It can also be shown that this infinity 
is not removed when one takes account of colli- 
sions. 

It follows from this that the point r = pc/w 
must lie outside the interval 0 = r < R. In other 
words, it is necessary that 


o<pc/R. 


This inequality determines the upper bound of the 
eigenvalues w. 


CIRCULAR WAVES IN 


In order to find the lower bound, we note that 
Q(r), the function given by (24), will be hegative 
over the whole interval 0=r=R if w < px 
vyt/R. As is known,‘ however, Eq. (23) has no 
solutions satisfying conditions (25) if Q(r) is 
negative. It is therefore necessary that w > pu x 
vir/R. 

We have thus proven that the eigenvalues w 
cannot be complex and must lie in the interval 
Uvin/R < w < pc/R. In the process we have as- 
sumed the existence of eigenvalues of the opera- 
tor of (23) with boundary conditions (25). In other 
words, we have assumed that circular waves can 
actually exist. In order to prove the last state- 
ment, we note that as w — pvjip/R +0, the func- 
tion Q (r) ++. From this it follows that there 
exists an infinite number of eigenvalues. 

The inequality w < pc/R indicates that cir- 
cular waves have low frequencies, which means 
that they are not magnetohydrodynamic.** We 
note that at the resonance point r = pvjy7/w, the 
phase velocity of the wave is V =rw/y, whose 
form is reminiscent of the Alfven velocity’ 


roe (1 BoB) — My (1—82) 73] 
V = He 4nM (1,8; —MoeBe)? i 


Let us go on, finally, to the mapping of the 
field. From the form of p(r) andq(r) in Eq. 
(17) it follows that an expansion of Eg (Tr) in 
powers of r contains only even powers when yp 
=1. Therefore Eg ( 0) =0. In order to find the 
behavior of E,,(r) in the neighborhood of r = 
pvy7/w, Jet us make use of (23). Since Q(r) 
—--~% as r— uvjtT/w —0, and Q(r) > + as 
r— (pv;_~/w) +0, the r dependence of y [and 
therefore also the function E,,(r)] is of the form 
shown in Fig. 1 (when pUveT/w < R). 

When pveyT/w >R, the graph of Ey(r) is of 
the form shown in Fig. 2. Both of these graphs 
are for p=1. Figures 1 and 2 show those eigen- 
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functions of the operator of (17) which belong to 
the largest eigenvalue w. It can be shown that 
these functions have no zeros within the interval 
Oi<er <oR. 

In conclusion, the author expresses his grati- 
tude to Professors A. I. Akhiezer and Ia. B. Fain- 
berg for aid in the work, and to G. Ia. Liubarskii 
for discussion. 
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It is possible to separate the dependence of the probability of the a-decay on the energy and 
on the angular momentum carried off by the a-particle by investigating the a-decay of spin 


3 nuclei in transitions to the levels of a rotational band with K = 3. 


1. It is shown by analyzing 


the case of Pu?3 that the dependence of the a-decay on the energy for levels belonging to a 
particular rotational band is given by the same formula which describes the a-decay of even- 


even nuclei in ground state transitions. 


Was energy dependence of the probability of an 
a-decay which leaves the daughter nucleus in its 
ground state is given by the Geiger-Nuttal law. It 
is usually given in the form 


log, A=C—D/VE, (1) 


where 2) is the probability of the a-decay, E is 
the energy of the emitted a-particles, and C and 
D are quantities which depend only very weakly on 
the atomic number Z and are the same for all 
isotopes of a particular element. Equation (1) was 
first established empirically. Later it was derived 
from the theory of the a-decay. The constants C 
and D are usually determined from experimental 
data. They have been tabulated by several authors 
(Refs. 1, 2; see also Ref. 3). 

Equation (1) describes particularly well the 
ground state a-decays of even-even nuclei. Here 
the spins and parities of parent and daughter nu- 
clei are the same, and the a-decay does not entail 
a reshuffling of the nucleus. For example, the 
probabilities of the a-decay of the nuclei Pu2%6 
Pu238, py?” and Pu"? are 2.4, 76, 7.6 X 10° and 
ALO Xn 1 0p years respectively, if calculated with (1); 
the experimental values are 2.7, 89.6, 6.58 X 103, 
and 3.76 X 10° years respectively. We used the 
values C = 53.35 and D = 147.4 (E in Mev) 
which according to Ref. 1 should hold for Z = 94. 
Thus formula (1) gives the probabilities of the 
a-decay of even-even nuclei with an approximate 
accuracy of 10%. 

In odd nuclei, the observed probabilities of 
a-decay usually turn out to be appreciably smaller 
than those given by (1). This is evidently due to 
the change in the nucleon configuration which takes 
place in general in the a-decay of odd nuclei. 

It would be natural to consider the branching 
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ratio of the a-decay to the different levels of a 
rotational band. 

It is well known that Eq. (1) gives too high val- 
ues of A for transitions to higher rotational lev- 
els. This is to be expected since the correspond- 
ing a-particles not only have a smaller energy, 
but also carry off a certain angular momentum. 
The probability ~ of the a-decay there has to be 


not only a function of the level energy E, but also. 


of £. For small changes of E and 2@ one canuse 
a series expansion: 


logy) (E, 1) = logio 4 (Eo, 0) + A (E — Ey) 
EO i | Par hy 


It is interesting to ascertain: (i) up to which en- 
ergies and angular momenta can (2) be used neg- 
lecting higher terms, and (ii) whether the energy- 
dependent part of (2) is equal to that of (1). It 
turns out that in general this question cannot be 
easily answered, since the dependence of A on E 
cannot usually be separated from that on £. How- 
ever, the case where the spin of the decaying nu- 
cleus equals 4 can be solved at once. Here the 
levels of the daughter nucleus belong to the rota- 


tional band with K = % (K is the projection of the — 


angular momentum on the symmetry axis of the 
nucleus). It follows from kinematical considera- 
tions that a level of spin I canbe reached if the 
a-particle carries off an angular momentum of 
either I- 4% or I1+4. Of these two possibilities, 


one is of necessity even and the other odd, and 


thus the wave function of the a-particle has to have - 


even or odd parity. On the other hand, the parity 
of the wave function of the a-particle is uniquely 
given by the parity of the ground state of the par- 
ent nucleus and by the parity of the levels of the 

daughter nucleus belonging to the given rotational 
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(2) 


: 
: 
' 
. 
| 
| 
{ 
| 


DEPENDENCE OF THE ALPHA-DECAY RATE 


a-Decay of Pu?®® and Levels of U2 


Energy o : Angular 

Level! |the'a- | of te” | Intensity | SP | omentum 
No. Orline particles] levels of the daughter |C@tied off 
(kev) (kev) line (7%) nucleus | DY O-par- 

ticle 

I a9 5147 | 0 72 1/2 0 

I] | ays 5134 Nase 16.8 3/2 4 

III | age 5096 Sle 10.7 iy z 

TV | aga 5064 84 Bee Oe a2 4 

V | aysq 4991 | 154 1.3-10-3 9/2 4 


band. Thus only one of the two possibilities, I 
+% or 1-4, can actually occur, namely that 
with the required parity. The rotational levels 
thus form doublets. The transitions to both mem- 
bers of the doublet involve the same angular mo- 
mentum of the a-particle, and the branching ratio 
then depends only on the energy. 

We consider the decay of Pu2®’, which recently 
has been investigated by Novikova et al.4 This nu- 
cleus has spin $. The experimental results from 
Ref. 4 are summarized in the table, in which all 
levels shown belong to the same rotational band 
with K = 3. 

We now shall compare Eq. (1) with the intensi- 
ties of the a-decay to the levels of the doublet. 
The experimental ratios of the transition probabil- 
ities to the levels II and III and to the levels IV 
and V are 


hy JA = lore hiy / Ay = 2.84. 


Equation (1) yields for the same transitions 
An / dant = eos hiv [Ay OO) 


Thus Eq. (1) gives the energy dependence of the 
a-decay in transitions to rotational levels with an 
accuracy not worse than for ground state transi- 
tions of even-even nuclei. The obtained results 
further show that in the expansion (2) second order 
terms, in particular, terms containing [d (log ))/dE] 
x {d (log a)/d[2(@ + 1)]} are not important for £= 4. 
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The small discrepancy between the calculated 
andthe experimentalratios 24/Aj44, which is 
roughly the same in both cases, indicates that one 
should actually employ in (1) a slightly smaller 
value for D than given by Bohr et al.! Then the 
calculated ratios would agree with the experimen- 
tal ratios within the experimental accuracy. This, 
incidentally, is not astonishing, since the values 
for C and D as proposed in Ref. 1 have been 
selected to yield a good fit in a slightly different 
case — for all isotopes of one element. The ob- 
tained accuracy of about 10% actually seems a lit- 
tle unexpected. One would be justified to expect, 
with a special choice of D, a better fit to a series 
of rotational levels in a particular nucleus. This 
conjecture actually turns out to be true. 


Note added in proof (January 17, 1958). Our 
analysis depends essentially on the assumption 
that the probability of the a-decay depends ex- 
plicitly only on E and &. However, in principle, 
A could also depend explicitly on the spin I of 
the daughter nucleus. In this case the above con- 
siderations are not satisfactory and there does 
not seem to exist any manner in which the depend- 
ence of A on E, &, and I could be determined 
without recourse to some kind of a model. 

{ Bohr, Fréman, and Mottelson, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 29, No. 10 
(4955). 

2Ch. J. Gallacher and J. O. Rasmussen, J. 
Inorg. Nucl. Chem. 3, 333 (1957). 

3 Goldin, Peker, and Novikova, Usp. Fiz. Nauk 
59, 3 (1956). 

4Novikova, Kondrat’ev, Sobolev, and Gol din, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1018 (1957), 


Soviet Phys. JETP 5, 832 (1957). 
Translated by M. Danos 
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Gell-Mann’s universal strong interaction theory is extended to weak interactions. 


that the results are verified by experiment. 


(SGe.i-MaAnn has recently suggested! that the 
interactions of mesons with nucleons and hy- 
perons are universal interactions with a coupling 
constant about 15 times as great as the coupling 
constant for the interaction between K mesons 
and baryons. According to his model, the differ- 
ent baryons can be thought of as forming four de- 
generate doublets, which could not be distinguished 
if not for their interaction with K mesons, In the 
present article we determine the relation of this 
symmetry property to the charge-independent na- 
ture of the pion-baryon interaction. This same 
symmetry is then extended to weak interactions, 
and the form of the interaction function is deter- 
mined. This leads in a natural way to the well 
known selection rule 


AT = +1/,. 


We have not considered the possibility of par- 
ity nonconservation in weak interactions. Its in- 
clusion, however, will not lead to any difficulties. 

Let us proceed from the expressions for the 
meson and baryon wave functions in spinor nota- 
tion. By using the representation 


Gis 


(1) 
for the Pauli matrices, we may write 
0 aan 
ed oe) 
V2" — x0 
(Nt aes H0\ Kee: 
Ne=(yo)) BE’ =(g-)) Ke=(Ko}» 
ve b+ . 
b,¢=A—4,; 2= i mettle Ree ea tT Ss 
C x oye VEN Sai, wee 
26s Saag ee Abie iis 
p v + fesese Zo ’ (2) 


where the dotted indices transform as the complex 
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It is found 
conjugate of the undotted indices, and Te ae 


Nive 
responding particles. 
rotations in a three-dimensional isobaric spin 
space, the dotted indices will transform contra- 
variantly with respect to the undotted indices. The 
expressions 


CG. 
Gen: 


CPC* CR C* 


CG aete. 


CC. 


Cee, (3) 


therefore, are invariant. Here the summation 
convention is used over repeated indices a, whics 
can take on the values 1 and 2. 

According to d’Espagnat and Prentki,” the strong 
interactions of m mesons with nucleons and cas- 
cade particles are given by the expressions 


aR me 


H,=a.N, ign” No, Hy = Soe iver 


Similarly, the interaction of 7 mesons with 2 
and A particles is given by 


Hs = gs, jften® “Ds + gab" 


In the usual notation, a can be written 


B iven™ pr : 


Hy = (3 — gx) ty; (mB) 


+ (23 + 8) [Liy;Z] w+ compl. conj. (5a) 


According to Gell-Mann’s model, we need now 
consider only the two cases, (i) g,=0 and g, £0 
and (ii) g3;=0 and g, #0. This follows from the 
fact that for all other cases, as is obvious from 


A, etc. are the wave functions of the cor- | 
Since we shall consider only © 


(4) 


(5) 


(5a), the mass increase due to the interaction with © 


m mesons will not be the same for A and for 2, 
so that it would make no sense to include both 
these particles in a single wave function Yop: We 
see that only the two above-mentioned cases i. 


to different signs in the first term of (5a). If we 


bear in mind that all wave functions are given only © 


up to an arbitrary factor of modulus 1, it is clear 
that these two cases transform into each other by 
the replacement of A by —A. They are there- 
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fore essentially the same, and in the future we 
shall consider only case (i). We can then write 
(5) in the form 


A, = gag iven™ bg ; (6) 


Using (2), we see that (3) and (6) are invariant 
under rotations in isobaric spin space. This in- 
variance property, however, is stronger than the 
requirement that the pion-baryon interaction be 
independent of the charge of the meson. For this 
latter requirement it is sufficient that (6) be invar- 
iant under transformations with respect to those 


indices contained in r%_, To illustrate this, let 
us write (6) as the sum of two terms, namely 

Hs = B3b iver; + ob, ah¥s™™,5 (7) 
The interaction will be independent of the meson 
charge if the two terms in (7) are separately in- 
variant under spinor transformations with respect 
to the indices @ and 2, ive., if dg] and das 
transform as two first-rank spinors. These ideas 


can be stated more exactly in the following way. 
Writing out (6) in detail, we obtain 

Hs = 3 {(Dtiy,u* ae Y°%y,Y°) no 

+ V2 (LtiysV ont 4 VoiygEta-) + (Z%y,2Z° — Biy,E>) 0 

HY 2 (EiysZ0n” + Zoiy,E"n*)} . (8) 
We see from this that the interaction causes a 
transition between * and Y°, as well as be- 
tween = and Z°, although it causes no transi- 
tion from the doublet £=+, Y° to the doublet x7, 
Z°. This is sufficient to prove that (if one is 
speaking of 7-meson interactions ) these two doub- 
lets differ from each other just as the doublet ee. 
= differs from N*, N°. The hypothesis of 
charge invariance now means that when a 7 meson 
interacts with a hyperon, it “does not recog- 
nize” the difference between =* and Y° or be- 
tween = and Z°, 

Thus the hyperon may be in a state which is an 
arbitrary superposition of xt and Y° or = and 
Z° without changing the interaction. There is no 
necessity for treating a superposition of Seni 
=> , and thes since the interaction causes no tran- 
sition from the state =*, Y° to Zz, Zz. Mathe- 
matically this means that from the point of view of 
the 7-meson interaction, See Yuan. 2a, VA 
should be treated as two spinors, rather than as a 
single spinor matrix. 

We may, with Gell-Mann, assume that the coup- 
ling constants gy, 2, and g3 in Eqs. (3) and (7) 
are equal. Then the strong interactions of 7 
mesons with different hyperons can be written in 
the universal form 


He = eWPingn yp 


(9a) 


If we assume further that the non-renormalized 
masses of the Nn‘, N°, &, and 2 particles are 
initially equal (it has already been assumed that 
the A and Z masses are equal), we obtain Gell- 
Mann’s “global symmetry.” The baryons form four 
pairs of degenerate doublets which cannot be dif- 
ferentiated except by the K-meson interaction. 
We see from the above that the equality of all the 
baryon masses is not a necessary condition for 
the universality of the strong interaction with 1 
mesons. In fact, the latter requires only the 
equality of the non-renormalized A and 2 masses. 
In the same way we may assume the universal- 
ity of the weak pion-baryon interactions. As op- 
posed to the strong interactions, in which the r 
mesons interact with only a single baryon field 
vi) in an elementary act, in the weak interaction 
the 7 mesons must interact simultaneously with 
two different baryon fields. We assume that the 
universal weak interaction is given by 


(¢j), (10) 


where G is the universal weak coupling constant. 
We note that expression (10) transforms in the 
same way as the strong interaction (9) under rota- 
tions in isobaric spin space. 

Not all interaction functions (10) with different 
values of i and j will conserve the electric 
charge in ‘the system. It is easily seen that the 
charge is conserved only for the two interactions 


Hy, = — GN,x*® bg3 + compl. conj. 


Ay.j = Gy ixgn®® vy + compl. conj. 


Hyw,=— Gant gi + compl. conj. Bes 

Before moving on, it must be emphasized that 
there exists also an alternate form for the weak 
interaction functions, satisfying all the require- 
ments satisfied by (11). This form is 


ig GN xy + compl. conj., 
a eee? (12) 

Hw. = — GE* x" p™ 4+ compl. conj. 
As in the previously treated case, (12) reduces to 
(11) when A is replaced by —A. In view of the 
fact that the choice of Eq. (6) has eliminated the 
ambiguity in the sign of the A function, Eqs. (11) 
and (12) should now be different from each other. 
Writing (11) and (12) in the usual notation, we ob- 
tain 
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Hw {( W tiy,Bt Ee Node A 


Te Jae m= NeinygE?) x0 


VE 
+ (+ MtiysA — Ntiysd9) x* 
+ V2 Ney,Z*n + compl. conj. a 


Ave=G \(—= lyk Fe By A + Bly, 50) ) x 


5 


“(= = iy,A se BiysD°) T (13) 


4+ V2 S0iy,.0-n* + compl. conj., 


where the upper and lower signs on A correspond 
to interactions (11) and (12). It should be noted 
that (11) and (12) are spinor components in iso- 
baric spin space. Several authors® have already 
suggested and investigated the possibility that the 
weak interaction Hamiltonians may be spinors in 
isobaric spin space. This type of Hamiltonian 
will change the isotopic spin T by 3%. We note 
that no term of (13) will cause the transition =” 
— N° +a. From the form of (13), we see also that 
x particles can undergo transitions only to states 
with T=+42 (which means that AT =-—%). At 
first sight this would mean that (13) is not in 
agreement with experiment, since we know that 
the lifetime for the © —-N°+m decay mode is 
comparable to that for the decay of =*. We shall 
show that the strong interaction makes it possible 
for the weak interaction (13) to lead to decay of 
ea 

The decay process may take place through the 
strong interaction in the following way: 


Dor pAse +e tNtortNe, (14) 


Dor 4+ Doon +nr°4 NF t N®, (15) 
If (11) is taken as the weak-interaction Hamil- 
tonian and (3) and (6) are taken as the strong-in- 


teraction Hamiltonians, direct calculation shows 


*It should be emphasized,that due to the strong interaction, 
the selection rule for AT which follows from the weak inter- 
action Hamiltonian is not generally the observed selection 
tule. For instance, the unstable strange particle under con- 
sideration may be transformed into another unstable strange 
particle by the strong interaction. For this new particle, the 
selection rule given by the interaction Hamiltonian will be 
different. If the initial particle decays through this second 
one, the selection rule for the process may be modified. As an 
example, the strange particle may emit virtual mesons so that 
the isotopic spin T’ (thought of as a space-quantized vector) 
of the particle in this virtual state is antiparallel to the total 
T. We thus obtain AT = —AT’. If the interaction Hamiltonian 
allows, for instance, only AT = +44, we see immediately that 
a decay which takes place through this virtual state may have 
a change in T equal to AT =-¥%, 


‘experiment. 


NIN 


that the transition amplitude for (14) is equal and 
opposite to the transition amplitude for (15). It is 
easily seen that for more complicated decay 4 
schemes the contribution from virtual A parti- 
cles always annuls a similar contribution from 
virtual =° particles, so that the resulting transi- 
tion amplitude for 2 decay is always zero. If, 
however, we take (12) as the interaction Hamil- — 
tonian, we find that the two amplitudes are always 
in the same direction. We therefore obtain a non- § 
vanishing transition amplitude for 2 decay, with | 
a lifetime comparable to the lifetime for =* decay. , 
From the above result we conclude that (12) | 
[and not (11)] should be chosen as the universal | 
weak interaction Hamiltonian. 
We shall show below that (12) also leads to the _ 
decay of the K® meson. The most general form 
of the K-meson-baryon interaction Hamiltonian is 


H' = f,E*p,,K@ + fab Be p8KG + fsb Ko 
+ faNath*®Kg + compl. conj. 


or, in the usual notation | 
H? = (fp + fa) 2 KOA + (fF, — fa) 2 (4D) K 
+ (fs + fa) NKA + (fp — fa) (22) K + compl. conj. (17) _ 


According to Gell-Mann, the coupling constants fj © 
are one order of magnitude less than g in Eq. 
(9), and thé mass difference between the nucleon, 
x, A, and & is due to the interaction (16). The 
decay of K° into +7 and 1°+7° can go by 
way of the strong interactions (3) and (6), the 
moderately strong interaction (16), and the weak 
interaction (12). The simplest diagrams for such 
processes contain three vertices, one for each 
form of the interaction. The fact that the fj are 
small compared to g may increase the decay 
time of the K® meson compared to the decay 
time of A and 2, but this is compensated by the 
fact that the number of virtual paths is relatively 
large (there are about ten). Another compensat- 
ing factor is the large volume in phase space of 
the final state. One may therefore expect that the 
lifetime of K®° decay is of the same order as the 
A and 2 lifetimes, which is in agreement with 


(16) 


Note added in proof (February 20, 1958). A 
recent experiment has verified the fact that par- 


ity is not conserved in strange-particle decay. 
This means that the weak interaction Hamiltonian 
will contain terms which are pseudoscalars, ra- 
ther than scalars. If A in (13) is replaced by 
iysA, then all the terms containing A will become 
pseudoscalars. It is easily seen that after such a 
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replacement (14) and (15) will not be mutually ex- 
clusive, and the theory is again invariant under 
the transformation A— —A, as in the case of the 
strong interaction. 
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DAMPING OF OSCILLATIONS IN A CYCLIC ELECTRON ACCELERATOR 


Iu. F. ORLOV and E.K. TARASOV 
Submitted to JETP editor September 6, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 651-657 (March, 1958) 


Damping factors are derived for radial and phase oscillations, taking account of variation of 
the magnetic field along the orbit. In the case of a strong-focusing accelerator, in contrast to 
the case of weak focusing, the damping is independent of the variation of the gradient oH,/ or 
along the orbit if the field H, is the same in all magnet sectors. 


1. EQUATIONS OF MOTION 


To derive the equations of motion of an electron 
in a cyclic accelerator, we use the well-known re- 


lations 


AL /L, = 0AE/Es, E, > me; (1) 


AE=E — E,, 


@ = —(2ngcu/L;)AE/Es, «=dinLl/dinE£, (2) 


where Eg and Lg are the equilibrium values of 
the electron energy and the orbit length, q is the 
harmonic number (the ratio of the rf frequency to 


the frequency of revolution), ® is the phase of the 


accelerating voltage at the moment when the par- 
ticles pass the middle of the accelerating gap. On 
the right side of (2), we have dropped some terms 
which are unimportant for the effects in which we 
are interested: the perturbation Aw ; of the fre- 
quency of the accelerating field and the transient 

perturbation 2mqcaLs'AH (t)/ H, of the magnetic 


field. 
Differentiating (2) with respect to the time, we 


get! 


oe Ee 
Oe ie ap (AE) + --O=0, (3) 


Ss 


where 
d WW 
47 (AE) = Pp —(1 =. “\p,— Es Py = T-sin®, (4) 


where p is the radius of curvature of the orbit 
and Py the power in the radiation. Dropping the 
unimportant term describing the perturbation 
AV/V, we have, in the linear approximation, 


Py = Pos [1 4+-cotD,(P —D,)], Pos = ceVosin D, / Ls; 
(5 


P,, = 2e4E*H? | 3m'c? + p(t) = Py + p(t), 6) 
where p(t) describes the fluctuations of the ra- 
diation, P., is the (frequency) average of the 
power of the radiation at a given point on the orbit; 
this last quantity depends on both betatron and 
phase oscillations. According to (6), 


De Py. (lhe f OnacKe-s2nr | c.], (7) 


n= —(p;/Hs)OHs/ Or. 
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Substituting (5) and (7) in (3), we get the follow- 
ing equation for the phase oscillations in linear 
approximation:? 

E,-+ 2P,, 


$ 7: E. 9 at OQ? 
anqgca (2 8 J _ angea 
t L, E, eh Y Ps - LE, ey (8) 
$=D—O,, 02 = 2ngqcuP,,cot®,/LsEs. 


Here we have made use of the fact that if < Pvs > 
is the power of the radiation, averaged over the 
unperturbed orbit, Pos =< Pys >+Eg. 

We write the equations for betatron oscillations 
in the form 


Se Ba Pees 2 
r+ r4+—(l—n)r 
s Pg 
bigs wehisetiecc? oH, Cc = 
2ngqca see Hp 2 par rieeen (9) 
E,+ Py, : oe co OH, 


A : 
ales Joel '/Paa ris r+ He [xt (10) 
H, is the longitudinal component of the magnetic 
field. 


2. DAMPING OF FREE RADIAL OSCILLATIONS* 


The radiation fluctuations p(t) cause phase 
oscillations to be set up and, because of the coup- 
ling of radial and phase oscillations [the term with 
db in (9)], also excite radial oscillations JuThe 
vertical oscillations are not directly coupled to 
the phase oscillations. If 09H,/dz = Hy =0, they 
are damped according to the formula 


(cf. Ref. 2). The damping associated with the ra- 
diation is classical in character, and is caused by 
the fact that in the accelerating intervals the par- 
ticles pass through an electric field which is in- 
tended to compensate for the radiation loss. For 
this reason the damping contains the term Pog./E 
in place of the usual E/E. If there were no coup- 
ling of radial and phase oscillations, the free ra- 
dial oscillations would, for this same reason, have 
an additional damping (cf. Ref. 2) with decrement 
-<P,,>/2E and the phase oscillations a damp- 
ing with decrement —< Pyg>/E, as is evident 


*The possibility of the existence of a damping mechanism 
due to radiation was first pointed out by A. M. Budker in 
1954 (private communication), 
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from Eqs. (8) and (9).* 

The coupling of the oscillations leads to a re- 
distribution of the damping strength. If no special « 
measures are taken, the radial oscillations in a 
strong focusing accelerator are anti-damped with 
decrement 4< Prys >/E, while the phase oscilla- 
tions are, correspondingly, more strongly damped 
with decrement -2< Pyg >/E. To get rid of the— 
build-up of the radial oscillations, we can make 
use of their coupling to the vertical oscillations 
(cf. Ref. 4), for example, by introducing magnets 
in which there is a component H,. However, this _ 
method is not the best, since it obviously does not 
enable us to obtain the oscillation damping which 
is needed for marked reduction of particle losses 
(since this method leaves the sum of the damping 
factors for vertical and radial oscillations equal | 
to zero). 

Later we shall show that in a strong-focusing ac- 
celerator (more precisely, when a = dInL/dInE 
< 1) the damping factors do not depend on the 
variation of n along the orbit (if Hz is the same 
in all the magnets), and we shall obtain a general 
formula for the damping of radial and phase oscil- 
lations. As we shall see, the damping depends on 
the variation of Hz, along the orbit, and that for 
any values of H, those magnets which have low 
n have no influence on the result (contrary to the 
erroneous statements in Refs. 2 and 4). 

Since the coupling of r and z oscillations is 
unimportant for this problem, we shall assume 
that 8H,/az = Hy = 0. 

Suppose that radial oscillations are excited at 
t = 0. Because of the dependence of the radiation 
in an inhomogeneous field on r [the term 2nr 
in (8)], the excitation will be transferred to the 
phase oscillations. Usually the strong inequality 
w > Q > P,/E is satisfied, where w and Q 
are the frequencies of betatron and phase oscilla- 
tions, respectively. The forced oscillation of the 
phase is therefore of the form 


P gated 
pa — ahs Ce ie: 
s 


Lae. 
2 9 P 
0 mgca ( 21 —1 SOS Tyr 
Oa \ — r——— dt’. 11 
Le) E, (11) 


We shall use Eq, (9) for r, and shall neglect 
in (11), as we do throughout, the terms containing 


P,/E®, EP,/E*, £2 /E*, Pj E = 4P,£/ 62, £/ e& 
*In addition, 0? is not proportional to E/E, but rather to | 


Pos/E. This also gives an additional damping of the phase 
oscillations. 
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In other words, we shall use as our basic equation 


r + (c/p)?(1—n)r = 0. (12) 
We first write PyaPs as 
PysPs = PyoPy + (2X0: — Prop); (13) 


where Pp) is some constant. If the magnetic 
field is the same in all magnets with the exception 
of certain sections, then P.) and py are the 
power of the radiation and the radius of curvature 
in the magnets of standard type, while P. Ps 


PyoP9 is the deviation in the non-standard sections. 


From (12) and (13) we get 


ae ei 
‘ omy ProPo awe 
=) git \ er Ty 
p ie CE na Eo, 
R (Tec a 
Gee tt Pate Pate a 
ones 


After substituting this expression for ¢ in Eq. 
(9) for the radial oscillations, we make the sub- 
stitution 


r=ap+a’o, r=ao+a‘o’, (14) 
where g and gr are two linearly independent 


solutions of (12), normalized by the condition 


oe — op" = 2iW. (15) 
We then find the following equation for a: 
a E,+ P,,— 2P Po/Ps , foe 
= sy \- ; E, vo (ap + a’o") 
2 : P 
C Ys * ¢ t 
Pl E.0, (ap +a'9") dt (16) 


t Pp 
ce ( ests te. eon P9Po ed 
0 


at 


2S F (ap +a'e')'}. 


; 


gy and gy are oscillating functions, which average 
to zero. 

The frequencies of the betatron oscillations are 
always chosen so that there is a non-integral num- 
ber of oscillations around the orbit. Because of 
this we see that if we are interested in only those 
terms of (16) which give an increase (or decrease ) 
of a with time, we can drop oscillating functions 
and so throw out all the terms containing a*. In 
the remaining integrals, we can take a out from 
under the integral sign, neglecting terms which 
are quadratic in the perturbation. After this, mak- 
ing use of the fact that only the real part of (16) 
gives an increase of a with time, we find by using 


(15), 
2P 909 \ 
@ =a, exp \- enw 


t 
4 —1 fT D 
x\E dt (Est Pys— es 
0 


t é. 
c C rie P..® 
elm ar ee \ ype 
as a ey on 
| (17) 
+ ein (\ ae e dt” POs nde os! 
Ww \) e, \ E ot. 


2 
s Os 


Now we transform the double ‘integrals: 
5 es te t t 
Ge , AW Ue, es \ u ” ( ? 
\ a dt’\ F(t") 9dt =| F(t") dl \ : 
0 0 0 ae 
t oe 
—\ F(t") 9 at"\ 2 dt! +K (t). 


0 0 


* 


dt’ 


Ss 


(18) 


Concerning the function K(t), which is the prod- 
uct of two integrals (one of which contains g and 
the other go ), we can say that in any case this 
function unlike the double integral does not in- 
crease with time,* so that it can be dropped as un- 
important in the exponential (17). On the other 
hand, we shall add an unimportant oscillating func- 
tion to the integrand of (18), replacing the function 


ce ( ne 
ay im 9\ at @"/ps 
9 


by the function 


t 


y= lmo[\at 


0 


o* / Ps +- const | ; (19) 


The constant in the brackets can be chosen so that 
~ is a periodic solution (with a period equal to one 
revolution) of the equation 


b + (c/ps)? (1 —n) } = c*/ps. 


The function ~, which describes the forced radial 
oscillations that result from energy fluctuations, is 
useful since it occurs frequently in accelerator 
computations, 

The difference PysPs — PyoP) occurring in (17) 
is conveniently represented as 


PyoPo (Hs — Ho) | Ho. (21) 


Using (18), (19), and (21), we get the following final 
expression for the exponential damping of the free 
radial oscillations: 


(20) 


Pys0s reais Py0Po = 


reo HE E414 4) 


(22) 


at path LoS lel 
a a aS oar ear * yh. 


Ss 


*More precisely, it is proportional to P/E, whereas the 


t , 
other terms are proportional to f{ (P/E) dt : 
0 
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Let us consider the case where the field in all 
magnets is the same (in particular, the case of a 
weak-focusing accelerator). In this case the ratio 
~/ps in the integrand can be replaced by its aver- 
age value along the orbit. As is well known, 


t 
<b/es> = lim > \ = di'=«—=dinL/dInE (23) 
t+ co Ss 
0 
(where we have replaced the momentum by the en- 


ergy, assuming that E > mc’). Thus, for Hg = 
Ho, 


soo Ae pein Cmal) (24) 
0 


This special case is the result already given by 
Kolomenskii and Lebedev.” In a strong-focusing 
accelerator (a « 1) there is antidamping of the 
oscillations, while in a weak-focusing accelerator 
[a =1/(1-—n), 0 <n <1] there is damping with 
the decrement 


3. DAMPING OF FREE PHASE OSCILLATIONS. 
DISCUSSION OF RESULTS 


The result which we have found is confirmed by 
a simpler computation of the damping of the phase 
oscillations. 

Suppose that phase oscillations are excited at 
t =0. This leads to the development of radial os- 
cillations. We may choose a periodic solution for 
r, since it differs from any other by an oscillat- 
ing term which is irrelevant for the damping. Thus 


r = PAE/E, = — (Lsp/2nqcx) $. (25) 


Substituting (25) in (8) and taking account of the 
variation in the frequency of the phase oscillations, 
we get 


ae ne . Bt Mg Fee) ay 96 


0 s 


According to Eq. (20), which y satisfies, 


t t 
“<P e claw eden te ! 
ys¥s , Y e 
es dt =\ po Op ee 
\ Be ° Say) E ys Ps yo Ps 


0 0 $ 


a ; 


Brae = | +\d't-$Pvapo / Ec. (27) 
a 0 


The last integral can be dropped since 7 (unlike 
~) averages to zero. Finally, 
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pee HPs Cty) 
(28) 


As was to be expected, the sum of the damping 
coefficients for radial and phase oscillations does_ 
not depend on the form of » and (Hg — Ho)/Ho, 
i.e., it does not depend on the specific form of the 
radial-phase coupling. The part of the sum which 
depends on the radiation is always 


t 
3 'D 
— 5\ dt’Pys/Es. 
0 


For the case of weak focusing, where Hg = Ho, 
we get the familiar result of Sands:! 


t = on 
1 C1 Qu vd Sate i 
p~exp {4/84 E ate gt la 
0 


(29) 


The damping factors for r and @ can also be 
obtained by finding the characteristic roots of the 
system of equations (8) and (9). For this purpose, 
we make the substitution 


: . % . . 4 ° , 
= xjyoe -|- Xep°erv", Xo = X, ies ype a Xa" er*, 


d =X, +X, b = iQ (x3 — xs), Xa = Xp 


where vp is the betatron oscillation frequency, so 
that gent and pene are periodic functions. 
We then get in place of (8) and (9) a set of four 
first order equations with periodic coefficients 
(which are constants for the case of weak focus- 
ing), and using first order perturbation theory we 
get four fundamental solutions Xik (t) (one index 
labels the solution, the other the function in the 
solution). If the xj, (t) are defined by the initial 
conditions 


Xir (0) = Sin, 
the characteristic equation has the form® 
| Xek (T) i Ozh | = 0, 


where T is the period of the coefficients in the 
equations for the x;,(t). The damping factors 
are identical with those obtained above. 

Formula (22) shows that in order to get damping of 
radial oscillations in a strong-focusing accelerator 
with a decrement equal to, say, — <P,, >/2Eg, 
which is sufficient for a marked reduction of par- 
ticle losses, the approximate equality 
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n—1H,—Hy.. 

Cou (30) 
must be satisfied. At the same time the damping 
factor for the phase oscillations is still sufficiently 
large and is equal to — <P >/ Bs: 

The results we have ound: can be visualized as 
follows. The additional damping of the radial os- 
cillations occurs together with an additional anti- 
damping of the phase oscillations, i.e., oscillations 
of the energy are built up. For buildup of energy 
oscillations it is obviously necessary that an in- 
crease in the energy of the particle be accompa- 
nied by a decrease in the radiation. This will be 
the case if, when the energy is increased, the tra- 
jectory of the particle changes so that the quantity 
GH LGaes >, averaged along the new trajec- 
tory, decreases. For example, in a weak-focusing 
accelerator <p ?> always decreases with in- 
creasing energy, and the more sharply the closer 
n is to unity, since for n = 1 the motion becomes 
unstable. On the other hand, in a strong-focusing 
accelerator <p "> increases with increasing 
energy, even though <1/p> decreases. This re- 
sult is explained by the strong bending of the per- 
turbed trajectory when AE/E > 0 (inside the ra- 
dially focusing magnets) compared with the un- 
perturbed orbit, because of the large value of n. 
As a result the radial oscillations are built up in 
the strong-focusing accelerator (instead of being 
damped as they are in the weak-focusing case). 

Obviously magnets with low n, introduced into 
a strong-focusing system, cannot change this pic- 
ture, since they have practically no effect on the 
trajectory and do not change p*, As was proven 
above, another less obvious statement is also 
valid, namely that the introduction of additional 
magnets with arbitrarily large n but with the 
same field as in the other magnets does not change 
the dependence of < oe > on the energy fluctua- 
tions. When n is varied along the orbit without 
varying the field, the equilibrium trajectory is 
distorted so that 


is not changed for a given AE/E. 

To change the damping, it is necessary to vary 
the field. According to the qualitative arguments 
given above, to increase the damping for radial 
motion the field must be larger in the radially de- 
focusing magnets (n > 0), since it is precisely in 
this case that the equilibrium trajectory straight- 
ens with increasing energy (if ~ > 0, which is 
usually the case). Formula (30) corresponds to 
precisely this result. 

In practice, to satisfy condition (30) it is ap- 
parently more convenient to have a small number 
of radially focusing magnets with zero or nega- 
tive field and high n < 0, which are designed so 
that they perturb the conditions of oscillation as 
little as possible. These requirements are sat- 
isfied, for example, by some of the proposals of 
Livingston and Robinson.® 
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THEORY OF GALVANOMAGNETIC AND THERMOMAGNETIC EFFECTS IN METALLIC 
FILMS 


. KANER 
Institute of Radiophysics and Electronics, Academy of Sciences, Ukrainian S.S.R. 
Submitted to JETP editor September 14, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 658-669 (March, 1958) 
The electron distribution function, the electric conductivity, the thermal conductivity, and 
the Thomson coefficients have been determined for a metallic film located in a constant 
magnetic field directed at an arbitrary angle with respect to the surface of the film. No 


special assumptions are made regarding the electron dispersion law. The region of strong 
magnetic fields is studied in detail. Comparison of theory with experiment shows excellent 
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agreement. 


1. INTRODUCTION 


‘Tae study of the effect of shape and dimensions 
of a sample on the electric conductivity, thermal 
conductivity, and other kinetic coefficients of 
metals permits us to obtain data on the magnitude 
of the mean free path, the character of the elec- 
tron energy spectrum, etc. 

In Refs. 1—6, the conductivity of thin metallic 
films and wires was calculated for the absence of 
a magnetic field. Englman and Sondheimer?® 
showed that the conductivity of an anisotropic 
monocrystalline film, whose thickness was much 
less than the mean free path length, depends not 
only on the angles between the current direction 
and the crystallographic axes, but also on the or- 
ientation of the latter with respect to the surface 
of the film. In Refs. 4 and 5, the conductivity of 
wires of circular and rectangular cross section 
was computed. 

The conductivity of films and wires in a mag- 
netic field was determined in Refs. 5 — 8 for var- 
ious orientations of a constant magnetic field 
(parallel to the plane of the film and to the axis 
of the wire) relative to the current. 

In the work of MacDonald and Sarginson,° the 
distribution function and the conductivity of the 
film in crossed electric and magnetic fields were 
found improperly (which is also noted in Ref. 7). 
Azbel' determined the conductivity of a film in 
a longitudinal magnetic field, while Sondheimer 
has shown that the resistance of a thin film ina 


1a 


perpendicular magnetic field oscillates on change. 


in the field. In the researches of Chambers’ and 
Konigsberg® on the determination of the conduc- 
tivity of films and wires in a magnetic field, sim- 


ple kinetic considerations were employed. These 

were based on a study of the trajectory of an iso- 

lated electron which enabled one to avoid the cum- 
bersome solution of the kinetic equation (see Ref. 
ja 

In all these researches, with the exception of 
the work of Kaganov and Azbel,” the calculations 
were carried out under the assumption that the 
electrons in the metal were free, that is, a square 
law of dispersion was assumed (sometimes with 
anisotropic effective masses). Moreover, the ani- 
sotropy of the time of free flight was never taken 
into account. Also, the kinetic coefficients in thin 
films depend on the form of the dispersion law 
and the anisotropy of the collision integral. This 
circumstance can, in principle, be used for the 
study of the form of the limiting Fermi surface 
and the character of the electron-lattice interac- 
tion. 

Insofar as the thermomagnetic effects in films 
are concerned, they have remained virtually un- 
studied. 

In connection with experimental researches 


-(for example, Refs. 5, 10), it must be noted that 
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in almost all of them, the samples were polycrys- 
talline. So far as we know, only in the research 
of Borovik and Lazarev,* where the effect of the 
shape of the specimen on the electric conductivity 
of bismuth was studied, were the specimens mono- 
crystalline. In that case a plate of thickness 2 

~ 10cm was used. The plate was connected 
with a massive single crystal; the orientation of 
the crystallographic axes in the film and in the 
large sample were the same. The measurements 
were carried out simultaneously on the film and 
on the large monocrystal in order to eliminate the 
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effect of the natural anisotropy of Bi and to isolate 
the effect of shape in pure form. The study of the 
rotational diagram (the dependence of the resist- 
ance of the film on the angle between the magnetic 
field and the surface of the film) allowed one to 
determine the order of magnitude of the free path 
length. The results of these experiments are 
completely explained by the theory developed 
below. 

The purpose of the present paper was the cal- 
culation of the kinetic coefficients of the metallic 
film (located in a constant magnetic field) for an 
arbitrary electron dispersion law. The possibil- 
ity of the introduction of a relaxation time t)(p) 
was assumed, where p is the quasi-momentum 
of the electron. 


2. STATEMENT OF THE PROBLEM AND SO- 
LUTION OF THE KINETIC EQUATION 


Let us first consider the electric conductivity 
of a layer of metal of thickness d (0 = z <4d, 
the z axis being parallel to the inwardly drawn 


normal to the surface z = 0), located in a constant 
magnetic field H. We choose the x axis alongthe 


projection of H on the plane of the film. 

We shall begin with the linearized kinetic equa- 
tion!! for the contribution of f to the equilibrium 
Fermi distribution function 


v.0f [dz + QOf / dt + f / to (p) = eEv Of / de, 


: es = (2.1) 
ola) ~ for) + 


Here, we choose as variables the coordinate z, 


the energy of the electrons ¢€, the conserved com- 


ponent of the quasi-momentum py = pH/H andthe 
dimensionless period of the electron in its orbit 
7 =Mt. The “cyclotron” frequency © = eH/mc; 
—e =charge, m =(1/27)dS(€, pyz)/€ = effec- 
tive mass, v = V.€(p) = velocity, ¢(T) = chem- 
ical potential of ihe electrons; S(€«, PH) = cross 
sectional area of the surface, €(p) =€ onthe 
surface pz = const; t = actual period of electron 
in orbit; E(z) = direction of the electric field 
inside the metal. It follows fromthe unperturbed 
equation of motion of the electron in a magnetic 
field dp/dt = —(e/c)[v X H] thatthe Jacobian of 
the transformation from the variables p,, Py» Pz 
to the variables €, T, py is equal to m. 

The boundary conditions for Eqs. (2.1) are the 
periodicity of f(z, €, 7, Py) in the variable T 
with period 2m and the condition of diffuse reflec - 
tion of the electrons from the boundaries of the 


film: 
f (0; v) |vz-0 = 93 Fd v) |v, <0 = 9. (2.2) 


Knowledge of the distribution function f(z; €, 
T, Py) Permits us to compute the current density 


i(2) 
j(2) = — (2e/h*) | vf (dp), (2.3) 


whence we find 


and the tensor of effective conductivity Oj. In 
this case, it must be taken into consideration that 
the components of the electric field E, and E 
are constant along the film, while the Hall field 
Ey, depends on z. This dependence ought to be 
obtained from the equation j, = 9, which corre- 
sponds to the evident fact that there is an “open 
circuit” along the z axis. However, in what fol- 
lows we shall neglect the dependence of the Hall 
field E, onthe coordinate z, since we shall be 
interested in two limiting cases: strong (y « 1) 
and a weak (y > 1) magnetic field (y = 1/Mtp9) 
for d~=vty. Inthe strong magnetic field (y 
<«< 1), E, changes appreciably only close to the 
boundaries of the film in a narrow range of z, 
d-z~r<«k~d* (the contribution from which 
we can neglect), remaining practically constant 
over the thickness of the film. In the weak mag-. 
netic field (y > 1), because of the small value 
of E,, the Hall field can simply be neglected in 
the computation of the conductivity. 

Starting out from physical considerations sim- 
ilar to those with the help of which Chambers® de- 
rived the formula for the conductivity of films and 
wires, it is not difficult to write down at once the 
solution of the kinetic equation (2.1), which satis- 
fies the boundary condition (2.2): 


Tv Ty 


fea noa at | veneer sina) 


a (Zz; t) 7 


Tv 


exp ({ dry) dt, (2.4) 


where A(z; T) denotes the closet preceding T 
root of one of the following equations 


A (2; *) 


: On they =, GE 


z+ a K(Ze e) <r, (2.5) 


From the periodicity requirement of f in T with 
period 27, it follows that A(z; T + 27) =A(Z, T) 
+ 2m. If Eqs. (2.5) do not have a solution (massive 


*r = pc/eH is the radius of the electron orbit in the mag- 
netic field, y = r/X, 
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metal), then we must set A(z; T) equal to —%™. 
We can show by a direct demonstration that (2.4) 
satisfies all the required conditions. 

In the case in which the magnetic field is paral- 
lel to the surface of the film, the distribution func- 
tion f{(z; T) is discontinuous, where the discon- 
tinuity occurs along the characteristic of Eq. (2.1), 
i.e., along the line 


Oa 1, dr, + const <d. (2.6) 


The presence of the discontinuity corresponds 
to the fact that the electrons (with given T) reach- 
ing one of the surfaces of the film cannot penetrate 
directly (i.e., without collisions inside the metal) 
to a depth greater than 2r(7T).* At the same time, 
the electrons (with the same value of T) capable 
of penetrating to depths greater than 2r(T) do 
not collide directly with the boundaries of the film. 
Therefore, all the electrons are divided in a na- 
tural way into two groups: electrons which undergo 
collisions with the boundaries, and electrons which 
do not reach the boundaries (without collisions in- 
side the film). The distribution function for these 
two groups of electrons are essentially different, 
which also corresponds to the presence of a dis- 
continuity. 

It is not difficult to show that the solution of 
Eq. (2.1) with the boundary conditions (2.2) is 
unique in the class of functions which achieve dis- 
continuities along the characteristic (2.6). For 
this purpose it suffices to note that Eq. (2.1) with 
the right hand side equal to zero has its own gen- 
eral solution 


f = exp (- |) ® (: _ Ay \ ext) 
: , 


(@ is an arbitrary function which can have a dis- 
continuity), which, however, does not satisfy the 
requirement of periodicity in 7 and consequently 
is identically equal to zero. Thus, for finding the 
jump in the function f at the discontinuity, no ad- 
ditional conditions are required. 

We can obtain (2.4) directly from (2.1). For 
this purpose, we continue the function f(z; T) .by 
setting it equal to zero for z <0 and z>d, and 
apply a Laplace transformation: 

d 
Fipio= Nic ©) Cmnudes 
0 


*For simplicity in the given case, we assume that the 
thickness of the film d is greater than the diameter of the 
maximum orbit max 2r(r), 
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d d 
G (pit) =\ (ze; se-P dz == 5 Sov 
0 


0 


vE (z) e-? dz, 


then 


— f (d; =) e-"4]. 


= 


OF 4 (y+ Me) F = G (nit) +2 IFO: 2) 


The periodic integral of this equation is equal to 


1 


F(p,) = ( dt, -exp(\ aoe pre) de | 


—oo 


te 71) 


x {6 (9: 5) + OF Os) Fas wera, 
whence 
s+ioo 


: 4 
favEHw \ F (p; t)e?? dp 


s—loo 


rt 


= | dt, exp(\ ¥ 


dr, ) {g (z ob = (0, dt; <1) 


[FO; a) 82+ 5 ni 24) 


Ty 


—f(d; %)8(2—d + | v.dea)]}. 


et 


oe 0, (71) 


+- 


It follows from the boundary conditions (2.2) 
that 


f (0; ) = —sgno,f (0; ); f (d; t) = sgn uf (d; +); 
eS | Le 0) 


Introducing 
i. (23;-%), ==.exp (\ Y des) f (23 +) 
0 
and making use of (2.8), we get 


v1 


u(z;c)+ \ dtu (2 += a a Uz dt; 1) 


ae ON (ap AC y 


= \ exp (\ Y dts) g (2 + a | U, dts; *1) dt. 
Eos Fy + 


1 


; dr) +8(z—d +) v; dry) 


Because of the presence of the 6-function, the left 
side of this equation reduces to 


As (Z; Tt) 


u(z;) + >, u(z +5 \ Uz dt.; ds (z; *)) 


7v 


(2.8) 
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= dz, exp (ras) (2 + a Uz dt; 7) . (2.9) 
ee 0 c 


The summation in (2.9) extends over all the roots 
Ag (Zz; T) of the equation 
As (zs 7) 
4 
+o \ v,d% =0,d; t>), >), >... >—oo. 


b< 


The solution of the functional equation (2.9), as is 
easy to verify, is 


u(z;t) = es dt, exp (\ v de) g (z an y Uz dt; %1), 


which gives Eq. (2.4) for f(z; T). In this case, we 
need to take into account that, by definition, 


As 
4 
Ne (2 +5 \ 0, dt»; he) hor (z; *). 


t 


3. GENERAL FORMULA FOR THE EFFECTIVE 
CONDUCTIVITY TENSOR 


To find the effective conductivity tensor, we 
must compute the mean value of the distribution 
function in terms of which the average current is 
expressed [see Eq. (2.3) ]. From (2.1), we have 


FO) 4 fe oe ye HG Y—FOM, BD) 
fyb Up eide y= 1/0te 
; 
Making use of (2.8), we find 
iy ( dz, exp (\ ass) fs os v(4)E 
— RN lds) + fet. 82) 


After substitution for f(0; T) and f(d; T) from- 
(2.4), we get 


i= ao dey exp (\ raz) v(aJE 
— 2601 | a ex vas) vere (er| 45) 6.3 
S (7) 7 av ; 


where s(T) =A,(d—0; 7) for vz(T) > 0, s(T) 
=),(+0; T) for vz(T) < 9, where s(T) <T. It 
is easy to see that s(T) coincides with the near- 
est preceding T root of one of the equations 


15 


\ Uz, dt» 


S(t) 


1 
Q 


== (lk 4 


4 =d. 


t 
\ Uz dt» 


S(t) 


Taking E(z) to be constant (see Sec. 2) and sub- 
stituting (3.3) in (2.3), we get the final expression 
for the effective conductivity tensor in the very 
general form 


Gin = Of — Soin (jy = ornEn); 
= — Sr | Gee |g a 
x \ v; (x) de i exp (\ vats un(ta)dy; (8.4) 
Born = ae de. | saPn Varo de ( lve (u) | dey 
x \ exp (| ve) On (0) de’. 


In the case of several bands in (3.4), it is neces- 
sary to sum the corresponding expressions over 
all bands. 

The tensor o (9) coincides with the conductiv- 


ity tensor for the massive metal; the presence of 
60;, is brought about by the finite thickness of the 
film. In the limiting case of zero magnetic field, 
Eqs. (3.4) reduce to the corresponding equations 
of the researches of Fuchs! and Kaganov and 
Azbel.? If the magnetic field is parallel to the 
surface of the film, (3.4) coincides with the re- 
sults of Azbel and Konigsberg.® 

It should be noted that the Onsager relations 
Oj, (H) = %,.;(-—H) for the effective conductivity 
tensor of the film are, generally speaking, violated 


[it appears that oH) = o()( —H)]. This is not 
unexpected, since in the case of the film, the con- 


ductivity tensor, strictly speaking, is an operator, 
because of the dependence of the electric field on 


- the coordinate z. However, in several cases (for 


example, a strong magnetic field parallel to the 
surface) we can neglect the nondiagonal compo- 
nents of 60; in comparison with the correspond- 
ing components in ah, and then the Onsager re- 


lations will be satisfied asymptotically. 


4, INVESTIGATION OF LIMITING CASES 


Having in mind the comparison of the results 
of the present theory with the experiments of 
Borovik and Lazarev,” we consider in this sec- 
tion the region of strong magnetic fields (y « 1) 
in which we consider that d~ 2%. Just this case 
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is studied in detail in Ref. 9. With the aim of sim- 
plifying the final formulas, we shall assume the 
dispersion law to be isotropic and quadratic, and 
the relaxation time ty to be constant and not to 
depend on p (the residual resistance). We can 
show that the qualitative results (in particular, 

the dependence of H) do not depend on the form 
of the dispersion law and the collision integral. 


0), 
The asymptoticity of the tensor AN in strong 


fields was studied in detail by Lifshitz, Azbel’, 
and Kaganov"! for an arbitrary form of dispersion 
law €(p) and collision integral. It was shown in 
their work that for closed Fermi surfaces, the 
dispersion law and the collision integral have no 


effect on the dependence of 0) on strong mag- 
netic fields. 

The basic difficulty in the calculation of 60; 
is contained in the determination of the function 
s(t). Unfortunately, we did not succeed in find- 
ing a suitable analytic expression for s(T) for 
arbitrary angle of inclination of H to the surface 
of the film. Simple formulas for s(T) were ob- 
tained in a constant magnetic field parallel to and 
perpendicular to the surface of the film. 

In the perpendicular field, v, does not depend 
on T and 


s(t) = t—QOd/|0,|. (4.1) 


In the parallel field two cases are distinguished: 
a) d > 2r (r =mvc/eH, sufficiently strong mag- 
netic field). In this case, the electrons which are 
colliding with one of the boundaries of the film can- 
not directly reach the other boundary (i.e., without 
collisions inside the film). b) d=2r (weak mag- 
netic field or sufficiently thin film). The calcula- 
tions are especially simple in case a) and are con- 
siderably complicated in case b). 

For d= 2r, all the components of the tensor 
603, are continuous, Finite jumps have a third 
derivative 6s,, with respect to H, second de- 
rivatives 60,., 50 yx: 60,.,, and first derivatives 
of all the remaining components of 50%). 

In the perpendicular field, the nonzero compo- 
nents of the effective conductivity tensor are equal 
to 


Gre Syy yt fie 2 le Aol 


oN mies Re | ena) SH 
ee. ay eee eye 4.2 
ee laa (4.2) 
Oxy ie Oy, + | 2 v f ) 
pene caval teas || wie IA he elie 


where n = 82p°/3h* is the density of electrons, 


E. A. KANER 


oy = netp/m, yar/l=1/A; a=d/r; R=d/l; || 
A+iB=1—4E,(k + ia) +4E, (k + ia); C=1—4E,(k); | 


‘ 


En (x) = \ E-ne-%*8 dé, 
i 

Equations (4.2) are accurate (and coincide with 
the corresponding equations in Ref. 7a), as far as. 
the equation j, = 0 is satisfied by Ez, which is 
equal to zero, and we can introduce the tensor 
(and not the operator!) of the conductivity. It is 
obvious that in this case the Onsager relations are 
satisfied. 

For y <1 and k~1, Eqs. (4.2) yield 


Sxx | 89 = Syy/ 59 = 77 (14+3/8R); Ge2/ 59 = 1 — 3C/ 4k; 


Sry [Sq = — Syx/ 59 = — (1 —y? + 3y?/ 4h). (4.3) 


a) In a sufficiently strong parallel field (d > 2r), 
the function s(T) is a solution of the equation 


| 
| 
| 
| 


\ Uz (2) i= [Py (s (t)) — Py (t)] = 0 


s(t) 


Ay 
a 


(the equation 


2 \slin’s Grae 
S(T) = | 
has no solution). 
Setting 
v=p/m=vo(cos%, sindsins, 
sindcost), —z/2<7<3n/2, 
we find 


S(t) = —nx—vt for — c/2<t< 4/2, s(c) 
=x—t for t/2<1t<3x/2. (4.4) 


The nonzero components of the tensor Oi, have 
the form 


See pe TS ah) 
Goan 8k Pete 1+ 4y? ’ 
Syys VE 3 i 

So Tage = Bees Nie 


_ 3(6— Sy? + 474) new . 
IFA OF Hl +e my ]} 


2 
S22 Ni 


ee ae 3 
Fag ad +H ae le 


ey ee 


’ a 


9 (1 + Gy) (1 + e211) }} : oye Fzy 
2(1+ 4y?)(9+ 42) J hue a 


¥ { 9 2 


ce cee 9 (7 — By2) (1 + e2FIMl) | 
14+ 72 Isat al + }}. 


2(1 + 4y*) (9 + 4y?) 
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Equations (4.5) have meaning only for r « g, r 
< d/2, when we can neglect the dependence of the 


Hall field E, on the coordinates. For y « 1, 

Sx AF = 30 re Syy aut bit 3 on # 

So = ory (3 rete: (+m Ge lrlf (4.6) 
eee VL 2 Brly|l. Fyz me 4 
avi Syl: Bae fea 8) 


b) In the case of a weak magnetic field (d < 2r), 
the function s(t) is determined differently for the 
regions sin’ < a/2 and sin’ > a/2. For sind 
< a/2, s(T) is given by Eq. (4.4), while if sind 
> a/2, then 

s(t) =—x—t for —4r/2<t<1,; 
s(t) = are sin(sint —a/sin9) for ~cot< 4/2; 
S(t) =x—t for r/2<t<cr+ 4; 


s(t) = x —arcsin(sint --«/sinS) for r+ <1<3n/2; 


t = arcsin(— 1 +a/sin9). 


Let us cite the result for the conductivity of 
the film in a weak longitudinal magnetic field 
(E ||H||x), when y > 1/k+k, a «1: 


Oxy = Op —9,M/y", o/s, 


= 1—%/gk + (7/22) (Es (k) — Eg (R)). (4.7) 
Here op is the conductivity of the film in Bh ab- 
sence of a magnetic field, obtained by Fuchs,! 
while the coefficient M depends on the thickness 
of the film: 


M=53{— +21 ee — Her +4 age (e)}.. 


5. SPECIFIC RESISTANCE AND THE HALL 
FIELD. COMPARISON WITH EXPERIMENT 


By experiment one usually obtains not the di- 
rection of the electric field, but the current den- 
sity and, consequently, the resistivity tensor Pj, 
=o, rather than its inverse, the conductivity 
tensor. Employing the results obtained above for 
Oj, it is not difficult to find the dependence of the 
electrical resistance on H. 

Let us obtain the formulas for the resistivity 
and the Hall field in a film located in a strong. 
magnetic field, in the presence of two types of 
current carriers (electrons and “holes”). The 
indices 1 and 2 will refer to electrons and “holes,” 
respectively: 

1) ny A Ny; 

Nyy + Notte + 3/g (mys / ky + Motte / ke) +0(H~); 


(ny = N»)?e? 


poi g Po aete)+ oe: 


(a a 


pi =p 


NU, + Notts e + (3c / 8H) (nyu? [ky + nu? / Re) 


ae Gaye + 0(H™); 
rE, \ = cH Ae ne , 
\E, i ip Wen Nyy + Nala + F/q (My lly / ky + Notts | Re) t O (H oo 
Ey we eff (ny — ng) as 
(ese ’ C (Muy + Nyt) + OCH? ), (5.1) 


Here, uj = mj/toj is the mobility of the carriers; 

kj = d/2;3 the subscript symbols in all the quanti- 
ties indicate the orientation of H relative to the 

surface of the film, while the superscript symbols 
for Pi) denote the orientation of the current rel- 

ative to the magnetic field. 

2) ny =Nyg =n; 
H? 
Pl = Ae (te ig toe 


(us/hy +E Ua/ha)| ” 


j= +500 7 a +%)}) 


H2 
Uk ' 
PT ne? [uy Fue + 8a (tala 4 tag/he)] ’ 


(5.2) 


c Uy uy — 8/4 (UP / hy — 2 | ke) | 
ae ie eH ty -F Uy + 9/g (uy | hy tty | Ba)’ 


pez 4 2 ui — ub +2 (ut /ky—u5 / ko) 
(ej ‘) = uy + Us Hi 


The Hall constant R = E,/jH =-—6V/jHd in strong 
fields (6V = potential difference between the sides 
of the film) for n, 4 ny becomes identical asymp- 
totically with that for the massive metal 


R= l/ec(n;— nz), 


and for n; =n, depends on the thickness of the 
film: 


ut — uy + 2 (ut / ky — u2 / ke) 


i bi nec (uy + Up) [Uy + Ue + 9/2 (Ur / Ri + Us / ko) 


ui — uy — 9/4 (ud hy — 5 | be) 


Rk, =— 


nec [uy + Ue + 8/— (Ur / Ry +P tee / a) |? 


(5.3) 


We proceed to a comparison of theory with ex- 
periment? on the effect of the shape of the speci- 
men on the resistance of single crystals of Bi. 


‘From the fact of the increase in resistance in a 


strong magnetic field for massive Bi, we can draw 
the conclusion that n, =n, while it follows from 
experiments on the de Haas — van Alphen effect!? 
that the Fermi surface for electrons in Bi is rep- 
resented by a set of three uniaxial ellipsoids, lo- 
cated in a binary plane and turned one to the other 
by 120° about an axis of third order. The Fermi 
surface for the ‘holes” in Bi was little investi- 
gated, but usually it is spherical. For simplicity, 
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we replace the set of three ellipsoids by a single 
sphere (qualitative results are not changed for 
this case). From the equality of electrons and 
‘holes” follows the equality of the boundary mo- 
menta and their orbital radii. The minimum re- 
sistance on the rotation diagram for p=0 (9 

= angle between H and the film surface, H 1 j) 
discovered in Ref. 9 is satisfactorily explained 
by the formulas (5.2): 


fe — 
ey d+31/ 8 i Th ; 
eS TS TEES ap Se. 
PL a. ad [hy igh adh 


It is seen from (5.2) that the increase in the 
resistance of the film in a strong transverse mag- 
netic field takes place according to the same law 
as for the massive metal (kj =~), but more 
slowly than in the latter:* 


et (d)/py (co) =d/(d4 31/2) <1; 
v1 (d)/ py (00) =d/ (d+ 31/8) <1. 


The dependence of the quantity B on the mag- 
netic field 


SP _ d+31/8 Sr r 

Dean Pears {! ery, 
_ d+81/8 Hp s pc 
eR aE ed Soma! ce en 07 
Sr +} 4 od431/2) <1? (5.4) 


agrees with that observed by Borovik and Lazarev 
for the decrease in this ratio in a strong field. 

The presence of a discontinuity (jump in the 
derivative) for the quantity B at r=d/2 is 
clearly evident in Fig. 6 of Ref. 9. 

Change of B with temperature is connected 
with the temperature dependence of the mean free 
path Q. For 2«d, (5.4) gives unity while for 
g>d, Bx %. In Ref. 9, at low temperatures, 
when we can assume that £ > d, the quantity 
B~ if This difference can be connected both 
with the anisotropies of the dispersion law and 
the mean free path length, and also with the fact 
that £~d inthe region of residual resistance, 
where £ no longer depends on the temperature. 

It is obvious that in such experiments only the 
mean free path length £ can be measured, and 
not £; and &£, separately. 

Comparison with experiments on the depend- 
ence of the Hall field in the film on H is not pos- 
sible because of the absence of experimental data. 


*An exception is the specimen Bi-3 investigated in Ref. 9, 
the massive part of which (according to the way of obtaining 
it) was more “‘rougher’’ than the film, i.e. ae < d(42,+ d)/ 
ie 

f 


6. THERMOMAGNETIC EFFECTS IN FILMS 


The effect of the magnetic field on the thermal 
conductivity, the coefficients of Thomson, Peltier 
and others, in a massive metal, was studied by 
Azbel’, Kaganov, and Lifshitz.’ Here we shall 
briefly consider the thermomagnetic effects in 
films and establish the connection of the tensors 
of thermal conductivity and the Thomson coeffi- 
cients with the electrical conductivity tensor. 

If a temperature gradient exists in the metal; 
then a heat current arises, the density of which, 
w, is equal to 


w = 2h \ evf (dp). 


To find the kinetic coefficients, we must compute 
the density of the electric current j and the en- 
ergy flux density w, which arises as a result of 
the electric field and the temperature gradient. 
In this case, in the right side of the kinetic equa- 
tion (2.2), we have, in place of eE-v df)/de: 


fo 


0 
eEv —v tk Vio (6.1) 


In those cases in which we can introduce the ef- 
fective conductivity tensor (see Sec. 2 —4), we 
have 


ji = 3iEn + SNOT [Oxn; W = binEn + SHOT / Oxn, (6.2) 
where 
3 = sare ois Gin(e)de; Sn =e {ed oe ~ Sin (€) ds; 
0 0 ) 
©o (6.3 
Sel eae en 
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0 
se Sth (e) de, 


while 0;,(€) is determined by the formula 


or 


2 2 1m Ty 
oun (2) = Se + dn \ Og () dt \ exp (\ dt, dey 
&(p)=e 0 —0o e 
Loe yo ( Le ( Mee ON COVE 
1 Od : Pi ¥' 2) h(t’) tgs (6.4) 


S(T) qT 


From the law of conservation of energy, we get 
{and also from (6.2)}: 


0Q p Ow, 


a (=> = r OT On 
Ye ae hE; = Pirjiln + Sey (Hh ae) — wand ax, ° 


Here Q is the internal energy density; Pi, = Oj ik 
the resistivity tensor; 


(0) (1) 
in = ExpPpgSgh — Sik Hi Bik = inset ae (EcpPpr) — 
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are the thermal conductivity and Thomson coeffi- 
cients. 

It was shown in Ref. 13 that if the collision op- 
erator was a 6-function in the energy, then for 
each of the components of the tensors of conduc- 
tivity and thermal conductivity, the Wiedmann- 
Franz law is satisfied. The calculations carried 
out in Ref, 13 are not connected with the concrete 
form of Cine Pike Kip and therefore we can 
make direct use of the results of Ref. 13 and write 
down at once: 


Sih = Sin (6,5 d); xik = Wax*k*T cin; 
— eekeT if 96 py), kp. 
ae cea RI SO, RD 
Vik 30 \ Pip Ole “pi Otel (6.5) 


Here £)=£(0) is the chemical potential of the 
electron gas at absolute zero (the limiting Fermi 
energy), k is Boltzmann’s constant. Thus, the 
tensors kj, and pj, are expressed in terms of 
the tensor oj, studied above. 

In conclusion, I take this opportunity to thank 
M. Ia. Azbel’, E.S. Borovik, B. G. Lazarev, and 
I. M. Lifshitz for useful discussions and criticism 
of the results of the research. 
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A study is made of the stationary convection of an electrically conducting liquid in the space 
between two parallel plates, heated to different temperatures, in the presence of a magnetic 
field. The distribution of velocity, temperature, and induced fields are found, and the con- 


vective heat flow is calculated. 


Ir is well known that currents are induced ina 
conducting liquid which moves in a magnetic field. 
The interaction of these currents with the mag- 


netic field is the cause of the various magneto- 
hydrodynamic effects which have been intensively 
studied in recent years. The magnetic field will, 
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of course, also have an effect on the convective 
flow of an electrically conducting liquid. As an 
example, we may cite the increased stability of 
the equilibrium of an electrically conducting liq- 
uid heated from below when a magnetic field is 
applied.'"? In the present paper we consider the 
stationary convective motion of a conducting liq- 
uid located in a magnetic field, in the space be- 
tween two parallel plates heated to different tem- 
peratures. 

1. The current flowing in a medium moving 
with velocity v is equal to 

j=o(E+—vxB), (1) 

where o is the electrical conductivity, and E 
and B are the field strengths. The nature of the 
fields and material motions are to be determined 
from the equations of motion for the medium (in 
our case these are the equations of convection) 
and from Maxwell’s equations for the fields in the 
medium: 


W pve Vv Vp be vt gpl + <j x Bs (2) 
OT /Ot + vVT =yV?T; (3) 
div v = 0; (4) 
curl H = “j, div B = 0; (5) 

1 OB 
curlE=——-,, divD = 4np.. (6) 


Here p is the convective pressure, T is the 
temperature, p is the density of the liquid, g 
is the acceleration of gravity, v is the kinematic 
viscosity, B is the thermal diffusivity, y is the 
thermal conductivity, y is a unit vector directed 
vertically upward, and p, is the space charge 
density. In accordance with the usual assumptions, 
we have neglected displacement currents in the 
equation for curl H, and the viscous and Joule 
dissipations in the heat transfer equation. 

By eliminating the electric field strength and 
current density from Maxwell’s equations and Eq. 
(1), we obtain 


OH /ot + curl (Hx v) =AWH, A = c?/ 4a. 


(7) 


Substituting the expression (c/4m) curl H for 
the current density, we can write two of the terms 
in the equation of motion (2) in the form 

1 WE LA ei: 4 ul v. 

—— Vp += jxB=——V (p+ te -VH; 
Here the gradient symbol operates on the total 
pressure (convective plus magnetic). 

We now introduce dimensionless variables. 
Denote by 2d the distance between the parallel 
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plates, by 2@ the constant temperature differ- 
ence between them, and take d and @ as the 

new units of length and temperature. As the unit 
of field strength we choose the value of the con- 
stant, uniform, external field Hy. The units of 

time, velocity, and pressure are chosen as d2/v, 
v/d, and pv?/d?, 


variables, the equations take the form oe 
M? H*\ 
oy. vs Vv=—V(p+5- 5) | 
4+V vt Gy +5 AVE (3) 
oT PS 
arian =—>V fhe (9) | 
srt curl (Hx v) = 5-H: (10) | 
divv=—0, divH=0, (11) | 


Four dimensionless parameters have been in- 
troduced into these equations: G = g8@d°/v*, the 
Grasshof number; P = v/y, the Prandtl number; 
M = (B)d/c)Vo/n, the Hartmann number (here 
Bo = HHyp, and n= pv is the absolute viscosity ); 
and Py), = V/A. 


The boundary conditions for Eqs. (8) to (11) will 


be established later. 

2. Let us consider stationary convection in the - 
space between vertical parallel plates, when an 
external magnetic field is applied perpendicular to 
the plates. We shall locate the origin of coordi- 
nates midway between the plates. The x axis is 
directed normal to the plates, in the direction of 
the colder plate; the z axis is vertically upward; 
andthe y axis is perpendicular to the x and z 
axes (see Fig. 1). 

If the dimensions of the plates are sufficiently 
large compared to the distance between them, it 
is possible to find an exact solution of Eqs. (8) to 
(11) which will describe the stationary motion at 
all points except near the edges of the plates. For 
this type of motion, (a) the velocity v is every- 
where parallel to the z axis, (b) the temperature 
T depends only on x, (c) the field vector H is 
always in the xz plane, i.e., Hy = 0, 
tities are independent of y (i.e., the problem is 
two-dimensional), and (e) all quantities except the 
pressure are independent of z. 

Let us now find the profiles of temperature, 
velocity, and field strength for this system. From 
the assumptions which have been made as to 
the type of motion we will have, instead of Eq. (9), 
d’T/dx? = 0, i.e., the temperature profile is lin- 
ear. If we take the zero of our temperature scale 
to be the value calculated for x = 0, then the 
boundary conditions for the temperature equation 


4 


In terms of these dimensionless / 


(d) all quan- - 


{ 
¢ 
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will be T(-—1) =1; T(1) =-1; and accordingly, 


T =—x. (12) 


We now find the velocities and field strengths. 
From (11) it follows that vz, = v(x) and dH,/dx 
= 0; i.e., the component of magnetic field normal 
to the plates is a constant, and is obviously equal 
to the external field. Let us assume for the sake 
of definiteness that the direction of the external 
field coincides with the positive sense of the x 
axis. Recalling our choice of unit field strength, 
we have 


ae (13) 
The x component of Eq. (8) is 
0 M? FH? 
wet )=e (14) 


i.e., the total pressure depends only upon z. Let 
us now consider the z component of Eq. (8) 

d M? H? F M2. 

(P+ pp) =O HOT + BM, 
(the primes represent differentiation with respect 
to x). Since the right-hand side is a function of 
x only, and the left-hand side is a function only of 


Z, we may separate the variables, denoting the 
separation constant by C, and writing 


v" + GT + (M?/Pm) H, = C. (15) 


The z component of Eq. (10) gives another equa- 
tion connecting v and H;: 


H, | Pm=—v’, (16) 


whence 


H,/ Pn =—v0 + C,. (17) 


By substituting (12) and (17) into (15) we obtain 
an equation for v: 
vo” — M¢u=G(x+ A), 


A =(C—C,M*)/G. (18) 


The solution of (18) will contain two constants of 
integration which must be determined from the 
boundary conditions v(—1) =v(1) =90. In order 
to determine the constant A we must know the 
flow of liquid through a cross-section. If the 
channel is closed at the top and bottom, then the 
liquid will circulate, rising near the warm plate 
and sinking near the cold one. In this case, ob- 
viously 

_ 

\ vdx = 0. 

—— 
If A and the constants of integration are deter- 
mined for this case, we obtain the velocity profile 
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To find the induced field H, we substitute v 
from (19) into (16), integrate twice, and determine 
the constants of integration from the boundary con- 
ditions 


HA=1) =H. (1)—0. 


As a result we obtain 


GP, (e—1 cosh Mx — cosh M : 
Hy = ys ter? eka M sinh M i (20) 


(Had the external field been in the negative x di- 
rection, Hz would have been of the opposite sign.) 
Equations (12), (19), and (20) provide the solu- 

tion of the given problem. 


Bigoel. 


3. Figure 1 shows the velocity profiles for M 
= 0, 5, and 10. As an example, we may note that 
for mercury o = 0.945 X 10% sec"! and n = 1.55 
X 107? poise; consequently, M = 0.026 Bod. There- 
fore if d=1cm, avalue of M=10 corresponds 
to a field By of the order of 400 gauss. In the ab- 
sence of a field (M=0), Eq. (19) gives the veloc- 


ity profile 


v = Gx (x?—1)/6. (21) 


As the field increases, it is evident from Fig. 1 
that the flow rapidly decreases. In addition, an 
unusual boundary layer appears in the flow pat- 
tern; a thin layer develops near the walls in which 
the velocity gradient is large. (The occurrence 

of a boundary layer in the flow of liquids in a mag- 
netic field was observed by Hartmann? while he 
was studying the effect of a field on Poiseuille 
flow.) If the thickness of the boundary layer 6 

is defined as the distance from the wall to the 
point where the velocity is a maximum, then for 
large values of the Hartmann number M (in prac- 
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tice, when M > 5), we have from Eq. (19) 


8 = (In M)/M. (22) 


The distribution of induced magnetic field over 
the cross-section is shown in Fig. 2. It must be 
noted that H, in Eq. (20) and in Fig. 2 is the ratio 
of the induced (longitudinal) to the external (trans- 
verse) field. As M-—0 this ratio approaches a 
limiting value; for large values of the Hartmann 
number, Hz as determined from Eq, (20) dimin- 
ishes in proportion to M~*, Thus, for small ex- 
ternal fields Hy the induced field increases pro- 
portionally to Ho, while for large Hy it decreases 
as 1/Ho. A maximum is attained at a field corre- 
sponding to M =3. Note also that for moderate 
values of the Grasshof number the induced field is 
very much smaller than the external field, since 
the parameter Py, which enters into formula (20) 
has the value 107’ for mercury, for example. 

The induced field is equal to j = (c/47) curl H, 
and therefore the only non-zero component of the 
current density is jy, which is proportional to 
dH,/dx. The current density therefore varies in 
the same way as the velocity does over the cross- 
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section. | 
We can also find the upward flow of heat due to — 


convection, which is equal to ‘ 


da 
Qu = CpP \ vTdx, (23) 
a 


per unit of length in the direction of the y axis, _ 
where Cp is the specific heat of the liquid, and 

v and T are the dimensional velocity and tem- 
perature. Evaluation of this formula gives 


Qu 45 (4 — comme 
Gn el — at a) (24) 
where Qj) is the flow in the absence of magnetic 
field and is equal to 
Qo = 2cpog8O7d8 / 45y. 


(25) | 
The ratio Qy/Q_) decreases monotonically from | 
1 to 0 as the number M increases. 

The solution derived above describes the flow 
in a vertical channel in the presence of a perpen- 
dicular external field. For channels inclined at an 
angle qa to the vertical, it can easily be verified 
that the solution is the same as before, with G X 
cosa substituted for G. If the field has any arbi- — 
trary orientation with respect to the channel, its 
longitudinal components have no effect on the de- 
tailed motions which have been discussed. 


1§, Chandrasekhar, Phil. Mag. 43, 501 (1952), 


45, 1177 (1954). 
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The effect of a constant magnetic field on the stability of the stationary convective flow of an 
electrically conducting liquid in the space between two parallel vertical plates is investigated. 
The equations for the amplitudes of the perturbations are solved by approximations, using thé 
method of Galerkin. The study shows that a magnetic field greatly increases the stability of 
the stationary flow. In the case of a longitudinal field, the instability is always in the form of 
a “standing” perturbation. The critical Grasshof number and the critical wave number for 
standing and running perturbations have been determined as functions of the field strength. 


In the preceding paper! we considered the sta- 
tionary convective flow of an electrically conduct- 
ing liquid between parallel plates, heated to dif- 
ferent temperatures, in the presence of an exter- 
nal magnetic field. In this paper we consider the 
hydrodynamical stability of this flow. (The cor- 
responding problem for the case where the mag- 
netic field is absent has already been solved.) 
The effect of the magnetic field is, firstly, to slow 
down the stationary motion, and secondly, to hin- 
der the growth of perturbations; both these effects 
should greatly increase the flow stability. Studies 
‘of hydrodynamical stability in the presence of ex- 
ternal magnetic fields have been made for the case 
of plane Poiseuille flow®*4 and for the flow between 
rotating cylinders. No studies of the stability of 
stationary convective flows in a magnetic field 
have been made previously, to our knowledge. 

In this paper we shall investigate the stability 
of convective flow between vertical plates. The 
generalization to the case of arbitrary orientation 
of the plates is more complex than for the station- 
ary-flow problem, and can be carried out ina 
manner analogous to that of Gershuni.® 


1, PERTURBATION EQUATIONS 


Let us denote by vo, To, Po, and Hy the ve- 
locity, temperature, pressure, and magnetic field 
strength in the stationary flow, and consider small, 
non-stationary perturbations v, T, P, and H of 
these quantities. In the perturbed motion, the 
quantities vot+v, To+T, Po +P, and Hj) +H 
must satisfy Eqs. (8) to (11) of Ref. 1. Consider- 
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ing that the stationary solution also satisfies these 
equations, and neglecting the squares of the small 
perturbation terms, we obtain the following equa- 

tions for the perturbations* 


- + Vo ‘Vv + v *Vv om V(p+ ee H,H) + Viv (1) 

+ GyT + = (Ho *VH +H ‘VHo); 
oT { (2) 
Fat Vw tN ol pals 


(3) 
(4) 
Let us consider a plane perturbation, in which 
vy = 0, Hy =9, and all quantities depend only on 
x, zZ, and t. Then because of (4), we may intro- 


duced a flow function %, connected with the ve- 
locity components by the relations 


v, = —OV/0z, 0,=9V / 0x, 


x +-curl (H x v)) + curl (H, x v) = 1 ay, 
Pn 


divv=0, divH=0O. 


(5) 
and also a vector potential field A given by 
H,=—0Ay,/0z, H,=OAy/0x; (A, =A, =0). (6) 
We assume the dependence of the perturbation on 
z and t to be of the form 
W = p(x) elotti2), Ay = o(x) eflotthe), T = 0 (x) eflotthe), 
Here k is the wave number and w is the fre- 
quency (generally complex) of the perturbation. 


It is well known that the sign of the imaginary part 
of the frequency w determines the behavior of 


*For the notation, choice of units, and orientation of co- 
ordinates axes, see Ref. 1. 
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small perturbations; if the imaginary part is pos- 
itive, the perturbation decays with time, i.e., the 
stationary motion is stable. If the imaginary part 
of the frequency is negative, the perturbation 
grows —the stationary flow is unstable. 

Equations for 7%, gy, and @ can be obtained if 
we eliminate the pressure from (1) by taking the 
curl of both sides, and expressing the velocity and 
the field in terms of the flow function and the vec- 
tor potential in all equations. From this substitu- 
tion we obtain differential equations for the ampli- 
tude of a perturbation. (The primes denote differ- 
entiation with respect to x): 


(pV —. 2824" + k4d) — (ico + vg) (b” — RY) + ikoyy + GO’ 


= — [Hox (9 — R29!) + ikHee (9” — 9) — aad, 


jes 


(2” — ko) + (ie + ikdo) 9 =Hox $ + tkHoz $s (8) 
(9) 


—- 


Cm 


— ikT') + (ico + ikvg) 9 — 5 (0" — R°8) = 0. 


Perturbations of the velocity and temperature 
must vanish at the boundary between the liquid 
and the plates, so that the boundary conditions for 
~ and @ will be 


v(—) =o) =H (—) = 9) =9, 


6(—1)=00)=0. (10) 


The perturbations of the magnetic field are not, 
in general, required to vanish at the plates; the 
boundary conditions for the field are the usual con- 
ditions at the junction of two media. Thus, field 
perturbations may extend into the medium sur- 
rounding the liquid. In this case we must investi- 
gate the field in the external region also, which 
greatly complicates the problem. It would be pos- 
sible to assume, as Fermi has done® in solving 
similar problems, that the surrounding material 
is an ideal conductor; such an assumption would 
naturally lead to very simple boundary conditions. 
In our case, however, it is possible, following 
Stuart’ and Lock,‘ to eliminate the function g(x) 
from Eqs. (7) and (8). In order to be able to do 
this we must first simplify the equations by making 
use of the smallness of the parameter P,. 

In what follows, we shall consider two orien- 
tations of the constant external field: (1) a con- 
stant, uniform, external field perpendicular to the 
parallel plates, and therefore also perpendicular 
to the velocity vector of the stationary liquid 
flow (for brevity, this case will be referred to as 
the “transverse field” case); and (2) aconstant ex- 
ternal field in the direction of the velocity, i.e., along 
the z axis (the “longitudinal field” case). We 
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shall first simplify Eqs. (7) and (8) for the transverse 
field case. It has been shown in Ref. 1 that the ratio 
Hoz/Hox is proportional to Pm, so that for liq- 
uid metals it is extremely small, even for rela- 
tively large Grasshof numbers. Therefore in the 
right-hand sides of Eqs. (7) and (8) we may elim- 
inate the terms containing the induced field Hz. 
In the left-hand side of (8), obviously, the only — 
important term is the one containing 1/Py,. Thus 
we may write (8) in the approximate form 


es Ro a ox Py’. 


When this substitution is made for gy” — k’, the 
right-hand side of Eq. (7) becomes M?p" Hix. It 
will be recalled that, as a result of our choice of 
units, Hox is equal to + 1, the two signs corre- 
sponding to the two possible directions of the per- 
pendicular external field. Thus the right-hand 
side will reduce to M*)”, This term obviously 
represents the effect of the magnetic field on the 
perturbations; its effect on the stationary flow is 
expressed in the dependence of the stationary pro- 
file vg onthe magnetic field, Finally, for the 
transverse field case Eq. (7) takes the form 


(IY — 2kp" — MPy" + by) 
— (ie ++ ikvy) (y” — k%) + iko’ + GO’ = 0. 


In the longitudinal field case, we have Hox = 0, 
and Hoz does not depend on x. Therefore we 
now have, instead of (8), keeping only the terms 
on the left-hand side which contain 1/Pyp, 


9” — Ko = — ikHogPnid. 


The right-hand side of Eq. (7) is now equal to 
—k’M’y) (since H2,, =1). The equation for » 
in the longitudinal field case can be written 


(giY — 28" + HAY + PMY) 


— (to + tkd,) (Y" — k*9) + ikojy + GH = 0. (12) 


Thus the amplitude of the vector potential of 
the field perturbations, g(x), can be eliminated 
from the equations in both the longitudinal and 
transverse field cases. The problem reduces to 
the determination of the amplitudes of the flow 
and temperature functions ~(x) and @(x) from 
Eqs. (9) and (11) or (12), with the boundary condi- 
tions (10). This is obviously an eigenvalue prob- 
lem; a non-trivial solution for given values of 
parameters occurring in the equations will exist 
for only a few values of the complex number w, 
The stability problem reduces to the problem of 
finding these characteristic frequencies w. A 
neutral state, separating the regions of stability 


(11) - 
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and instability, will obviously occur when the im- 


aginary part of the complex frequency reduces to 
zero, 


2. STABILITY INVESTIGATION 


For an approximate solution of the problem, 
we shall make use of the method of Galerkin. 

The unknown functions ~(x) and 6(x), which 
are to be determined, are approximated by a lin- 
ear combination of functions which satisfy the 
boundary conditions. The coefficients are then 
determined by Galerkin’s method (see, for ex- 
ample, Kantorovich and Krylov’). In what follows, 
we shall limit ourselves to the approximation 


P(x) = arhs + arth, 0 (x) = 619, + 625, (13) 


where the approximating functions %,, %, 64, 
and 6, must satisfy the boundary conditions (10). 
From the form of the equations for y and 6 it 
follows that these functions are not perfectly even 
functions, since the unperturbed profile vg which 
enters the equations is an odd function of x. 
Therefore, in constructing the approximate solu- 
tions (13), we shall choose %, and 6, to be even 
functions, and y~ and 6, to be odd. The coeffi- 
cients in the approximate solutions (13) are de- 
_termined from the following set of linear homo- 
geneous equations: 

1 1 

\L@ 6) b; dx =0, \M@, ONende sh00 ee 2) 

Ss Bo] (14) 


Here L is an operator which corresponds to the 
left-hand side of Eq. (11) in the transverse field 
case, and of Eq. (12) in the longitudinal field case. 
M is the operator corresponding to the left-hand 
side of Eq. (9). 

The condition for the existence of a non-trivial 
solution of (14) is that the determinant of the set 
of equations should equal zero. In order to ex- 
press this condition more concisely, we shall first 
introduce the following notation: 

1 
A \ (gIY — 2h — M2; + k4),) bedx, for H|| x, 

-1 

1 
An = uy — 2h) + kM; + R2MP4;) dadx for H||z, 

—1 

i 
Bin = — \(; — #0) dade, Cr 
i 
1 

= [fob — fob + PFobs) dade, 


—1 


Dr (Siar, 


=i 


1 Bt 
an= — \(6;— 40) ide, bin = \ inde, 
= —l 
1 1 
, Uo 
cin = \fo8iOxde, dex = — \ Tabitud; fo = 


—] a 


Note that, by virtue of the symmetry properties 
of the trial functions %; and 6; and the station- 
ary profile fp, the integrals Aj,, Bi, aj, Dix, 
and djk are equal to zero for i#k; and so are 
the integrals Cj,, Dj,, and cj, for i=k. 
Using these results and the notation of (15), the 
vanishing of the determinant of system (14) canbe 
written in the form: 


AL IOB., ikGC», 0 GD 
ikGC 1. Ane Obi GD 0 
ikdy, 0 Gr, lab SERGCn eames 
0 ikdy» IRGCyg Ann + ibys (16) 


This equation determines the characteristic 
frequencies w of the perturbation. In order to 
find the conditions for a neutral perturbation state 
[i.e., Im(w) = 0], the real and imaginary parts 
of determinant (16), with w taken to be real, must 
be equated separately to zero, In this way we ob- 
tain two equations which we write provisionally in 
the form 


Lay G* -f Ina + ee ReGeos 
ae Lonk?G? + Lo 0" ++ Lae i 0, (17) 


© (Nogh?G? + goto +: Moo) = 0, (18) 


the coefficients representing terms involving the 
coefficients in determinant (16). 

For a perturbation with a given wave number, 
and for given values of the parameters M and P, 
Eqs. (17) and (18) make it possible to find the 
critical Grasshof number G and the real pertur- 
bation frequency w [for, of course, only the real 
solutions of the set (17) — (18) have any physical 
meaning ]. If we eliminate the real frequency w 
from Eqs. (17) and (18), we define a relation be- 
tween G and k which specifies the neutral curve 
in the G-k plane. The minimum in the curve 
G =G/(k) defines the critical wave number ky, 
for a perturbation and the minimum critical Grass- 
hof number Gy. 

In order to carry out all these calculations, it 
is necessary first to choose the trial functions in 
Eqs. (13). Let us take 4%, and 7%, to be polyno- 
mials which vanish, together with their first de- 
rivatives, at x =+ 1: 


pi = (lL—+?)?, & = x(1—~x*)’, (19) 
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In choosing the functions 6; and 6) we note 
that the temperature must satisfy the boundary 
condition 


el a We help EO? (20) 


as can be seen from (9) and the boundary condition 
(10). Therefore we choose 6; and 6, to be poly- 
nomials which reduce to zero at x =+1, together 
with their second derivatives: 


6, = (1 — x?) (5— x?), 0, = x (1 — x?) (7 — 3x?). (21) 


By using expressions (19) and (21) as the trial 
functions we can calculate from (15) the elements 
of the determinant (16), and find the coefficients in 
(17) and (18). In order to calculate the integrals 
Cik and cjk, which depend on the stationary ve- 
locity profile vp, we must use expression (19) of 
Ref. 1 for the transverse field case and expression 
(21) of the same reference for the longitudinal field 
case, since the longitudinal field does not affect the 
profile. 

We shall consider the results of the stability 
investigations separately for the transverse and 
longitudinal field cases. 


1. Transverse Field Case 


The coefficients of determinant (16) could be 
found from their elements, but this is a rather 
cumbersome method of calculation; we shall not 
go into details of the derivation of these compli- 
cated expressions here, since they are of no inter- 
est in themselves. 

From (17) and (18) it is evident that these 
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FIG. 1. Dependence of the critical Grasshof number on the 
Hartmann number (for P = 0.02): Ia — transverse field (stand- 
ing perturbations). Ib — transverse field (running perturba- 
tions). II — longitudinal field. For comparison, the dashed 
line shows the dependence of the critical Grasshof number 
upon the field, for the onset of convection in a horizontal layer 
heated from below, in the presence of a transverse magnetic 
field.9 


‘dicates a relatively low stability of the motion; 


equations would be satisfied if w =0 and if the 
value of G were a root of the equation 


erelee Oe + nok Or a Hoy == 0. 


(22) | | 
If there is a real positive root of Eq. (22), it 
implies that for given parameters M and P and 

for a given wave number k, the motion is un- 
stable for this value of G, because at the criti-— 
cal point there will be a corresponding perturba- 
tion with the real part of the frequency w equal 
to zero, and consequently with a phase velocity 

of zero. (Perturbations of this type may be called 
“standing? to distinguish them from “running” 
perturbations, for which w #0.) The use of the 
approximation method clearly shows that the pos- 
sibility of a standing perturbation, which is inter- 
esting in itself, is connected with the antisymme- 
try of the stationary velocity profile vo; if the 
profile is completely symmetric, the imaginary 
part of the determinant (16) does not contain a 
real frequency w as a factor, and no solution 
with w=0 exists. By the same token, the ex- 
istence of a standing perturbation in a flow where 
the mean velocity is different from zero (for ex- 
ample, of the Poiseuille or Couette type) is hardly 
possible from the physical point of view, since the 
existence of the perturbation would destroy the 
flow pattern. 

Equation (22) has a real positive root for val- 
ues of wave number in the interval 0 <k <k, 
where k is determined by the condition that the 
coefficient Ly) should reduce to zero, The val- 
ues k=0 and k=k give the asymptotic neutral 
curves G=G/(k). Between these points the curve 
has a minimum at k =ky. The critical wave 
number and the value of the minimum critical 
Grasshof number Gy, have been calculated for 
P= 0.02 and for different values of the param- 
eter M (i.e., as a function of the field strength). 
In the absence of a field (M = 0) the critical 
Grasshof number is equal to Gy, = 405. This in- 


for comparison, we may note that the critical 
Grasshof number corresponding to the onset of 
convection in a plane horizontal layer heated from 
below® is Gm = 5340 for P=0.02. The pres- 
ence of a field leads to a considerable increase in 
stability; as the parameter M increases the crit- 
ical number Gy, rises rapidly (see the table and 
Curve Ia in Fig. 1). For example, at M=10 the 
critical number Gy, is more than 100 times 
higher than its value in the absence of a field, 

The critical wave number ky, decreases mon- 
otonically with increase in M (Curve Ia in Fig. 
2), ie., the critical wavelength of these (standing) 
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perturbations increases with increasing magnetic 
field. 


In addition to the standing perturbation type of 
instability, described above, in the presence of a 
transverse magnetic field the stationary motion 
also exhibits instability caused by running pertur- 
bations. This type of instability takes place when 
the field is sufficiently high, and corresponds to a 
solution of (17) and (18) with w #0. To find the 
neutral curve G(k) for the running perturbations, 
w must be eliminated from (17) and (18) after di- 
viding by w. If desired, it is also possible to find 
from (17) and (18) the real frequency, and hence 
the phase velocity, of the running perturbations. 
Since only the even powers of w appear in the 
equations, the perturbations travel both ways along 
the z axis. The critical Grasshof number Gy, 
is plotted as a function of M in Fig. 1, Curve Ib. 
It can be seen that for M > 42 a breakdown in the 

stationary flow can arise as the result of either 
standing or running perturbations, but that the 
critical number G,, for running perturbations is 
very much lower than the corresponding critical 
number for standing perturbations, i.e., the flow 
is very much less stable toward running perturba- 
tions. Nevertheless, even at very high fields there 
is always a possibility that the instability may set 
in as a standing perturbation. To make this happen, 
some means would have to be taken to prevent the 
formation of running perturbations; for instance, 
running perturbations obviously cannot exist in a 
channel with very small vertical dimensions. 

Figure 2 (Curve Ib) shows the dependence of 

the critical wave number ky on the field. It is 
evident that for M > 42 the critical wave number 
for running perturbations is greater than the crit- 
ical wave number for standing perturbations. This 
is physically reasonable, since for large trans- 
verse fields the running perturbations lead to 
breakdown at lower G numbers than the standing 
ones; at high transverse fields the formation of a 
short wavelength perturbation, covering a rela- 
tively large distance in the direction of the trans- 
verse field, is energetically favored, since in this 
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FIG. 2. Dependence of the critical wave number on the 
Hartmann number (for P = 0.02): Ia — transverse field (stand- 
ing perturbations). Ib — transverse field (running perturbations). 
II — longitudinal field. 


case the Joule dissipation will be less than for a 
long wavelength perturbation. The same reason- 
ing explains why the critical wave number k,, for 
running perturbations increases with an increase 
in the applied field. 


2. Longitudinal Field Case 


In the case of a longitudinal field, the only pos- 
sible type of instability is a standing perturbation 
with w =0. If we assume that w £0, then Eqs. 
(17) and (18) give complex roots G when w is 
eliminated, indicating that with respect to running 
waves, the system is always stable. The critical 
Grasshof number Gy for standing perturbations 
is shown as a function of the Hartmann number M 
in Fig. 1, CurvelIl. It will be seen that the criti- 
cal number Gy, increases much more slowly with 
the field than it does in the transverse field case, 
At large fields, the critical number Gy increases 
in direct proportion to the field, in accordance with 
the asymptotic formula 


Gn = 107 M. (23) 


A longitudinal field is much less stabilizing 
than a transverse field. This can be explained by 
the fact that a longitudinal field merely hinders the 
development of perturbations, while the transverse 


' field, in addition, greatly slows down the stationary 


flow. The effect of this second factor on the stabil- 
ity is much greater —so much so that Lock,‘ in his 


o=0 o +0 
—————————————————————— 

M | km | Gm M | Rm | Gr 

0 1.6 405 41.3 | 0 co 

5) 1.9 3.85-108 45 0.62 3.26-107 
10 4.16 464-108 50 0.87 238-10? 
20 0.52 3.40-108 60 il 2,31 +107 
30 0.34 5.70-10? 70 1.4 2.63.10? 
40 0,21 4.20-108 80 1.6 3.18-10° 
50 0.16 480-109 90 1.75 380-107 
100 0.06 2.0-10" 100 1.9 4.6-10? 
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study of the stability of Poiseuille flow in a trans- 
verse field, did not even consider the effect which 
the field would have on the perturbations. 

In the longitudinal field case the critical wave 
number k,, decreases monotonically as the field 
increases (Curve II of Fig. 2); this is a natural 
result, since in distinction to the transverse field 
case, it is the long wavelength perturbations which 
are energetically favored in a longitudinal field. 

In conclusion, we note that the quantitative re- 
sults which we have obtained could be made more 
accurate by using better approximations. This 
could be done in two way: either by an increase in 
the number of trial functions in (13), or by choos- 
ing the trial functions in a different way. It seems 
to us that the second method is more comprehen- 
sive, from the following considerations. It is 
known that, at high fields in stationary flows, a 
sort of boundary layer is formed; hence it may be 
expected that some such layer would also accom- 
pany a perturbation which is formed in a high field. 
However, the polynomial trial functions (19) and 
(21) which we have chosen make no provision for 
this kind of structural singularity in the perturba- 
tions (if such a singularity should exist). It should 
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be noted that both of the methods for improving the © 


accuracy of the results would greatly complicate 
the numerical computations. 
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It is shown that in polarons and excitons the energy correction due to the hyperfine interac- 
tion is zero in first approximation. Consequently, the hyperfine-interaction part of the width 
of the spin-electron resonance in polarons and excitons is equal to zero. 

The experimentally observed narrowness of the spin-electron resonance bands in metal- 
ammonia solutions provides additional evidence that the current carriers in these systems 


are polarons. 


It is shown that with intense illumination of a crystal the stationary concentration of exci- 
tons can be so large that experimental detection of paramagnetic absorption in excitons may 
be possible. In virtue of the optical selection rules, excitons that have absorbed a radio-fre- 
quency quantum have a very long lifetime against radiative deexcitation. 


Tue energy operator of the hyperfine interaction 
between an electron and the magnetic moments of 
the nuclei of a crystal is 


I 
(s, curl curl 3) : 
n e 


In 


(1) 


Here the index £ distinguishes the types of nuclei, 
Ug is the energy operator for the hyperfine inter- 
action of the electron with the magnetic moments 
of nuclei of type £, n is the label of a point of the 
~-th sublattice; S and S are the spin of the elec- 
tron and its absolute value, Ip, and I, are the 
spin of the (fn)-th nucleus and its absolute value, 
pf. is the Bohr magneton, py is the magnetic mo- 
ment of the nucleus, and Pon is the distance from 
the (fn)-th nucleus to the electron. In Eq. (1) the 
curl operation applies to the coordinates of the 
electron. 

We assume that in zeroth approximation the 
Hamiltonian of the crystal does not involve the 
spins of the nuclei. Then the wave function of 
the crystal can be written as the product of the 
wave function y of the nuclear spins and a func- 
tion ~(r, R) of the coordinates (r) of all the 
electrons and the coordinates (R) of the transla- 
tional motion of the nuclei. 

Let x be an eigenfunction of all the Ipnz. 
Then the first-order energy correction due to the 
hyperfine interaction is 


U = U1; 
1 
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US ine \(9" R)S$(r, R), (2) 
curl curl am (dr) (dR); 
Pin = Ff —n —- Rin, (3) 


where i is a unit vector in the z direction and 
Ipgnz are the eigenvalues of the z components of 
the nuclear spins. 

It can easily be shown that the integral 


Qin = \(" (r, R)Sv(r, R), curl curl ee (dr) (dR) (4) 


does not depend on n if 7~(r, R) is an eigenfunc- 
tion of the translation operator Ty. By the op- 
eration T,;, we mean a change of the coordinate 
system such that the electron is displaced by an 
integer lattice vector m (r—-r+m) and all the 
deformations of the lattice are also displaced by 
the vector m (Ryn ~ Rg n-m)- 

Let us apply the operation Ty, to the integrand 
of Eq. (4); this must not change the value of the in- 
tegral, since it is equivalent to a change of vari- 
ables. Since yw is an eigenfunction of the operator 
Tm, we have 


Tmp(r, R) =e*™b(r, R). 
Furthermore it follows from Eq. (3) that 
Tm? in = Pl, n—m. 


Therefore the expression (4) goes over into 
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Ones \Tm (y" (r, R)Sd(r, R), 


curl curl oa (dr) (dR) = \ (" (ry; RY SU (Ce ie) 
Fin ‘ 
curl curl : -\ (dr) (dR) = Q1, n—m- (5) 


Thus Qgn indeed does not depend on n, and 
is hereafter denoted by Q,. Therefore Eq. (2) can 
be rewritten as follows: 


Ur = 5p Pr; Pr =D line (6) 
n 


Here Py is the z component of the total spin 
angular momentum of all the type £ nuclei in the 
crystal, On the average Py is zero, but actually 
it fluctuates slightly because the components of 
the nuclear spins take random values. 

Since for n fn’ 


di Linz = Linz linrz = 0, 


the mean-square value of Py, is given by 


Pi = Nili,,, (7) 
where Ny is the number of type £ nuclei in the 
crystal. Thus (PZ) 1/ 2 is proportional to yi/2, 
where V is the volume of the fundamental region 
of the crystal. 

For the polaron and exciton 7 is an eigenfunc- 
tion of Ty), so that results (6) and (7) are valid. 
Furthermore, in these cases »~ has a normaliza- 
tion coefficient proportional to v-t/ 2. Therefore 
Q) is proportional to 1/V. 

The remarks made above, and also Eqs. (6) and 
(7), show that as V is increased Uy, and conse- 
quently also U, go to zero as v-1/2 (it can 
be shown that the integral Qg converges). Con- 
sequently, the hyperfine interaction, which in the 
case of local electron centers was the dominant 
factor determining the width of the spin-resonance 
absorption, gives no broadening at all in the case 
of polarons and excitons. 

This fact makes is possible to distinguish ex- 
perimentally between polarons and local electron 
centers. 

In papers by Deigen! it has been shown that in 
metal-ammonia solutions the alkali metal atoms 
dissociate and the liberated electrons form po- 
larons. These latter cause the electric conduc- 
tivity and optical properties of these solutions. 

On the basis of these ideas, quantitative explana- 
tions of many experimental facts have been ob- 
tained, 

Experimental studies of the spin-electron res- 
onance at color centers in metal-ammonia solu- 


PEKAR 


tions? have shown that the width of the spin-reso- 
nance absorption region is of the order of hun- 
dredths of a gauss, i.e., 10‘ times smaller than 
for local electron centers (for example, F cen- 
ters). This shows clearly that the color centers 
in question are not local electron centers. More- 
over, it serves as a new proof that they are po- 
larons. 

The fact that for polarons the hyperfine inter- 
action must be absent and the corresponding width 
of the spin-electron resonance must vanish was 
pointed out by Pekar at the All-Union Conference 
on the Theory of Semiconductors in February, 
1955 (cf. Ref. 3). He has also emphasized that 
the experimentally observed extreme narrowness 
of the spin-electron resonance region for color 
centers in metal-ammonia solutions means that 
they are polarons. 

Another view of the explanation of the small 
width of the spin-electron resonance in metal- 
ammonia solutions has been given by Kaplan and 
Kittel.! They used the model of color centers 
proposed by Oge” (a spherical vacuum cavity in 
the dielectric, in which the electron is localized). 
The lack of physical foundation for this model has 
been shown in Ref. 1. 

It is interesting to examine whether by illumi- 
nating a crystal it is possible to produce sucha 
high concentration of excitons that the spin-elec- 
tron absorption of radio waves by the excitons 
could be detected experimentally. If the deexci- 
tation of the excitons occurred only by emission 
of radiation and the mean lifetime 7 of the ex- 
citon were of the order of 107° sec, the stationary 
concentration of excitons would be given by the 
formula 


— 


n= tsx/ hw, (8) 


where s is the flux of radiant energy per cm? x 
sec, kK is the coefficient of exciton absorption of 
light in the crystal, and w is the frequency of the 
absorbed light. If iw ~ lev, k~10°cm™!, and 
s~1W/cm?, we get n~ 10'® em™3, With such a 
concentration of excitons it is quite possible that 
the spin-resonance absorption of radio waves by 
them can be experimentally observed. 

It is desirable to reduce the nonradiative de- 
excitation of the excitons to a minimum by using 
ideal crystals free from impurities and working 
at low temperatures. 

It must be emphasized that the total spin of the 
electrons in a dielectric in its ground state is al- 
ways zero, In virtue of the spin selection rules 
for optical transitions, the total spin remains zero 
when light is absorbed and an exciton is formed. 


HYPERFINE INTERACTION AND 


But when a radio-frequency quantum is absorbed 
by the exciton the total spin of the electrons be- 
comes + 1, so that the inverse optical transition 
from the exciton state to the ground state is for- 
bidden. Thus excitons that have absorbed radio- 
frequency quanta have considerably longer life- 
times against radiative deexcitation than ordinary 
excitons. 

In an entirely analogous way the lifetime in the 
excited state is also lengthened for local electron 
centers that have absorbed radio-frequency quanta. 
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The conditions for potential motion in magnetohydrodynamics are deduced and such motions 


are investigated. The investigations reduce to the usual hydrodynamical problems. 


The 


Prandtl-Mayer problem for a conducting gas in a magnetic field and its generalizations and 


applications are studied in detail. 


Ir is of interest to ascertain what problems of 
magnetohydrodynamics can be solved by classical 
methods. In this paper only potential motions are 
studied. 

We write the set of equations of magnetohydro- 
dynamics for the case of an ideally conducting me- 
_ dium in the form 


PIR ans D0 


tvylnp+ divv =0, oh = curl [vxhl, 


(B)ew(S)=0 am 


dine | 
ot 


Here we use the notation H = V4mh. The re- 
maining notation is standard. We limit ourselves 
here to adiabatic processes only. 

We seek the conditions of potential flow. For 


this, employing a well known vector identity, we 
write the Euler equation in the form 


Ov v? . 4 
a + Wore = [vxcurl v] -+ > (WP + (hxcurih]) = 0 


and apply the curl operator: 


0 = ae wy, i 
ay cull v =curl [v x curl v] curl] ue (hx curl hj} (2) 


[curl(Vp/p) = curlVi = 0, where i is the spe- 
cific enthalpy ]. Equation (2) is satisfied identi- 
cally for curlv = 0 if only 


curl {— [hxcurl h}} = = curl [hx curl h] 


-++ [v (—)x [hxcurt hl | <= ((}. 


This equation is valid in two cases: first, where 
h|| curl h, i.e., for the so-called force-free fields;! 
second, when 


474 
[heurl h] = y® || vy (1/p), (3) 


where @ is some function. 

We establish the connection between the field 
and the density for the case of motion in the plane 
to which the field is everywhere perpendicular. 
We write the continuity and field equations in the 
form 


Op/ot + pdivv-+vyp = 0, 
Oh/ot + hdivv +(vy)h=0. (4) 


In writing down the latter equation, we have 
used the fact that divh=0 and (hV)v=0, be- 
cause the field has only a z component, which 
often has no velocity. 

Equations (4) are identical relative to p and 
h; therefore, as a consequence of the adiabaticity 
of the motion under consideration, we can write 


h/p = b = const. (5) 


It is easy to see that for the plane motions 
being considered, Eq. (3) is satisfied; hence ® 
=h?/2. We also obtain exactly this same case 
later. 

In all the remaining cases, with the exception 
of the one dimensional, the motion will be vorti- 
cal. In particular, any three dimensional motion 
and any motion in the case of a finite conductivity 
will be vortical, since then h is a function not 
only of p but also of the time and the coordinates. 

Upon observance of condition (3), all the clas- 
sical theorems on vortices are satisfied. 

If the fluid is incompressible and the motion is 
potential, then the velocity potential gy satisfies 
Laplace’s equation. There is nothing essentially 
new in this case in comparison with ordinary hy- 
drodynamics. 

Plane magnetohydrodynamic problems also re- 
duce to the corresponding ordinary gasdynamic 
problems if the motion is isentropic. We make 
the following transformation: 


1 4 
— (Vp + [hx curth]) => V(p+5) 


1d h 
=~ (0 +>) Ve = 62, Vine. 


The set (1) reduces to two equations 
Ov 
ap oe VV) +c, Vine =0, 


oi? + vVInp + divv =0, (6) 


which differ from the usual equations of gas dy- 
namics only in the replacement of the sound ve- 
locity c by the effective sound velocity in our 
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medium cy. The results of Staniukovich? and 
many others can be transformed without any 
change. 

As an example, let us consider a class of mo- 
tions which does not occur in ordinary gas dy- 
namics; these are the simple, nonstationary gen- 
eralization of the Prandtl-Mayer motion.? We 
also consider in detail the problem of the motion— 


of a gas close to the base line —the Prandtl-Mayer 


problem. ‘ 

If the motion is non-isentropic, then Cm isa 
function of p. It is appropriate to transform to 
the independent variables t, x, z=Inp. 

Setting u=u(z) and v=v(z), and writing 
out Eq. (6) in terms of components, we get 

Uz (UYx — Ye + 0) —CinYx = O, 
Uz (UYyx — Yr + 0) + 6m = 0, 
UYx— Yr-+v + 02 + Uys = 0. (7) 


Let 
y = xf. (z) — the (2) + fs (2), (8) 


where fj, f,, f; are arbitrary functions. Intro- 


ducing the function 
F=ufit+fe+o, 


we can put the set (7) in another form: 


dz 
du 


2 dz 
F — fic'm = Os F + ¢nZ = 0, 


d 
F+2tpfH=0. 


From this it is possible to obtain the following 
relations: 


du = fitnd/V1-+ fi, do =F onde /V1+ Fi 
fe +6, te hah =e (9) 
From the first two equations of (9), we can ob- 
tain 


(du)? ++ (dv)* = (Cmd In p)”, (10) 


which is the relation along the characteristics. 

If f,=0, then the flow willbe stationary. The 
corresponding solution will be of the form of the 
general solution of Prandtl-Mayer. Then 


y=Xxfitfo. (11) 


If u and v are given on any line u =u(z), v= 
v(z), then we also have 
re wot [(u of —(u* ~ ch) (2, )y'h 
se) aia es Sa (12) 
If f;=0 also, then we obtain the Prandtl- 
Mayer solution which describes the rarefaction 
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wave. The generalized solution (11) corresponds 
to the stationary simple wave.’ Formula (11) de- 
termines a family of characteristics —a pencil of 
straight lines. These straight lines intersect at 
each point of the line of flow at an angle equal to 
the angle of the perturbation, the sine of which is 
equal to cy/|v]. Along these lines, all the quan- 
tities remain constant. 

Construction of a simple wave for supersonic 
flow around a given profile is carried out exactly 
the same as for ordinary gasdynamics.? 

In view of its importance and great physical in- 
terest, the Prandtl-Mayer problem will now be 
considered in more detail. 

Let the field be perpendicular to the plane of 
motion. The assumptions relative to the remain- 
ing quantities are the same as for the classical 
statement of the problem.® 

For stationary motion of the gas near the base 
line, we can assume that all the quantities depend 
only on the angle gy, and, writing down Eq, (6) in 
polar coordinates, we obtain 


du, dy 2 din 5 
fot eae OD Vg Te + Ure + Cm de = 0, 
d\ne du, "a 
Ue ds =f do +u,=0. (13) 


From the two previous equations, we can obtain 
the equality 


(doy / dg + v,) (1 — 03 /c%) = 0. 


Equating the first bracket to zero, we obtain the 
solution which describes the homogeneous flow. 
Equating the second bracket to zero, we obtain 
Vp = + Cm. This solution will describe the rare- 
faction wave. Insofar as this is actually the case, 
we can verify by carrying out considerations sim- 
ilar to those of the classical problem, We only 
remark that the field disappears along with the 


density. We write out the principal results: 
“> (+ 07) +) chad In p = fom == CONSt» Uo = Cris (14) 


d (0Cyn) ( dv, \ d V2 (om a, im) =F a (15) 
Se ahi pv, me \ Vo 3; C ? 


mt 


where 
: (oe h? c 
im =\cnd In p = yest Te 0 ca y— 


has the meaning of a generalized enthalpy. We 
transform the equation for iy, and Cm with the 
aid of the Poisson adiabatic 

ec—2iy-)) = A = const. 
en 2 C2 c2l(y¥-D) 
— + Ab?c2#r-D = al seid ee—WG—D) ’ 


4 


tm 
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c2l(y—1 ) 


2) | Y—1)) 2 
© 


Cm =O Abt ee oh 


= Abecie OI), (16) 
Cy is the sound velocity where the gas is at rest. 
The parameter 7, which characterizes the field, 
has the simple physical meaning of the square of 
the ratio of the Alfven velocity Vo = hg/Vpy to the 
sound velocity cy = Vypo/py, determined where 
v=0. 

We return to the computation of the integral 
(15). We introduce the independent variable x = 
c/cy and, carrying out differentiation with respect 
to x in the integrand, and taking (6) into account, 
we get 


(17) 


[y+ 1+ 3nx 2(2—v)I(Y¥—1)) dx 
ly; + nx2Q—VIC—-D) [—=- Yor As 4 y(2—3x2!(r-D) | 
y—1 y—1 
This integral is taken in two limiting cases 7 = 0 
and n — ©, In the first case we obtain the well 
known result: 


x= Vea cos Vie © 
a Var eee 


In the other limiting case, taking the integral 
and solving for x, we obtain 


2 @ \(y-))I2 
x = {—— cos? +.) : 
( 3 V3 


(18) 


(19) 


g 20 40 60° «80 00 20 40 “55°53” «180° 
iP 
FIG. 1. Change of the sound velocity as a function of the 
angle ¢ for the limiting values: dashed line, n = 0, continuous 


line, 7 > 00. 


Both the dependencies (18) and (19) for y= de 
are shown in Fig. 1. It is interesting to note that 
the limiting possible angle between the weak dis- 
continuities which limit the rarefaction wave, de- 
crease from (1/2)V¥V(y+1)(y — 1) (220°27’ for 
y = 1.4 and 180° for y= *%) upto mv%% = 155°53’. 
Consequently, the maximum possible turning angle 
of the vector velocity in the rarefaction wave de- 
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creases to 65°53’ against 130°27’ or 90° in the ab- 
sence of a field. 
Calculations in the intermediate case 0 <7 < © 
are carried out for y =. Then 
(4 + 4.5x) dx 
a = V (1+ 9x) [3 — 4x? + 9 (2 — 3x9)] 


(17’) 


The question arises as to the limits of change 
of x. The upper limit ought to be zero — the 
boundary with a vacuum. The lower limit is de- 
termined by the requirement of the reality of the 
integrand, i.e., the root xg of the polynomial in 
square brackets. Upon change in_y over the in- 
finite range, x) changes from v*/ = 0.86603 to 
(%)1/3 = 0.87358; i.e., the change is very small. 
However, since xg determines the limit of integra- 
tion, thentheerror € inthedeterminationof x9 
itself gives an error of the order of Ve in the 
integration of our expression; therefore, it is nec- 
essary to determine x9 with a sufficiently great 
degree of accuracy. We give a table of the depend- 
ence on 7 of the root x9 by the equation 


3—4 2 4 ¥(2—3x5) — 0, 


where 7n was computed from the given Xp. 


0 0.86603 1.9560 | 0.8710 

0,15061 | 0.8670 3.8332 | 0.8720 

0.35963 | 0.8680 12.177 |0.8730 

0.65965 | 0.8690 94,115 |0,8735 

1.12694 | 0,8700 ee) 0.87355 
Phim 
160 
175 FIG. 2. Dependence on 
110 n = H3/47 pocg of the lim- 
65 iting possible angle be- 
160 WES! tween weak discontinuities. 
155 
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The integral (17’) can, in principle, be ex- 
pressed by elementary and elliptic functions; how- 
ever, the method of numerical integration is much 
less difficult: from 0 to 0.72 the integral is com- 
puted by Simpson’s rule;‘ thereafter, the integrand 
is represented in the form (x9 — xy 7/2 (x) and 
h(x) is expanded in a Taylor series, after which 
the integration becomes elementary. For calcu- 
lation with accuracy up to 5 places, it is always 
sufficient to find only four terms in the expansion. 
It is not possible to apply numerical methods di- 
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rectly to the calculation of the entire integral, 
since it is not a proper one. The results of the in- 
tegration are given in Fig. 2. 

Finally, when the dependence c/cy = x = x(9) 
is found, it is of no difficulty to find other quanti- 
ties as functions of the angle g. Thus, for y =%, 


?0 Co 


. / a ak ; 2 ( c \2vI(y—-1) 
Co 


We Ya eee 
0 


1+ x 


X = -+ arc tan [« (som peoces |} 


Graphs are given in Figs.-3 and 4 for these quan- 
tities for 1 = 1.127. The dashes show the change 
in the corresponding quantities in the absence of 
field. 


FIG. 3. Change of the 
density and pressure in a 
rarefaction wave in de- 


for 7 = 1.12694. 


SOS ke’ 
I 20 40 60 80 100 120 140 160 160° 
? 
c Uv 
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FIG. 4. Change in the 
magnetogasdynamical 
sound velocity, velocity 
and angle of its turn x 
40 in dependence on the 
20 angle ¢ for 7 = 1.2694. 
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9 20 40 60 80 10 120 ted 77°25" 


The results obtained can be applied without any 
principal difficulties to the problem of the flow 


pendence on the angle p 


4 


} 
} 


7 


angle, to the consideration of plane stationary mo- — 


tion, 

In conclusion, I express my thanks to my direc- 
tor K. P. Staniukovich for suggesting the topic and 
for discussion of the results. I also express my 
gratitude to A. 1. Morozov for his help in numer- 
ous suggestions for the solution of the Prandtl- 
Mayer problem. 
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FRACTIONAL PARENTAGE COEFFICIENTS FOR THE WAVE FUNCTION OF FOUR 


PARTICLES 


G.I. ZEL’ TSER 
Leningrad Agricultural Institute 


Submitted to JETP editor September 26, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 694-699 (March, 1958) 


General formulas are obtained for the fractional parentage expansion of type <n|n — 2, 2> 
for the wave function of four nucleons in j-j coupling, with inclusion of effects of isotopic 
spin. The normalized fractional parentage coefficients (both for nonequivalent and for equiv- 
alent particles) are expressed in terms of the Hope y functions, i.e., essentially in terms of 
Wigner 9j symbols. The results can also be applied directly to the case of LS coupling in 


atoms. 


Wauen two-particle interactions are taken into 
‘account in the individual-particle nuclear model it 
turns out to be necessary to calculate the matrix 
elements of symmetric two-particle operators (of 


the type G= i Sik) between antisymmetric 
i<k 


states of n particles with prescribed total angu- 
lar momentum and total isotopic spin. The wave 
functions of these states are constructed by vec- 
tor composition from the functions for the individ- 
ual particles. When the number n of particles is 
larger than two, the functions obtained by vector 
composition are not automatically antisymmetric, 
so that subsequent antisymmetrization is neces- 
sary. 

In calculating the matrix elements of operators 
of the type G by the methods of the Racah algebra 
of tensor operators! it is convenient to possess a 
representation of the antisymmetric wave functions 
of n particles in the form of an expansion in 
terms of functions formed by vector composition 
from antisymmetric functions of the first n — 2 
particles and of the last two particles. The coef- 


ficients in this expansion are called fractional 
parentage coefficients of the type <n|n—- 2, 2>. 
Together with the analogous coefficients of the 
type <n|n-1,1>, they were first introduced 
by Racah? for the case of equivalent electrons. 
For small values of n general expressions for 
the fractional parentage coefficients can be ob- 
tained in terms of the Racah coefficients (Wigner 
6j symbols) and more complicated invariants 
formed from the Clebsch-Gordan coefficients. 
The general expression for the coefficients 
<3|2,1> for three equivalent or nonequivalent 
nucleons with inclusion of isotopic spin effects 
was given by Redlich;* Schwartz and de-Shalit! 
gave the formula for the case of four equivalent 
particles in the j-j coupling scheme. The prob- 
lem of the fractional parentage coefficients 
<4|2,2> is dealt with in a paper by Jahn’ (see 
also the related paper of Englefield®). In this 
paper the fractional parentage expansion is indi- 
cated for a function of arbitrary symmetry (be- 
longing to an arbitrary representation of the per- 
mutation group, but depending on only one type of 
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spin). Jahn’s fractional parentage expansion en- 
ables one, for example, to obtain directly separate 
expressions for spatial-spin function in j-j coup- 
ling and for isotopic spin functions. By forming 
an antisymmetric combination of these one can ob- 
tain the complete wave function for four nucleons. 
But such a construction obviously does not lead to 
a single general formula, since the expressions 
obtained by Jahn do not show explicitly what the 
necessary relation is between the symmetry types 
of the functions from which the complete antisym- 
metric function is to be constructed. 

In the present note we wish to show that the 
general fractional parentage coefficient < 4|2,2> 
for the complete wave function of four equivalent 
or nonequivalent nucleons can be obtained directly, 
without previous separate construction of the spa- 
tial-spin and isotopic spin expansions. For this 
we shall not require detailed use of the apparatus 
of the theory of permutation groups, on which Jahn 
bases his exposition. 

To obtain the antisymmetric wave function of 
four nucleons we choose a function 


Y {lisie (Ji1Ty)]as [7374 (J2T 2)Ja; JTMMr7}, (1) 


constructed by vector composition: 


htbkh=h, h+t=T1)+ ji = J. te+t,=Ts, 
J, +J,=J, T,+7T,=T (fj = t, = ty = ty = 4/,). 


The notation [ ], means that the function in the 
brackets is antisymmetrized. The indices on the 
j’s number the different angular momenta. If the 
numbering of the particles is not indicated explic- 
itly, then jjjx..-jgim means jj(1)j,(2)... 
ig(3) im (4). 

We must completely antisymmetrize the func- 
tion (1) and then expand it in terms of functions 
analogous to (1), but in general, with different an- 
gular momenta. 
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It is not hard to show that the operator of com- | 


plete antisymmetrization 


A(1234) = =z 2 1)? P (2) 
can be written in the form 
A (1234) = BA (12) A (34), 8) 
where | 
A (12) = (1 — Prs)/V2, A(34) = (1 — Pas) /V2; (4) 
B=(1 PP Pa Pu ee (5) | 


(Pjk means transposition of particles i and k). 
For what follows it is essential that 


A(12) A (34) B = BA (12) A (34). (6) 

The function (1) can be written in the form 
Y (Uisis (ST Mar Woks V2T2)ar JTMM7} | 
= A(12) A(34)¥ iris (Sia), isia(JoT 2), JTMMr}. (7) 


The function on the right is simply the product of 


a spatial-spin function by a function of the isotopic 


spins 
Y {isis (J,T), isha (J2T 2), JTMM7} (8) 


= 0(jxfo(J1), Isla (J2), JM) pr 7/2 3/2 (T1); 


"/2*/2(T2), TMr). 
We can now define a completely antisymmetric 
function of the four particles by the expression 


WV thie(iT 1), jsia(J2T2), JTMMr}a 
= BY {Thijs Gil ier Ua (JT 2)Ja, JTMMz} 
= A(12) A(34) BY {jije(Ji:T1), fsa (J2T 2), JTMMr}. 


(9) 


The action of the operator B_ on a function of 
the type (8) is easily expressed by means of the 
Hope y function,’~® which can be defined by the 
relation 


Psu (inj (J) finds (Sa), JM) = ¢ (i (A) js (3) (Ja), is (2) ia (4) (Ua), IM) = Do (iria Ja)» jain (Ja). JM) (i } (10a) 
J3J, : 


Jad qJ 


The function yx is a normalized Wigner 9j symbol and can be expressed in terms of 6j symbols (or 


Racah W coefficients): 


hijod 
((2J + 1) (2J, + 1) (2/3 + 4) (2/4 + ne -| 


Iisd 4d 


{ JiJols | 
(rgtate | 


hifods 
Iafal 2 
Jad qJ 


= (— 1)ftiethth WV (ijolols; Fea. 


: hi | il) | uy 
= —1 2A (2) { . A nthe , 
pa ( Rese) J dh, JadJg his J 


r 


(11) 
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Using Eq. (10a) and the relation 


9 (ir (1) jn (2) IM) = (— 1)h+#~ 0 (j2 (2) fy (1) JM), . (12) 
one easily obtains the relations 
- a. hilo 
Pra? (iia (Js), isia(J2), JM) = > 2 (jaja (Ja), Joi: (V/s), JM) x | side |(— 1) ne ngs Fama (10b) 
ASE Jadad 
Jifod 
Pro? (jnis (J1)s isis (Ja), IM) = Dy 9 (jsi2(Ja)s inia(/a)» JM) x | fais’, |(— Ay teicti tetas, (10c) 
ots dhelhdl 
- - hess 
Poa (irde(J1)s js7a(J2), JM) = >; @ (fila (Js) isie (Ja) IM) x| jaist, ](— 1) eesti’ (10d) 
Sed sd J 
PosPis? (itdo(J1); fois (2) JM) = (—1) 2 © (js ia (Je), fade (1), JM). (10e) 


Similar relations are, of course, valid for the functions gy in Eq. (8). 


Substituting the expressions (10) into Eq. (9) we find [after a slight transformation of some of the terms 
by means of Eq. (12)] 


Y (iajesTs)s isla S272), ITMMr)o = A(12) A (34) 7 {¥ linia (Sa), fala aT), ITMM7} 


hijeds Ye eTy 
a — Lert s ets Te Ty {isha (Jel 2), fifo (JiT1), JTMMrz} — > i He (: WT 2 (Y {iis(/sT 3), jeia(JeT 1); JTMMrz} 
SaJeTale 
Vindaul Taesleaila 


: jijeds Me4/o7T1 
4 (— Alot e IAT THT {jaja (eT a), fris (IsT 3), ITMMr}) — (— 1) Sy | aids |x [fe aT 2 
SOLON A ba Eales 


x (YF {iris (S575), eis (SoT 6), JTMMz} +(—1) tit et Te-TW {jn js (ST 6), iris (sTs): JTMM;)}| (13) 


If all the j’s are different and the original functions are normalized, then the function we have ob- 
tained will also be normalized in virtue of the relation 


Wr hioh Weanee 
De X| isiste |X| isiste | = & (S141) 8 (Jods), (14) 
ae Joad 


which expresses the unitary property of the (real) transformation (10a). 
Thus we immediately obtain the fractional parentage expansion for the case of different j’s: 


W fiie(S:T 1), isis (J2T2), JTMMr}a = AY (lie (iT las isis J2T 2a, JTMM7} 


(Ae ttle TW (Ejgjq(JeTo)lar (ie iTi)ia, JTMM7} 


Sooper hero Aen ote 
= y x is J Wo leT 2 LP als (VsTs)las Leis (JaTa)Ja, JT MM7} 
Ae ae? desis T3T.T 


hie Ye%eT1 
ee eee ant WY { (lel (JaTa)as litis (/sTs))a> rms) | — (— 1 )iebiem tarts Dy Jaisy2 |X| */2*/2T 2 
POE IES T,T,T / (15a) 


x y {Cisis Gills, Liels (J 7 6)la JTMMz} = (— dst eget Usha v {lists (Jel elas livia (JsTs)lar irmMr} || 
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If there are equal values among the angular momenta j, then in carrying out the application of the an- 
tisymmetrizing operators in Eq. (13) we must note that, for example, for equivalent particles 1 and 2 


A(12) (PAT) = 8p (Tr, 27 — Sn) V2 (PT), (16) 
where the function 5p (x, y) is defined for integer values of its arguments by the relation® 
Gp (x Uys (he hae) (17) 


When equal j’s occur the functions obtained from Eq, (13) will not be automatically normalized, so ~ 
that the normalizing factors have to be determined by further calculations. We give the final normalized 


expressions 


Wibicig\UtTiheis ala i MG eae = 6, (Ta) 2 {Y (Lisi (ST 1)lqs (eT 2), ITMMz | 


jijeds Mog T1 
4 (Ay ET CET), Lidatdit al» ST MM Ao 2 Deal falter eye yee 
Ree ay kladad TTT 


x lw (Liris (JaT s)las [els (aT )la JTMM;} +(-— {iste panke ta ee {[jeis (JaTa)la (ila(oT)],1 MMr) [ki (15b) 


¥ (it (iT), js (J2T2), JTMMr}a = 8p (T1, 2j1 — J1) 8p (T 2, 2fa— J 2) {vu (/iT,), je (J2T 2), JTMM7} +(— 1 Pith / om 


ith 
V6 
hifis Yar/oT1 
x {i (J2T 2), (iT 1), JTMMr} —2 Dy | dele Ye'oT. |X (Uhia(sTs)lar Uirie (JsTa)la, JTMMr} : (15c) 
MORES NON Te 
aS (it (JiT)), hile (J.T 2), JTMMrz}\a = NM, re bel 2fi— Ji) {v {ii (J17T), litle (JaT Ja, JTMMrz} 
lids VeeTy 
aa Gon ee ee hale, | (litle J2T 2)Ja ii (171), JTMM7} — 2 > x hijode Yo/aT2 [8p(Ts, 2h; — Js) 
ak I FST 
“ [v (it (JsT 2); Cake aT allay ITMMr)} + (— Lote TAT (Tiijn (ST alar fi (sTs), JTMM;}|\ (15d) 


FAP WT), P 27s), ITMMr ja =e 8p (71, 2) — J1) 8p (T2, 2) — Je) 


(HF al)s P (JeT 2), ITMMz} + (147 (j? (JgT 2), 7? (iT 1), JT MM) 


isi Yatl/sT 
—4 NM gb bide |Z. eT e [8p (Par 2i— Jo) 8p (Tr, 2i — da) K FP IsT ads PT Os JTMM;}} (15e) 
ere, BNI T3TsT 
his YeeT1\)|—h 
Ny =| 1— 2x frjode |x| Ve '/eTs ; (18a) 
J Sod T,T.T 
/iidy Ya /aTy 
N25 BES 1s We fim ee a (18b) 
Jy Jod T,T.T 
ine a cee Seen ORM MD 
All the normalizing factors are easily obtained 4 , J 4 ne 
by means of Eq. (14) and the relations pa MY dite [ayes (= 18s Ja): aa 
De Agta 
hh hw, 
>) EN Reg tag ae OO oda (19) The relation (19) can be verified by using the 
mei |S Oise expansion (11). It is easy to prove Eq, (20), start- 


ing with Eq. (14) and the symmetry properties of 
x functions. 
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The fractional parentage expansions given here 
have been obtained for the purpose of using them 
for calculations of two-particle interactions in nu- 
clei. They can also be applied in atomic spectros- 
copy (after the replacements oe td SLT 
= S). 
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The cross section is computed for the capture of gamma rays by nuclear matter at giant res- 


onance energies. 


lw theoretical investigations of giant resonance 
in photonuclear reactions, extensive use has been 
made of two models for interactions between 
gamma rays and nuclei. Migdal,! Goldhaber and 
Teller* and others regarded giant resonance as 
the result of an interaction between gamma rays 
and the collective dipole vibrations of nuclei. In 
contrast with this collective aspect, Wilkinson? 
and Burkhardt! have used the shell model in a de- 
tailed study of the mechanism of gamma-ray cap- 
ture as the result of the excitation of single nucleons. 
However, neither model provides an explanation 
of all of the experimental data. For example, re- 
cent calculations based on the collective model® 
give a width of giant resonance in (y, n) reac- 
tions which is much smaller than the observed 
width. On the other hand, the shell model gives 
incorrect frequencies for giant resonance “* The 
principal defect of the calculations that have been 
mentioned is apparently the use of incorrect wave 


*Note added in proof. The computed giant-resonance fre- 
quencies are close to the observed frequencies when the ef- 
fective nucleon mass is set equal to half of the true mass for 
all excitation energies,’® but there is no other basis for this 


assumption. 


functions to describe highly excited nuclear states. 

It is shown in several papers®~® that experi- 
ments on slow neutron scattering by medium and 
heavy nuclei can be interpreted satisfactorily if 
in constructing wave functions for highly excited 
states account is taken of the possibility that the 
excitation energy of a single particle is redistrib- 
uted among other degrees of freedom. In our cal- 
culation of the photonuclear absorption cross sec- 
tion we shall use herein the method of Lane, 
Thomas, and Wigner’ for constructing the wave 
functions of excited states, taking the above men- 
tioned possibility into account. 


1. CALCULATION OF THE PHOTONUCLEAR 
ABSORPTION CROSS SECTION 


The nonrelativistic operator for the interaction 
between an electromagnetic field and a system of 
nucleons is 


HB [ladoat et 
+ {up op — te, ) + Bn (++ tz, )}oV «Al. (1) 


If Wo and WE y are the wave functions of the nu- 
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cleonic system that represent the ground level and 
an excited level which is higher by the energy of 
the absorbed gamma ray, the gamma-ray absorp- 
tion probability per second” is 


2 Pa 
= =| Hor, |p (Ey), (2) 


where p (Ey) is the density of levels with excita- 
tion energy Ey and 


Hoe. = \ Vo ¥g_dt. (3) 
Y NF 


For the sake of simplicity we shall consider a 
system of A nucleons in a sufficiently large vol- 
ume V. In the self-consistent field model the 
ground level of this system is represented by a 
completely filled Fermi sphere with the maximum 
wave number kp. The self-consistent potential 
which corresponds to an excited level of the sys- 
tem differs from the self-consistent potential for 
the ground level. For this reason, and also be- 
cause of the strong correlation between nucleons 
in a nucleus, the wave function Wp can be rep- 
resented as follows: Y 


=e 2iCr®e, (4) 


where {} denotes different Slater determinants 
composed of single-particle wave functions that 
represent the motion of single nucleons in a con- 
stant potential which is self-consistent for the 
ground state of the nucleus.* Following Ref. 7, it 
is assumed that the principal contributions to Eq. 
(4) come from states p which represent ener- 
gies €, inarange of width W around Ey. The 
width W, which is defined by 


W= >) (Ey—e 


b 


P|Col, (5) 


is directly related to the imaginary part of the 
optical potential.’~® We shall also assume that it 
is sufficient to limit ourselves in (4) to states 4p 
which represent the emergence of only a single 
nucleon above the Fermi surface. 

Using (4), (3), and (2), we find 


P = 0 (Ex) Bi Co? Moo (6) 
where 
Mop =\ 5H’ ® ode. (7) 
In (6), following Refs. 7 and 11, we have omitted 


*In the approximation used below W, = ®,. 


the interference terms containing the products 
erneri Going from a sum to an integral in (6), we 
obtain 


P = =F p(Ev)\ | Col? (¢») | Moo? deo. (8) 
0 


In (8) | Mpo|? is the square of the absolute value. 
of the transition matrix element averaged over all 
levels of energy €p. From the normalization of 
YE, it follows that 


bos) 


\ | C /? p (£6) de, = 1. (9) 


0 


Using the assumption of Ref. 7 that the principal 
contributions to (4) come from the states ®p with | 
energy €h close to E., within a range of width 
W, as was done in Ref. 8, we put 

|Cy:? 9 (0) = 


B (E,) (ae 
a kaa exp \ 


(Ey — 5)? /Q?}. (TOE 
In (10), which satisfies (9), 


B(Ey) = == [1+ (9), (11) 


where 


x= E,/Q, (x) = = | e—"dt. 
Vr 
0 
The function 2 = 2 (Ey) in the approximation 
represented by (10) is, in virtue of (5), related to 
Ww (Ey) as follows: 


Q* (E,) 2x 


VE) = ieee eee vee} » (12) 


In calculating the matrix element (7) we neglect 
the interaction of the electromagnetic field with 
the nucleonic magnetic moments. In this approx- 
imation 


Zrer2 


| Moo! eee (Ay k,)? Ok K, -Q: (13) 


Here k, and ky are wave vectors that represent 
a hole inside the Fermi sphere and a nucleon out- 
side. These wave vectors are related* as follows 
(| ky] > kp >| ky): 

Wks [2M — hk? / 2M = sp. (14) | 
In deriving (13) the vector potential was assumed 
to have the form 


Te . 
A= Agexp { ae + iar} : (15) 


*Here M* is the effective mass of a nucleon in the nucleu 
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By definition, 


| Moo ie, = Dy | Mov)? / ge,; (16) 
1E=Ey 
where ge}, is the number of states 4, with ex- 
citation energy ¢€p. It follows from (13) and (14) 
that not all levels with e, give a non-vanishing 
matrix element Mop. It also follows from these 
equations that when (14) is fulfilled Mpph #0 when* 


hyz = M"ep/W?Q— Q/2=h. (17) 


Also, from the condition 4 = ki it follows that 
Mob Can be non-vanishing only for values of Eb 
within the limits 


O<er< 58 (te + Sse (18) 


For a fixed value of ep the range of variation of 
k, is bounded by 


ke > ki > kb —2M s,/i=Fean, (19) 


which follows from (14) and the Pauli principle 
(k; > kj). From (17) and (19) we find that the 

end of the vector k;, for states ph (Kk, =k, + 
Q) which give a non-vanishing matrix element 

Mob, lies within a circular ring S in the plane 
kyz =Kkp. The radii of the ring are 


Pmax = V ke 7 Ro, 


(20) 
V te —2M'e,/m@—R, for O<e,<e", 
oe 0 for ia” <<. ey< 6/5 
where 
pu MO (p, 2 
e = Te (ke — Sy (21) 
Thereforef 
Z2 22 
>» | Mos iF or ais | Ao |? Dkhe 


be=Ep 


F2eehe | Ale Vis 
= eee (mea (Pimax = Drala) (22) 


In computing the total number of states with en- 
ergy €p it must be kept in mind that (14) is the 
only limitation on the magnitude of k,. Therefore 


‘ls Re, — KS 2M*e, k — ke, 
Bay = ay (On a 
Thus, from (16), (22), and (23) we obtain 
Sa Zeh | Ao! \? 
(Moo? = (Fie) 


*The z axis is chosen to be in the direction Q. 
tThe x axis is in the direction of Aj. 


on? (inex ae emin) 
* BV ia, QU Me, t(D) Be) 
F min b! Avr min 


Substituting (10) and (24) into (8) and integrating, 
we obtain 


Ze | Ao|\* = (Mc / hkp)® 


where 


= oe thy. \? 2M*Q\" 1 (hk \4 
w= it) 1» ey | 


X[® (x) — ® (yxy) +22 — y) ©, (xy V2) — 9, (x VD) 


=o ® (| (26) 


where, in turn, 
ee er an hkp 4 ( Q ) 
PCO Se ype Ores OY oral ageceee oN Rieck) ce 


Before proceeding from P to the gamma-ray ab- 
sorption cross section we shall determine the den- 
sity of final levels. The density of states ®p with 
energy E, is given by 


p(Ey) = dL (E,)/dE,, 


where L(E~) is the number of states @p with 
€p = Ey. For the determination of L(E.,) it is 
necessary to compute the number of phase cells 
contained in the phase volume of the nucleon and 
the holes corresponding to all states 6p with €p 
= Ey. In this case, as is shown by a simple cal- 
culation, 


V v(x) 
3V2 /2M*\8 My 
p(Ey) =sa(qr) We | wUtyyedy, 27 
E(x) 


where 


v(x) = Wkp /2M'OQx, 


et bol eye) Salen ye | 
e0) =| Ommeda (can 


Before going from (25) to the cross section, (25) 
must be divided by the flux c/V. Then, using (27), 
we obtain 
o (Ey) = 0.11- 107% AZF (x) cm?. (28) 
Here 
M* \> ene rf Q 
Fi = (4) a) | +9 "dyl rier! - 29) 
E(x) 


2. DISCUSSION OF RESULTS 
In Fig. 1, F(x) is plotted for different values 
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of 2 and M*/M. In all cases the photonuclear ab- 
sorption cross section given by (28) shows strong 
resonance, the frequency and width of which de- 
pend essentially on ©. In Ref. 7 a first estimate 
was obtained for W, which is related to 2 by 

Eq. (12); the result was W x 23 Mev (2 x 32 
Mev). Later and more accurate calculations gave 
W =6—10 Mev, which corresponds to Q = 8.4— 
14 Mev. Because of this indefiniteness in the mag- 


FIG. 1. 1-0 = 10, M*¥/M = 1, 2-0 = 10, M*/M =; 
3-Q = 25, M*/M = 1; 4-0 = 25, M*/M = 4. 


nitude of Q, in Fig. 1 F(x) is given for two val- 
ues of 2 (10 Mev and 25 Mev). The magnitude of 
Q depends generally on Ey and increases some- 
what with Ey. However, since the form of the 
function {%(E.,) is unknown the curves in Fig. 1 
were plotted with © assumed to be constant. Even 
if the slight dependence of 2 on E were taken 
into account, the curves of F(x) would not be es- 
sentially changed. The question of the effective 
mass of a nucleon in a nucleus has been discussed 
widely in the literature (see Refs. 13 and 14, for 
example). 

It has thus been shown that 4M < M* <M, 
where M is the mass of a free nucleon. The 
curves of F(x) for each value of 2 were plot- 
ted for the two limiting values of the effective 
mass. Figure 1 shows that independently of the 
magnitude of 2, when the effective mass is re- 
duced from M*=M to M*=M/2 the cross sec- 
tion is reduced by one half at the peak while the 
half width increases by 20 —30%. The resonance 
frequency and the width depend slightly on M*, 
which is in disagreement with Ref. 15. For dif- 
ferent values of Q these quantities change con- 
siderably. It is difficult to make a numerical 
comparison of the foregoing calculation with ex- 
perimental findings, because for no single nucleus 
have the cross sections been measured for all 
processes that pass through the compound nucleus 


stage as a result of excitation by gamma rays* in 
the considered energy range (Ey < 50 Mev). The 
available experiments with medium and heavy nu-~- 
clei (the only nuclei for which it is meaningful to 
compare theory and experiment) are not qualita- 
tively in disagreement with the foregoing calcula- 
tion. Thus the observed resonance frequencies 
for the (y, n), (y, 2n), (y, Pp), etc. reactions — 
correspond to 2 ~ 15 Mev. For this value of 
the half width of the cross section curve is 17 — 
28 Mev, as follows from Fig. 1, which exceeds the 
observed half width for (y, n) by a factor of 2 to 
3,17 and for (y, y) and (y, y'). by a factor of 1.5 
to 2. This discrepancy of the half widths can be 
accounted for by the following considerations: 

(a) The theoretical cross section for photonu- 
clear absorption when E,., is below the Bethe- 
Hurwitz characteristic level® (Ep_y ~ 4—6 Mev 
for non-fissioning nuclei) appears too large, be- 
cause in this energy range there occurs resonance 
scattering of gamma rays at particular levels 
which experiment!® shows to be considerably 
below the result calculated above. This reduces 
the calculated photonuclear absorption half width 
by s 5 Mev. 

(b) The cross sections for (y, x) reactions 
which pass through the compound nucleus stage 
are obtained by multiplying the cross section of 
(28) by the relative probability of the respective 
process, 

Since the thresholds of these reactions (E,) 
lie above the Bethe-Hurwitz level by 2—3 Mev, 

Mev 


20 


| == 


10 


the half width of the (y, x) curve is less than that 
of the photoabsorption curve by 2—3 Mev and is 
thus 9—14 Mev. This is still greater than the 


*Thus, there is a complete absence of data on the (y, y’) 


threshold below the (y, n) threshold. 
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observed half width of 6-8 Kev. The agreement 
between theory and experiment is somewhat im- 
proved by taking into account the dependence 

Q (Ey), which follows from Eq, (26). When E 

< Ex only the processes (y, y) and (y, y’) can 
occur. However, the (y, y) cross sections in this 
energy range are small!® compared with the cal- 
culated photoabsorption cross section, which ap- 
parently indicates that in this energy range con- 
siderable inelastic scattering of photons should be 
observed. Unfortunately, the requisite measure- 
ments are not yet available. Since, according to 
Ref. 7, 2 depends slightly on atomic weight, the 
maximum and half width of the photonuclear ab- 
sorption cross section should also depend slightly 
on A., Therefore, we should observe a correla- 
tion between the frequency at the (y, n) cross 
section maximum and the binding energy of the 
emitted neutron (with increasing Ene: Emax 
should increase and vice versa). The available 
experimental data actually reveal this tendency 
(Fig. 2).* 

The model of infinite nuclear matter which has 
been used cannot yield the observed relation be- 
tween the cross section for gamma-ray capture 
and A. This is due principally to the fact that the 
level density which has been calculated above de- 
pends more strongly on the number of particles 
than the density of the corresponding levels in 
real nuclei. In addition, the same circumstance 
increases by more than one order of magnitude 
the maximum of the gamma-ray capture cross 
section. Thus for A = 100, Oy (Emax) ~ 6 barns, 
._ and for A = 200, Oy (Emax) = 50 barns. Better 
agreement between theory and experiment results 
from consideration of a finite nucleus. 

In conclusion the authors wish to thank A.S. 


*The experimental data were taken from the review article, 
Ref. 17, 


Davydov and A, I. Leipunskii for their interest 
and for discussion of the results. 
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Landau’s theory of a Fermi liquid is employed to describe the optical properties of metals 
in the infrared region. It is shown that the results obtained differ substantially from the 
corresponding results of the ordinary electron theory of metals. 


in In the region of infrared radiation (w/2n = 10” 
to 3x 10" sec“!), great interest (from the view- 
point of obtaining information on the properties of 
the conduction electrons of a metal!) attaches to 
the range of frequencies much less than the fre- 
quencies of quantum absorption, and at the same 
time frequencies which are large in comparison 
with the collision frequency 1/T (T is the char- 
acteristic time of free flight of the electrons* ). 
For many metals, the frequency of quantum ab- 
sorption is of the same order of magnitude as the 
frequencyt wy = V4mre2N/m w V3 X 109N of 
plasma oscillations of the conduction electrons, 
which value appreciably exceeds the upper limit 
of the infrared region. Therefore we shall con- 
sider frequencies which satisfy the inequality 


Opes Ops Et: (1) 


The optics of metals in such a region were 
studied by a number of authors.'"9*4 In these re- 
searches, as is usually done in conduction theory, 
the representation of the conduction electrons as 
a gas of noninteracting particles is employed as 
one of the principal assumptions, In reality, the 
interaction between the electrons is by no means 
small, and they ought to be considered as a degen- 
erate electron liquid. The latter is now possible 
with the use of the theory of a Fermi liquid for- 
mulated by Landau® and extended in Ref. 6 to an 
electron liquid. 

An essential difference was discovered in Ref. 
2 of the complex dielectric constant of a metal in 
the infrared region and the corresponding expres- 
sion for ordinary theory,! However, only the 
real part of the complex dielectric constant was 
considered in that work. Below, we have obtained 


*At room temperature, t 0.3 x 10°” sec. 

tFor determination of N, see Refs. 1, 2. For many metals, 
N is of the order of 0.5 x 10°” cm? and, consequently, Wo 
~ 10'* sec™ 
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an expression for the imaginary part of the con- 
stant in the case in which such exists (see Ref.1). 
In the case of an anomalous skin effect in the in- 
frared region, an expression is obtained below for 
the surface impedance of the metal. In all these 
cases, the theory of the Fermi liquid modifies 
considerably the description of the properties of 
the metals. 

We note that in the region of small frequencies, 
in which we can make use of the statistical char- 
acteristics of the metal, the theory of conductivity, 
which starts out from assumptions on the electron 
liquid, does not differ from the usual theory. The 
same also applies to the prominent anomalous skin 
effect.” 

2. The electrons — quasi-particles produced by 
the electrons of the liquid — are described by the 
equation 


on On Oc On de 1 {os \ On 

Gt arap — 3p ae + e(E+ S[ 5p H]) 35 <1) @ 
in the theory of a Fermi liquid.®»* Here n is the 
distribution function, I(n) is the collision inte- 


gral, and € is the energy of the quasi-particle. 
In this case, 


8s = \dp’@ (P, p’) 6n’. (3) 


The latter relation is useful because we are almost 
always interested in states which differ slightly 
from equilibrium, in which 


> ' = 2 —e 1 
n= ny + 6n, (8 |<< = ape [exp {2th +1] - (4) 


t=e)+ de, 


In this case the theory of the Fermi liquid gives 
the following expression for the density of the elec- 
tric current: 


j=e\dpn = —eldp {an — ae Mel 20, (5) 
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with the accuracy considered by us, where Zi), 


a 
as ) Re are defined respectively by Eqs. (16), 


(23), and (25), while Ri) and R can easily 
be obtained from Eqs. (8), (11), EEE 

5. The difference of Eqs. (8), (13), (23), and 
(25) from the corresponding relations of the re- 
search of Kaganov and Slezov’ is due to the func- 
tion ®. It is natural to attempt to make clear 
what evidence can be obtained on this function 
from experiments in the infrared region. How- 
ever, we Can point out at once that the results which 
we have obtained above are always complicated by 
the anisotropies of the metal. Therefore, without 
a knowledge of the Fermi surface, it is difficult to 
obtain information on the function ® from exper- 
iments in the infrared region. Evidently, for the 
determination of effects which distinguish the con- 
duction electrons from the Fermi gas, we must 
first determine the form of the Fermi surface with 
the aid of experiments in the radio-frequency range 
for the case of a sharply defined anomalous skin 
effect.? 

The results obtained above are greatly simpli- 
fied when the metal can be regarded as isotropic.! 
The latter is quite natural for polycrystalline 
samples. We shall consider this case in more 
detail below. Under such an assumption, we have, 
in place of Eq. (8), 


Srp vom 
Ree’ = aoe ,N= oe + p?} dQ cos XF (cos x)}; 


where pg and vg are the momentum and velocity 
of the electron on the Fermi surface, m = mass 
of the free electron. Such an expression for the 
real part of the complex dielectric constant was 
obtained in Ref. 2. The non-diagonal elements of 
the tensor of the real part of the complex dielec- 
tric constant tensor in the approximation under 
consideration are equal to zero. In the absence 
of a magnetic field, the imaginary part ¢’, which 
is defined by Eq. (19), is also diagonal and is 
equal to 

8re? pé 


, dQ , 
Im = syrah | WV). (19’) 


We note that formulas which contain the collision 
integral are valid even in the quantum case,!° in 
which the frequency of the light is comparable to, 
or becomes larger than kT/fi. In this case, only 
the value of the collision integral changes. 

In the isotropic case, only the nondiagonal 
terms arise, as a result of the constant magnetic 


field. Directing Hy along the z axis, we have 


Im o e=se Im oo : 
xy yr 


20) 
4x 8re"pyy evgHy 


ae ae a. + pt \ dQ cos uF} (19") 


The presence of a magnetic field has no effect on 
the other components. 

Finally, for an isotropic metal, Eq. (25) van- 
ishes, while (23) takes on the form 

R,= aes f + p2\ do cos xF (cos y)}. (23’) 

As was shown in Ref. 2, the relation (8), alongwith 
data on the electronic heat capacity of the metal 
and the results of experiments in the radio-fre- 


quency region, in the case of a sharply defined 
anomalous skin effect, permits us to establish the 


value of ps fas cosy F (cosy). In other words, 


the possibility is shown of determining the first 
coefficient in the expansion of F (cosy) in Le- 
gendre polynomials. Equation (23) points up the 
possibility of a similar estimate of this coefficient. 
Of course, it should be observed that all such est- 
imates are essentially connected with the possibil- 
ity of using the isotropic model of the metal, and 
this in each case must be done with caution.2 We 
note that in the collision with the surface, the part 
(2) of the electrons can be scattered specularly. 
In this case, the expression obtained above for 
R(@) must be changed by a factor of (1 —-4q). 

In conclusion, I am pleased to express my 
thanks to L. D. Landau for useful discussions of 
the problem, explained in the Appendix. 


APPENDIX 


In order to clarify the form of the collision in- 
tegral in the theory of a Fermi liquid for the non- 
equilibrium state, we consider as an example col- 
lisions with impurities. In this case, the collision 
integral has the form 


1 (n) =\W (nip, p') {2(p') Ul — n(0)) 
—n(p)l1 —n(0')} 8 {¢ (p) —« (p')} ab’. 


Taking (4) into account, we can represent I(n) in 
the form of asum Ij +I,, where 


1, = W (15 p. p’) {87 (P) — Bn (D')} 8 {¢o (P) — £0 (0')} a", 


I, = \W (19; PsP’) {% (P") — Mo (P)} 8 {eo (P) 


+ de (p) — & (p’) — 82 (p’)}dp’. 


Here, I, is a quantity which coincides with the 
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collision integral of ordinary theory. 

Further, it is convenient to transform I, some- 
what. In this case, we take it into consideration 
that 


Np (€9) FS No (Eg + 82) — 820Ny / eo. 


1 (my +81) =\ W (ny; p. P!) { (0 ay 


Thus it can be shown that the collision integral 
for states which differ only slightly from the equi- 
librium can be obtained by the substitution in the 
conservation law of the equilibrium value of the 
energy, and the replacement of n by ng + 6n — 
6€ Onp/IEp. 

From these considerations, it is obvious that 
this result does not depend on the particular form 
of the collision integral selected by us, and also 
holds for collisions of electrons with phonons, 
electrons with electrons, etc. In all cases, the 
difference from the ordinary theory of a Fermi 
gas reduces to the fact that we have 6n — 6€ x 
8np/9€g in place of 6n in the collision integral. 
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Thanks to the fact that in the law of conservation 

of energy, € = €) + 6€, terms containing only 
no(€) fall out, and there are left terms propor- < 
tional to 6¢€. For the remaining small terms, the 
difference between € and €9 in the conservation | 
law is no longer significant. Therefore, | 


Ono > Ae Ong —_ = | 
a} [ea Bo ype (€y— £9’ )dp’. | 
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with the accuracy considered by us, where Z), 


a 
rf y Re) are defined respectively by Eqs. (16), 


(23), and (25), while Ri) and R can easily 
be obtained from Eqs. (8), (11), and (19). 
5. The difference of Eqs. (8), (13), (23), and 

(25) from the corresponding relations of the re- 
search of Kaganov and Slezov® is due to the func- 
tion ©. It is natural to attempt to make clear 
what evidence can be obtained on this function 
from experiments in the infrared region. How- 
ever, we Can point out at once that the results which 
we have obtained above are always complicated by 
the anisotropies of the metal. Therefore, without 
a knowledge of the Fermi surface, it is difficult to 
obtain information on the function 6 from exper- 
iments in the infrared region. Evidently, for the 
determination of effects which distinguish the con- 
duction electrons from the Fermi gas, we must 
first determine the form of the Fermi surface with 
the aid of experiments in the radio-frequency range 
for the case of a sharply defined anomalous skin 
effect.? 

The results obtained above are greatly simpli- 
fied when the metal can be regarded as isotropic.! 
The latter is quite natural for polycrystalline 
samples. We shall consider this case in more 
detail below. Under such an assumption, we have, 
in place of Eq. (8), 


4me2N 8p? von 
SB et oem — »N= renee + p?S dQ cos XF (cos x)}; 
F —— [2 / (27h)*} ce) (p, p’) if Vo> (8”) 


where pp and vg are the momentum and velocity 
of the electron on the Fermi surface, m = mass 
of the free electron. Such an expression for the 
real part of the complex dielectric constant was 
obtained in Ref. 2, The non-diagonal elements of 
the tensor of the real part of the complex dielec- 
tric constant tensor in the approximation under 
consideration are equal to zero. In the absence 
of a magnetic field, the imaginary part ¢’, which 
is defined by Eq. (19), is also diagonal and is 
equal to 
8re? p> 
Im s = space) WI (V). (19) 
We note that formulas which contain the collision 
integral are valid even in the quantum case,!° in 
which the frequency of the light is comparable to, 
or becomes larger than kT/fi. In this case, only 
the value of the collision integral changes. 

In the isotropic case, only the nondiagonal 
terms arise, as a result of the constant magnetic 


field. Directing Hy along the z axis, we have 


, , 
Ime, = — Ime). 


2 2 
4 8re"pyty evoHy ; 


= "oa Ganpar py |! + p§|)dQeos xF}. (19%) 


The presence of a magnetic field has no effect on 
the other components. 

Finally, for an isotropic metal, Eq. (25) van- 
ishes, while (23) takes on the form 

R= Eh + p3\ do cosyF (cosx)}.  (23/) 

As was shown in Ref, 2, the relation (8), along with 
data on the electronic heat capacity of the metal 
and the results of experiments in the radio-fre- 


quency region, in the case of a sharply defined 
anomalous skin effect, permits us to establish the 


value of pA fac cosx F (cosy). In other words, 


the possibility is shown of determining the first 
coefficient in the expansion of F (cosy) in Le- 
gendre polynomials. Equation (23) points up the 
possibility of a similar estimate of this coefficient. 
Of course, it should be observed that all such est- 
imates are essentially connected with the possibil- 
ity of using the isotropic model of the metal, and 
this in each case must be done with caution.2 We 
note that in the collision with the surface, the part 
(2) of the electrons can be scattered specularly. 
In this case, the expression obtained above for 
R(@) must be changed by a factor of (1 —q). 

In conclusion, I am pleased to express my 
thanks to L. D. Landau for useful discussions of 
the problem, explained in the Appendix. 


APPENDIX 


In order to clarify the form of the collision in- 
tegral in the theory of a Fermi liquid for the non- 
equilibrium state, we consider as an example col- 
lisions with impurities. In this case, the collision 
integral has the form 


1 (n) =\W (np, p') {n(0') LL —n(p)] 
— n(p)[1 — 1 (p’)} 8 {e (p) —¢ (p’)} dp’. 


Taking (4) into account, we can represent I(n) in 
the form of asum I, +I,, where 


1, =\W (15 p, p’) {8n (Pp) — 8 (p')} 8 (60 (P) — ¢0 (P')} a0", 


1, = |W (75 Ps P’) {M9 (B") — Mo (P)} 8 (0 (P) 


+ 82 (p) — £9 (p’) — 8: (p’) }dp’. 


Here, I, is a quantity which coincides with the 
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collision integral of ordinary theory. 

Further, it is convenient to transform I, some- 
what. In this case, we take it into consideration 
that 


Ny (€9) = Ng (Ey + 82) — 820Ny / Dep. 


1 (m+n) =| W (mg; Bp’) | (a! — ae 


Thus it can be shown that the collision integral 
for states which differ only slightly from the equi- 
librium can be obtained by the substitution in the 
conservation law of the equilibrium value of the 
energy, and the replacement of n by np + 6n — 
5€ Ong/IEp. 

From these considerations, it is obvious that 
this result does not depend on the particular form 
of the collision integral selected by us, and also 
holds for collisions of electrons with phonons, 
electrons with electrons, etc. In all cases, the 
difference from the ordinary theory of a Fermi 
gas reduces to the fact that we have 6n — 6€ x 
Ong/8€q in place of 6n in the collision integral. 
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FUNCTION OF A MANY-ELECTRON SYSTEM 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 714-716 (March, 1958) 


The relation between the two main methods for constructing the wave function of a many-elec- 
tron system, the group-theoretical method and Fock’s method, is considered. It is shown that 
the coordinate function obtained from the first method satisfies Fock’s condition of cyclic sym- 


metry. 


Assume that the coordinate and spin variables 
separate in the energy operator of an n-electron 
system and, in addition, that the spin part Hg of 
the energy operator is spherically symmetric: 


Hit (ls 2) Mn) 4H, (6j)'0g08. 4a). 


Then we construct a total wave function, which 
satisfies the Pauli principle and is an eigenfunc- 
tion of the square of the total spin s?, if we know 
the coordinate eigenfunction ~(1, 2,...,n) of 
the operator Hy and the spin eigenfunction y (0, 
Oo, ..2, On) Of the operator Hg. This construc- 
tion can be done either by using the methods of 
group theory! or by the method proposed by Fock.” 
In both methods, both the coordinate and the spin 
functions must satisfy definite symmetry condi- 
tions with respect to permutation of their argu- 
ments. It is obvious that the two methods of con- 
‘struction must be equivalent, so there should be 
a connection between the two kinds of symmetry 
conditions. We shall treat this relation. 

It follows from group theory that the symme- 
try of the coordinate wave function must be de- 
fined by a Young tableau having two columns (see 
figure). This means that a function of the re- 
quired symmetry can be obtained from an arbi- 
trary function if we first symmetrize with respect 
to the pairs of variables in each row of the tableau, 
i.e., (1, k +1), (2,k+2),..., (k, 2k), andthen 

_ antisymmetrize with respect to the columns, i.e., 
with respect to the variables (1, 2,...,k) and 
(k+1,k+2,...,n). If we denote the symme- 
trizer and antisymmetrizer in the set of variables 
(04, Ag, .-., Am) by S(a4, a, ..., @m) and 
A (Q4, Qg, ...» Am) respectively, the Young op- 
erator can be written as 

JG Po ees Ret eRe odes 3 ws pst Al 2nces; 2) 

; 


BPAeetanl oieta 2, <5 n) >) S(,e +1) =4,A,S. 
tI 


(Obviously the sequence of variables in the Young 
tableau may be different; we would then get differ- 
ent operators; the number of linearly independent 
operators determines the dimensionality of the rep- 
resentation of the symmetric group which is re- 
lated to the given Young pattern.) The symmetry 
of the corresponding spin function must be deter- 
mined by the transposed Young tableau. It is ob- 
vious that k S n/2. The total spinis n/2 —k. 


In Fock’s method, the coordinate wave function 
must satisfy the following three conditions: (a) 
antisymmetry in the variables 1, 2,...,k, (b) 
antisymmetry in the variables k+1,k+2,..., 
n, (c) cyclic symmetry: the operator 


O= 1 — Phjrti — Printe—+ ++ — Prins 


must annihilate the coordinate wave function. Pj; 
is the operator for transposition of the variables 
i and j. 

A function which is symmetrized according to 
the Young scheme obviously satisfies conditions 
(a) and (b). We shall show that such a function 
also satisfies the cyclic symmetry condition (c), 
i.e., that the identity 


DJ = 0: 


is satisfied. We shall verify this by showing that 
all the terms in the product @A,A,S cancel in 
pairs. Consider one of the k!(n —k)! terms in 
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the product A ,A,. It can be written as a permu- 
tation 


ee freee k JES Pt DY oe gta 
x ( a8 = . 

XH), Xo, » Xr Aahti, Chto, +++ 5 Xn, 
where 04, Q,..., Qk is a permutation of the 
sequence 1, 2, ...,K3 Qk4ty, Oia, .--» Ayn is a 
permutation of the sequence k +1, k+2,...,N; 


the sign is determined by the parity of the per- 
mutation. 

We now apply to this term one of the transpo- 
sitions in the operator ©. The following identity 
is easily shown: 


‘Rk, a (ean a 
tad jee Cf aria 
ples Gi sche eladeiNaeaeesaias ie b+ R\ 
Rea Cr alins Eieacccaleat eed enced b+k, b \s 
where 


Pet eeta See nik Pi SeS eka, 


The second factors on both sides of the identity 
are contained in the product A,A», and differ only 
in a single transposition, so that they appear in 
the product with opposite signs. The first factors 
on each side are contained in the operator ©#. Fi- 
nally, the operator 


6, b+k 
Po, bth = b-+k, b i 


does not change the operator S. It follows that the 
corresponding terms in the product ®A,A,S can- 
cel against one another. 

A special case occurs when a=c, and conse- 
quently b+k=d. Then we can use the identity 


ae MOLES | Bani ak ee 
ee, geese a ae: ) 

os (ei area “Pak ayes ( b, b+k 

RON Fe Raver | ead Cae b+k, 6 }’ 
from which it follows that such a term in the prod- 
uct cancels against the product of the first term in 
the operator @ (the identity operator) with the 
same term in the product A,A,. We have thus 
proven our assertion. So every function which is 


symmetrized by using the Young operator satis- 
fies Fock’s conditions. 


The reverse relation is obviously more com- 
plicated since a function which satisfies condi- 
tions (a), (b), and (c) corresponds in general to a 
set of Young tableaus with all possible permuta- 
tions of the variables k+1,k+2,...,n. Any 
linear combination of the corresponding operators 
(among which there may be a linear dependence), 
when acting on an arbitrary function, gives a func- 
tion which satisfies Fock’s three conditions. 

In comparing the two methods we note that 
symmetrization by means of the Young operator 
is convenient when we have to construct a function 
with particular symmetry properties from some 
unsymmetric function. But if the function is al- 
ready known, it is easier to check whether or not 
it satisfies Fock’s symmetry conditions than to 
make the analogous check using the Young opera- 
tor. Fock’s conditions do not give us a specific 
recipe for constructing a function which satisfies 
them; recipes for various special cases have been 
given,.?*3 From our proof it follows that the gen- 
eral recipe is to symmetrize by using the Young 
operator. 

Thus the two methods, which are basically 
equivalent, supplement one another in various 
cases. 

The methods for constructing the total wave 
function from the coordinate and spin functions 
using the method of Fock or the group theory 
method are also different. The relation between 
these methods requires further consideration. 

In conclusion I thank G. F. Drukarev; the pres- 
ent note was written as a result of discussions 
with him about this class of problems. 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 717-724 (March, 1958) 


The problem of invariance of relativistic quantum theory with respect to space reflections is 
investigated from the most general group-theoretical point of view, without the use of a spe- 
cific form of the equations of motion. A complete classification is obtained for all the unitary 
and nonunitary irreducible representations of the improper inhomogeneous Lorentz group. In 
treating the problem of distinguishing representations according to parity, essential use is 
made of the concept of a universal covering group, which makes possible a rigorous proof of 
the previously mentioned? impossibility of simultaneous existence of spinor particles whose 
wave functions transform according to representations of different types. 

An analysis is made of the experiment of Wu,° which is currently regarded as a proof of 
nonconservation of parity in weak interactions.’ From the group-theoretical point of view de- 
veloped here, experiments like those of Wu and Lederman? do not contradict parity conserva- 
tion but merely conservation of charge conjugation, and consequently prove the electric charge 
is a pseudoscalar and that the electromagnetic potential is a pseudovector. 


1. THE RELATION BETWEEN REPRESENTA- 
TIONS OF THE PROPER AND IMPROPER 
LORENTZ GROUPS 


ln the preceding papers I —III of this series,* we 
found all the irreducible representations of the in- 
homogeneous Lorentz group, i.e., all the possible 
laws of transformation under four-dimensional 
rotations and displacements for the wave functions 
of a relativistic quantum theory. The purpose of 
the present paper is to find all the irreducible 
representations of the improper group, which in- 
cludes space reflections. The transition to the 
improper inhomogeneous Lorentz group Gg is 
accomplished by adjoining to the elements of the 


proper group G the inversion operation Ig, which 


satisfies the relations (1.34): 
[/s, Pol_ = 0, [/s, pl, = 0, UUs, M)_ az 0, [s, N], = 0. (1) 


The first of these relations is a statement of 
the law of conservation of parity. Like the law of 
conservation of linear momentum, it is based on 
the fact that space and time variables are inde- 
pendent. According to (1), inversion changes the 


*Notations introduced without explanation are the same 
as in the preceding papers of this series,’ which are cited in 
the text as I, Il, III. References like (1.33) refer to the corre- 
sponding formula in I. 
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sign of the operators p, N and leaves M and po 
unchanged, 


| el UF Po Pos M—M, N——N. (2) 


It is easy to show that if the operators p, Do, M, 
N form a representation P of the group G, the 
operators —p, Pp, M, —N also satisfy the com- 
mutation laws (1.33) and consequently also form a 
representation of the proper group, which we shall 
denote by IgP. 

If the representation I,P is equivalent to P, 
then by definition there exists a non-degenerate 
matrix Igg such that 


Nes Vs =M, T59 Pal so = his 


I3Niso=—N, Iso plso= — P: 


Or, 
[M, I so] _ a 0, [Pos I so)_ = 0, [N, Iso) = 0, [p, I sol. = 0. (3) 


Comparison of (1) and (3) shows that in this case 
the representation P is also a representation of 
the improper group Gg, in which the inversion op- 
erator is, except for a numerical factor Ag, equal 


to the operator Igg in (3), 
P, =P, Is = dsl so. (4) 


But if the representation P is not equivalent to 
IsP, then it can no longer be a representation of 
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the improper group Gg. In this case the repre- 
sentation Pg of the group G will be the direct 
sum of the representations P and IgP: 


P,=PHI,P. (5) 


The dimension of Pg is twice that of P, and 
the operators for the angular momentum Mi» 
the momentum Ph and the inversion I, will have 
the form 


Eis 2 “ oe (6) 
r= s(, >) (7) 


Pg is irreducible with respect to Gg if P is ir- 
reducible with respect to G and is not equivalent 
to IgP. Thus, for each irreducible representation 
P of the proper group G, either P is equivalent 
to IgP and constitutes an irreducible representa- 
tion of the group Gg; or P is not equivalent. to 
IgP, and an irreducible representation of Gg is 
given by the direct sum P+IgP. Later we shall 
show that the converse theorem is also true, i.e., 
any representation which is irreducible with re- 
spect to Gg is either irreducible with respect to 
G or is a direct sum of the type of (5) of two ir- 
reducible representations. 


2. INVARIANTS OF THE IMPROPER INHOMO- 
GENEOUS LORENTZ GROUP 


From (1.34) and (1.42) it follows that 2 and 
the fundamental invariants p2 and |e of the 
improper group Gg. In II and III it was shown 
that for certain classes of representations there 
are additional invariants, which were discussed in 
Sec. 12 of I. These were the operator for the sign 
of the energy Sy =Po/| Po] (II, Sec. 3), the opera- 
tor for the sign of the fourth component of the in- 
trinsic angular momentum Sp =I /|To| (I, Sec. 
4), the operator 2 of (III.16), (III.17), and finally 
the operators 


F=1/,M3,, W = (1/4ri) euroMyvMag 


of (III.24), (111.25) for the class O 9. Of these op- 
erators, Sy, 2, and F are scalars and com- 
mute with Is, and consequently if they are invar- 
iants with respect to G, they are invariants with 
respect to Gg. The pseudoscalar operators Sr 
and W anticommute with Ig, and can be invar- 
iant relative to G without being invariant relative 
to Gg. However, if in a certain representation 
one of the pseudoscalar operators is invariant with 
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respect to G, then its square is invariant with 
respect to Gg. We should also note that, accord- 
ing to the tables in II, III, the operators Sr, W 
are not simultaneously invariant in any of the ir- 
reducible representations of G. 


3, STRUCTURE OF THE IRREDUCIBLE REP- 
RESENTATIONS OF THE IMPROPER IN- — 
HOMOGENEOUS LORENTZ GROUP 


The irreducible representations of the proper 
group G, which were enumerated in II and III, can 
be divided into the following four types: 

(1) Py £0, W #inv, Sy 4 inv, 

(2) py #0, W Ainv, Sp = inv, 

(3) Py =9, W = inv 4 0, 

(4) Py =0, W=0. 

In the first (fourth) case, there are no non-zero 
pseudoscalar operators in the representation which 
are invariant with respect to G and not with re- 
spect to Gg. In representations of this type, the 
operators My yp » P, coincide with the correspond- 
ing operators in the representation of G, while 
the inversion operator has the form (4). In the 
second (third) case, the group contains one pseu- 
doscalar operator Sr(W), which is invariant 
with respect to G and not with respect to Gg. 
Then the operator si ( Ww?) is invariant relative 
to Gg, and in-an irreducible representation has a 
fixed numerical value St, (W?). Thus a repre- 


sentation which is irreducible with respect to Gg, 
can contain only two different irreducible repre- 
sentations of the group G, which differ in the val- 
ues + Sy, (+ W,) of the pseudoscalar operator 


Sr(W). The operator Sr(W) changes sign under 
inversion, and the representation Pr(Pyw) of 
the group G changes into the representation 
P_y(P_w) which coincides with I,Pp(IgPw) to 
within an equivalence transformation Igp. In ac- 
cordance with (5) —(7), in this case the represen- 
tation which is irreducible with respect to G, is 
the direct sum 


Ps = Py + P_p(P; = Pyw + P_yw), (8) 


while the operators Myy> Py» Ig will have the 
form 


Miy 0 p'0 
Mav ("* a: al 0 -r); (9) 
0 Muy Py 
ree 
=, (79): (10) 


and correspondingly for Py. In (10), pg isa 
number and Igq is the equivalence transformation 
connecting P_r with Ig,Pr (P_w with IyPw). 
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We have thus proved the assertion made at the 
end of Sec. 1 that any irreducible representation of 
Gg is either irreducible with respect to G or is 
the direct sum of two irreducible representations. 

Let us now construct explicitly the operator Igo 
of (4) or (10). It is not difficult to see that for rep- 
resentations in the classes Py, Py, Po, this op- 
erator is the operator which changes the sign of the 
momentum: 


IQ (p) = Q(—p) for Pp, Pn, Po. (11) 


In the class Og, the basic functions of the irre- 
ducible representation Sk, have the form Qe 
where v=—k, —-k +1, reich k = kp, ko + 1,... 


The angular momentum operator is diagonal with 
respect to k: 


Myke = Sap MY”, (12) 


while the operator N has the form (cf., for ex- 
ample, Ref. 6) 


Nine =A” Saya + WB Say + C'S, (18) 


where Avy’ BY’ cy’ depend on F, W?, k, », 
vy’, (but not on W!). From (12) and (13) it follows 
that for W=0 the operator 


(eaibi (il) a (14) 


commutes with M and anticommutes with N, i.e., 
can be used as the operator Igg in (4). For W 
#0, the operator (14) is also suitable for use as 
Igo, but now of course, for (10). This is easily 
verified using (1.34), (12) and (13). In order to 

_ complete the construction of the irreducible rep- 
resentations of the group Gg, there remains for 
us only to determine the possible values of the 
factor Ag in (4) and (10). However, for a rigor- 
ous treatment of this question, a more detailed in- 
vestigation of the double-valued representations is 
necessary. 


4, DOUBLE-VALUED REPRESENTATIONS AND 
UNIVERSAL COVERING GROUP 


The double-valued representations are not rep- 
resentations in the strict sense of the word. It is, 
however, known that one can give a group for which 
these representations become single-valued (i.e., 
true) representations. This group is the universal 
covering group of the inhomogeneous Lorentz group. 
It is essential to note that the universal covering 
group is uniquely determined by the topological 
properties of the corresponding continuous group 
and is locally isomorphic to it (cf., for example, 
Ref. 7). The transition to the universal covering 


group is accomplished by adjoining to the trans- 
formations of the group G anelement I,q of ro- 
tation through an angle 27, which commutes with 
all the elements of the group and satisfies the re- 
lations 


Ie =1, lim/, =/,, for o—>2r (15) 


for one of the spacial rotations. Since the spinor 
representations are true representations not of the 
Lorentz group G, but of its universal covering 
group which we shall denote by G, it is the latter 
group with respect to which the equations and wave 
functions of quantum theory are covariant. The 
element I,, is an invariant of the group G. It is 
equal to 1 for single-valued, and —1 for double- 
valued representations * 

In accordance with our previous remarks, the 
operation of inversion should be introduced into the 
group G. Twofold application of the inversion 
brings the system back into its original state, 
which can be interpreted as a rotation through ei- 
ther 0 or 27. In the first case the square of the 
inversion operator is unity: 


[se= | (16) 
while in the second, 
oy BN (17) 


We emphasize that the relations (16), (17) do not 
define different representations of tlhe same group, 
but rather different groups, which we denote by 

Gs and Gg respectively. In other words, the re- 
lations (16), (17) give two types of structures of 
the space, and not of the individual particles. 


5, THE SEPARATION OF REPRESENTATIONS 
OF THE GROUPS Gg, Gg ACCORDING TO 
PARITY 


In this section, we shall determine the possible 
values of the factors Ag, pg in (4), (11) and thus 
complete the classiftcation of the irreducible rep- 
resentations of the improper groups Gg, Gut For 
single-valued (unprimed) representations P, 
two-fold application of the inversion gives the iden- 
tity 

=M=I. (18) 
so that 


let. (19) 
*We shall continue to use ‘the usual terms “single-valued” 


and “double-valued” representations, even though all repre- 
sentations are single-valued with respect to G. 
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The representations corresponding to Ag = 1 
and Ag = —1 are not equivalent to one another if 


(4) holds for them. They are said to be even and 
odd, respectively, and will be denoted by +P and 
—P. The occurrence of the parity assignment 
doubles the number of possible single-valued ir- 
reducible representations of each of the groups 
Gu Gs for the case when (4) applies. This is 
the case for the representations in the classes 


S a S 6 eS p —c a 
Pim; Pa Pa, Pu, Pn, 20, 2x0. Po 


and those representations of the class Op) for 
which W =0 (this set includes, in particular, 
four-dimensional vectors and tensors). 

The double- valued representations of the groups 
ee and ey differ from one another. For the 
double-valued representations of Ge 


P=N=1, j~=+1, (20) 


while for Gs: 


== le =—l1, A=! (21) 


rs The double-valued representations of the group 
Gg with Ag =1 and Ag=-—1 have opposite parity 
and are not equivalent to one another. For exam- 
ple, the direct product of two representations with 
Ag = 1 is different from the product of a repre- 
sentation with A, =1 and a representation with 
Ag = —1. At the same time, a well-defined parity 
cannot be assigned to either of the representations, 
since for each of them there exist two operators 
Ig and Iglyz, one of which multiplies the wave 
function by 1, the other by —1, and each of them 
has an equal right to be regarded as the inversion 
operator. Therefore, for the two-valued repre- 
sentations we can speak only of mutual or relative 
parity. As pointed out in Ref. 8, this situation was 
first noted by Landau. An analogous situation oc- 
curs for, the double-valued representations of the 
group Ge with Ag =i and Ag = —i, which we 
shall denote by +iP’ and -iP’, respectively. 
Since the representations + P’ and + iP’ refer 
to different groups, it is meaningless to talk of di- 
rect products of the type + P’X+iP’. This means 
that in real space only those physical systems can 
occur whose wave functions transform according 
to double-valued representations of the type + P’ 
alone, or of the type + iP’ alone. Arguments con- 
cerning the impossibility of simultaneous exist- 
ence of spinors which are multiplied by + 1 and by 
+ i under inversion have been given previously by 
Shapiro.” The use of the concept of the universal 
covering group enables us to formulate these ar- 
guments as a rigorous proof. Another difference 
between our treatment and that of, say, Shapiro, 
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is that in this paper we investigate the irreducible 
representations of the group Gg rather than the 
Dirac equation. Thus the results obtained are ap- 
plicable to particles of arbitrary spin. 

We emphasize that a distinction according to 
parity exists only for representations which sat- 
isfy (4). When condition (10) is satisfied, the con- 
cept of parity of the representation cannot be in-— 
troduced, since the representations corresponding 
to pg =1 and pg =—1 are related by the equiv- 
ve ). This is the situ- 
Bio 
ation for the representations 


Pio Pls Paps Pare ee 


alence transformation ( 


(22) 


and those representations of the class Oy) which 
have W #0 (and which include the Dirac bispinor 
as a special case). 

For completeness of our discussion, we remark 
that in both Ga and Ga there is still one non- 
trivial one-dimensional irreducible representa- 
tion, the representation of the factor group of Gg 
with respect to the subgroup G. For this repre- 
sentation, which we denote by Jg: 


Mav '= 0; prisecO, lee lis 
It is easily shown that 
—P=Jd,X (+P), —P’ =JsX(+P), 
(23) 


6. INTERNAL PARITY OF ELEMENTARY PAR- 
TICLES 


— iP’ =J,x (+ iP’). 


So far, we have treated parity defined as the 
eigenvalue of the operator of inversion with re- 
spect to the coordinate origin. Such a definition is 
used in treating collisions and other similar proc- 
esses, where the origin is chosen to be the center 
of inertia of the physical system. In addition to 
this, we can define for each individual particle an 
internal parity which is an invariant character- 
istic of the particle. The internal parity Ag Of a 
particle can be introduced by means of the rela- 
tion 


As = IsI'so, (24) 


where Ig is the usual (external) parity, and Ig 
is the operator for the Lorentz transformation 
which takes the 4-momentum (p, ipo) into (—p, 
ipo). For p=0, Igg =1 and the external parity 
coincides with the internal. Obviously if Igg in 
(4) is chosen in the form of (11), the factor Ag in 
(4) will determine the internal parity. The concept 
of internal parity exists only for particles with 
non-zero rest mass, which are described by the 
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representations P#,, Pi§ satisfying (4). Parti- 
cles with zero rest mass do not possess an inter- 
nal parity, since their wave functions transform 
according to the representations Pea Be which 
Satisfy (10) and not (4). Thus, for example, it is 
meaningless to speak of a photon as being a vector 
or pseudovector particle. 


7. CONSERVATION OF PARITY IN WEAK IN- 
TERACTIONS 


In pseudo-Euclidean space-time, the inversion 
and time displacement transformations commute, 
so that it automatically follows that the inversion 
operator Ig, commutes with the Hamiltonian, i.e., 
Ig is conserved. Consequently, since the exper- 
iments of Wu,? Lederman,° and others do not 
contradict the pseudo-Euclidean character of 
space-time, !*® they cannot contradict the law of 
conservation of parity, but merely show that the 
present definition of parity is incorrect. In fact, - 
by definition parity is the eigenvalue of the inver- 
sion operator, which is used to transform the wave 
function when all three space coordinates are re- 
flected. The inversion operator must therefore 
necessarily satisfy the commutation relations (1), 
which are simply a mathematical statement of the 
definition of parity. 

For example, let us consider from this point of 
view the experiments on the 8-decay of polarized 
nuclei which were proposed by Lee and Yang* and 
carried out by Wu.’ In these experiments, the 
angular distribution of electrons emitted by Cor 
nuclei polarized in a magnetic field was studied. 
An asymmetry of the cross section with respect 
to the plane perpendicular to the field was ob- 
served. It follows that the angular distribution 
must contain a term proportional to the scalar 
product of the magnetic field H and the electron 
momentum p, 


peed nie (25) 


We emphasize that the quantity which is directly 
observable is p-H and not p-s, where s is the 
spin of the nucleus. Since the cross section isa 
scalar, the quantity p-H is alsoa scalar, but 
since according to (1) p is a vector, the mag- 
netic field H must also be a vector. The results 
of Wu’s experiment also essentially reduce to this. 
assertion. Up to now the magnetic field was con- 
sidered to be a pseudovector and not a vector. 
However, until the experiment of Wu there was no 
possibility of establishing the law of transforma- 


tion of the electromagnetic field under inversion. 
In fact, in the Maxwell equations and the expres- 
sion for the Lorentz force density fy: 


OA, = = 4h)a, fp = Fuy jy 

Ay and jy can be regarded as being either vec- 
tors or pseudovectors. If we take the second point 
of view, charge should be treated as a pseudosca- 
lar, the electric field as a pseudovector, etc. The 
question whether and ju are actually vectors 
or pseudovectors cannot be answered within the 
framework of electrodynamics, since it reduces to 
equations which are satisfied in both cases. The 
two possible laws of reflection are different for an 
operation which consists inthe simultaneous change 
of sign of Ay and ju i.e., for charge conjuga- 
tion. Thus the occurrence of two possible laws 

for inversion in electrodynamics is related to its 
invariance under charge conjugation. These state- 
ments remain valid in a quantum theory. The Wu 
experiment shows that weak interactions are not 
invariant with respect to charge conjugation, and 
that in electrodynamics the second of the possible 
choices for the reflection operation, which has 
been called combined inversion,’ is the correct 
one, and that, in particular, charge is a pseudo- 
scalar, 

Since charge is a pseudoscalar, it anticom- 
mutes with the inversion. Therefore for charged 
particles the parity cannot have a definite value. 
However, because of the invariance of strong in- 
teractions with respect to charge conjugation, the 
product of true inversion and charge conjugation 
is an approximate integral of the motion of such 
particles. This operator commutes with the charge, 
and its eigenvalues, which are incorrectly called 
the parity, can have definite values for charged 
particles also. 

To a considerable extent, these considerations 
have a methodological character. However, the 
bringing of clarity into the definition of the concept 
of parity is necessary at the present time because 
of the widespread use of the, from our point of 
view, extremely misleading term “nonconservation 
of parity in weak interactions,” when we are actu- 
ally dealing with the nonconservation of charge 
conjugation and the problem of correct choice of 
the inversion operation for specific equations of 
motion. 
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The dispersion relations are used to show that the total interaction cross sections are equal 


for particles and antiparticles at high energies. 


From the dispersion relations for elastic scatter- 
ing of nucleons through angle zero!~? one can es- 
tablish that the total interaction cross sections for 
nucleons and antinucleons must be equal at suffi- 
ciently high energies. 

To be specific, let us consider scattering of 
protons and antiprotons through the angle zero. 
The dispersion relations for the scattered ampli- 
tudies, averaged over spins, are of the form 


D,(E) = (1+ jp) DM) 


‘(1) 


+3 (Ig) 0+ Be) Spe 


M 
o_(E’) ‘i p> p? \ idE’ E (E’) , o -); 
+5 2|+ 5 aoe t+ je ea Ie EV BY 
0 


D_(E) = 5(1-+ 97) D_(M) 


+4(1-4)0,M+5\ FES 0) 


p’ 
M 
2 C id E (EL) (E’) 
AE ga pt A Uae on) 2 LE 
im E’+ 2|+ uw? M—p/2M+eE 4x? p’ [E+E E'—E 
0 


Here D,(E) is the real part of the elastic scat- 
tered amplitude, averaged over spins, for a proton 
of energy E scattered by a proton at rest, D- (E) 
is the real part of the elastic scattered amplitude 
for an antiproton of energy E scattered by a pro- 
ton at rest, 0,(E) is the total scattering cross 
section for a proton with energy E, and o_(E) 
is the total scattering cross section for an anti- 
proton with energy E. For energies from zero to 
M, the function o,(E) is the analytic continua- 
tion of o,(E) for energies E >M, and o_(E) 
is the analytic continuation of o_(E) into the 
“nonphysical” region E < M. 

As the energy E approaches infinity, o,(E) 
and o_(E) approach the constant values o,(~) 
and o_(*). This follows simply from the fact 
that all strong interactions approach zero expo- 


nentially for large values of the impact parameter 
p (here the form of the factor multiplying the ex- 
ponential is entirely insignificant). Had we wished 
to consider the electromagnetic interaction of a 
proton or antiproton with a proton, we could have 
taken into account the screening of the target pro- 
ton charge at large distances by the atomic elec- 
trons, and also obtained a constant total cross 
section at sufficiently high energies. It is true 
that in this way a constant cross.section would be 
obtained only at energies of the order of E ~ 
M?/me? ~ 10" ev. If, however, we were not to 
take into account the weak electromagnetic inter- 
action, then up to a quantity of order e?In(E/M) 
the total cross section would reach a constant 
value even at an energy of the order of 10'° ev. 
Allowing E to approach infinity and maintaining 
only the largest terms, Eqs. (1) and (1’) lead to 
mse 
2M 


[Di (We= DeiMya= e 


u2 
t 


D,(E) 


M. 
+z \ FE) EN 


los} 


+5 Ver [pe + SE): (2) 


p 


PE 
y2 


D_(E) = gq (D_(M)—D,(M)) + 


M 
ere arlene 2) 
0 


oa 


p? (dE’{o_(E’) , o, (E’) 9! 
+ ee \ [poe t+ EY). ee 


In these equations let us first consider the in- 
tegral from M to ©, Starting at a certain en- 
ergy €, both cross sections 0; and o_ may be 
considered constant and equal to 0,(°) and 
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500 Wore as 
o_(~©). We may therefore write (E > e€)* 
FE? c 6, (E’) o_ (£') ’ 1 
Ta\ rece FCs aT 
M 
_ Pc, (E’) «(EN GE 
4m = BT E+ | pe (3) 
M 
Pea! fiowe(co) Go (eo) 2B 7 is ; dE’ 
ig 7 \ Ee E= ET E+ ZI an \_(E) 2 (EN 5 
M 
E2¢ dE’ [o, (co) o_ (co) 
4 = Ee ie EB EX ae 
When E > e, the asymptotic value of (3) is 
EG EN 
Tm IN }j [s_ (co) — ¢, (00)] (4) 
[where we have assumed that o_(~) 40,(@)]. 
The integral from M to e€ is, with our condi- 
tions, proportional to E: 
BYE emmes dE’ 
7a\ (EL) (ENS. (5) 
M 


By combining (3), (4), and (5), Eqs. (2) and (2’) be- 
come 


D,(E) = E{ D,(M) ee (M) ze 
1 id’ 
+ a \ Gr Lo (E) 9, (E') 6) 
if) 
. Tel ge es cae ahaa = [3_ (00) — 9, (oo)] In ee 


| D_(M)—D, (M) 


Ds (E) = a ay | a af : 
A 
+ grb (EI) (6’) 
0 
aE m\S (3, (E’) — 3_(E’)] -F a [s, (00) — 3_(00)]} In oa 
M 


We see that if o,(~) #£0_(©), the principal 
term which determines D,(E) and D_(E) in- 
creases faster than E, and is proportional to E 
X In(E/e). This result contradicts the conclusion 
that the interaction decays exponentially for large 
distances. Let us write out the general expression 


*Let us bear in mind that we take the principal part of the 
integral at the point E’ = E. The same is true with respect to 
the singularity at E=M (where o- approaches ~ as 1/v, with 
v being the velocity). In treating this singularity, one must 
treat simultaneously the intervals from zero to M and from M 
to €. 
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for the elastic scattered amplitude A(0) for the 
angle zero. For simplicity, we shall not take ac- 
count of spin, noting that the orbital quantum num- < 
ber £ is very large at high energies, so that the 
replacement of £ by £+1, which must be made 
in order to account for spin, will change nothing 
in the following considerations. 

At high energies, when £ > 1, we have ee 


A(0) = Wem — 1) 4, (7) 
l 


where ng is the phase of the wave with orbital 
angular momentum f£. For large £ we may use 
the semiclassical impact parameter £/E. When 
0/E is much larger than the radius of the inter- 
action p (which is of the order of the Compton 
wavelength of the meson), ng decays exponen- 
tially with £. It follows from this that the effec- 
tive upper limit in Eq. (7) is a quantity of order . 
Ep. (This result is independent of the form of the 
factor multiplying the exponential of the interac- 
tion.) ; 

Since the modulus of e”£—1 is no greater 
than 2, the order of magnitude of the modulus of 
A(0) is 


| A(0) \ CEps, WC il (8) 


It follows from this that D,(E) cannot contain 
terms proportional to [0,(~°) —o_(°)]JE In(E/e). | 
Therefore * 


3, (00) = 9_ (00). (9) 

Thus at large energies the total antiproton and 
proton cross sections are equal. When we recall 
that at energies of several hundreds of Mev these 
cross sections are very different (o_ is much 
greater’? than 0+), it becomes evident that at 
large energies we should expect one or both of 
these cross sections to be highly energy depend- 
ent. 

An equation similar to (9) should hold also for 
the asymptotic values of the total cross sections 
0,,(°) and 05(~) for neutrons and antineutrons 
on protons, namely 


oF (ow) ae ii) (co). (10) 


From statistical considerations and the re- 
quirement of isotopic invariance ® we may estab- 
lish the equality of o,(°) and o,(©), as well 
as that of 05 (©) and o_(). At high energies, 
therefore, the proton, the neutron, the antiproton, 
and the antineutron should all have the same lim- 


*Equation (9) has been derived in a different way by B. V. 
Medvedev and D. V. Shirkov. 


NUCLEON AND ANTINUCLEON TOTAL INTERACTION CROSS SECTION 


iting values for their cross sections. 

Similar considerations hold also for K mesons. 
This means that at sufficiently high energies (of 
the order of 10° ev, if electromagnetic interac- 
tions are not taken into account) the K*, K™, K®, 
and K° mesons should all have the same total 
cross section. Similarly, the m* and m~ cross 
sections should also approach equality as E + «! 
If we apply our result to hyperons, we obtain the 
following. 

(1) The A and anti-A (i.e., the A) have the 
same cross section o,(©). 

Cyeihewa, So, Sh S*, Dp and f° teross 
sections approach the common value o> (*) as 
E—o, 

(3) The &, 2°, &, & have the same cross 
section 0.(@©). 

We note also that from (2), (2’), and (9) it fol- 
lows that at large energies the main contributions 
to D,(E) and D_(E) are proportional to E 
and differ only in sign. This together with (9) 
shows that the differential cross sections for elas- 
tic scattering of nucleons and antinucleons by nu- 
cleons through the angle zero approach equality as 
E—- ©, 

In conclusion, I should like to thank N. N. Bo- 
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Gibbs’ statistical method is used to derive general formula which permits one to determine 
fully the stationary probability density as well as the transition probability density in a non- 
stationary process for an arbitrary generalized coordinate, provided the behavior of ene mean 
value of the latter is known in the presence of (or after turning on) additional forces acting in 


the direction of this coordinate. 


Ir is well known that, using general methods of _ 
statistical mechanics, we can derive exact relation- 
ships which enable us to reduce a calculation of 
fluctuations and correlations of various quantities 
(among them time correlations) to a determination 
of average values of these quantities in the pres- 


ence of (or after turning on) additional constant 
forces.!~4 

It was shown in Ref. 5 that all the principal mo- 
menta determined in fluctuation theory, as well as 
in the theory of Brownian motion, can be computed 
by this method. 
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It will be shown below that not only momenta but 
also the corresponding coordinate probability den- 
sities can be exactly determined, provided one 
knows the behavior of these coordinates in the pres- 
ence of additional constant forces or forces which 
were turned on at the initial instant. 


1. STATIONARY PROBABILITY DENSITY OF A 
GIVEN VALUE OF A COORDINATE 


Let X be the aggregate of all the canonical 
variables of the system, q(X) some generalized 
coordinate (from now on we confine ourselves to 
the one-dimensional case to simplify the deriva- 
tion), and w(X) the stationary probability density 
in phase space. Then the probability density for 
q(X) to have a given value q is 


W (q)= \8{q—g(X)} w(X) dx 
(X) 
are ec 
a = \ efka rea x) dx dé. (1) 
—o (Xx) 


In the case of a canonical distribution we have 
w(X) = exp{¥ —H(X)/0}, and consequently 


\ e- tay (X)dX = \ exp {{% — H (X) — aq (X)]/@} dX 
(X) (X) 
— e¥—¥ (a))10 — e—A¥ (a) (2) 


where a=it®0, and W and W(a) are determined 
from the conditions 


e- YO = \ e- HIX10 dX, 
(x) 


e- Faye — \ exp {—[H (X) + aq (X)} / 0} dX. (3) 


(X) 


Obviously W has the meaning of the free energy 
of the original system, and (a) has the meaning 
of the free energy of the system in the presence of 
an additional constant force —a acting in the di- 
rection of the coordinate q({X). Thus, according 
to (1) and (2) 

+00 
W (q)=45 \ exp fe — ae di. (4) 
This formula makes it possible to compute the 
sought probability density W(q), provided we 
know AW(a) as a function of the force a=i£90. 

According to (3), the mean value of the coordi- 
nate q(X) over the ensemble with an additional 
force —a is q2=09W(a)/da, hence 

AY (a) = \9 de. 
0 


(5) 
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Formula (5) enables us to determine AW (a) 
from empirical data which give the dependence of 
the mean coordinate on the external force a inan , 
isothermal process. 

Let us illustrate what we said above using two 
simple examples. 

(a) Coordinate probability of a harmonic oscil- 
lator. The equilibrium condition for an oscillator 
in the presence of an additional external a has 
the form 


kg? +a=0, 


hence q% = —a/k (k is the elastic coefficient). 
According to (5) | 


Av (a) = Grdu = — a? /2b = (09/2). (6). 


Substituting (5’) into (4) and integrating we get 


ae kq? 
W.(Ghes V exp(— 26 aaa 
i.e., the Boltzmann distribution. 
(b) Probability of volume V occupied by an 
ideal gas. In this case q=V, and VM is found 
from the equation of state V% = NO/(p+ a) 


AY («) y= (7 Veda = NO In(1+-2-) = N@In(1 +i 


0 
where V = NO/p is the equilibrium value of the 
volume. Finally we find 


WV hg Werte aie 2 d: 
her mae (eRe pny = 
BA, N exp (— NV /V) 

salle =| STP 


In the case of small fluctuations (|V — V|/V «1),, 
(4”) becomes a Gaussian distribution. 


(4”") 


2. TRANSITION PROBABILITY DENSITY 


Let W(q,t; qo,tg) be the probability density of | 
transition of the system from the point qq at the 
instant ty to the point q at the instant t, and let: 
Wo(do) be the probability density of the initial 
value of the coordinate. Further, let us introduce 
the notation: 


W1i(9st} qo, to) = W (sts qo, to) Wo (Go). (6) 


The function W(q,t; qo,ty) is uniquely determine 
by its characteristic function 0;,(&,t; 7, t)9) so tha‘ 


+co+00 
Wi(q,t5 dor to)= (2x) ® \ | effet ennu, (&, £5 1, to) d&dy. (7 


—cwo—o 


CALCULATION OF COORDINATE PROBABILITIES 


The characteristic function , is in turn de- 
termined if all the moments of the quantities gq 
and q) are known, namely: 

ei (% #3 1, to) = D alga (—i%)!(— in)*/ jet, (8) 
Ik 


where 


giqo = \\ W1(q, t qo, to) q/q¢ dq dap. (9) 


To compute these momenta, we make use of the 
general statistical method of Gibbs. 

If we let X° be the aggregate of all the canoni- 
cal variables at the initial instant, and Xt be the 
canonical variable of the same phase points at 
time t, then 


glas = \ 4! (X89 q* (X°) w(X*) dX, 


(Xe) 


(10) 


where w(X°) is the probability density of the ini- 
tial phase X° and Xt are assumed to be expressed 
in terms of X°, t, and t) in accordance with the 
canonical equations of mechanics with the Hamil- 
tonian function H(X):Xt=X(X°, to, t). In the 
case of the Gibbs canonical distribution 


w(X°) = exp {Wo — H (X°)/ 8}. 


Let us introduce (so far, purely formally) an 
auxiliary function Z(a,t; B,t9), which we define 
as 

Zia ty = | exp {— [H (X°) 


(X*) 


+ ag (X*) + Bq (X)] /8} dx. (11) 
By simple differentiation we find 
Sch tieke tt alt*Z (a, t; 3, to) 
Gio (— 8)" [ae ae (12) 
where 
Z,=Z(0, t; 0; t,) = | en Mame X9 = e- YH, (13) 


(X*) 
Substituting (12) into (8) we find the character - 
istic function 


1 Sf _o/t*Z (a, #5 8, to) 
1 (G: t; Ns to) = zal dalaa* : a=6=0 


2 O\I (in QR 
ye COMB)” _ ZZ (a, Paints), (14) 


jial 


where the notation it@ =a, in@ =b is introduced. 
We now determine Z(a,t; 6,ty). Writing 


Z(a, t; B, to) = exp{— Ea, ts B, fo)/8}, (18°) 
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we have by virtue of (11) 
| exp (I(x, ts B, ty) — H (X°) — ag (X') 
(Xe) 
-— Bq (X°)] {0} dX° =] (15) 


for any t. 
Differentiating (15) with respect to time we get 


OW (a, t; B, t,)/Ot = agrs, (16) 
W(a, é B, t,.) =a (Gi — G5") + ¥ (a, %: 8, #,), 
where 


a? = | 
(x°) 


— ag (X*) — Bq (X°)] / 8} dX°. 


q(X*) exp {(¥ (a, t; By t)) —H (X°) 


(17) 


Quantity ae B can be interpreted as a macro- 
scopic coordinate which is obtained as a result of 
averaging of q(X) over the ensemble separated 
from the original equilibrium ensemble by the fol- 
lowing process: 

(a) Before the time t=ty, the system was 
acted on by a constant force -—(a@+8) so that the 
system was in equilibrium, having an equilibrium 
coordinate qetB and a corresponding free energy 


a+ 
\ gran 


0 


ENGyet; Byte) ea (18) 


[see (5)]. 

(b) Starting from the time ty, the system con- 
tinues to be acted on only by the constant force 
—qa; asa result, the system comes out of equilib- 
rium and undergoes a transition. 

Thus ae 8B can be interpreted as an average 
displacement of the coordinate q(X) during the 
time t — tg under the action of a constant force 
—q. According to (a), the initial value of the coor- 
dinate is q@ »B = qote. 

Substituting (13), (13’}, (14), (16), and (18) into 
(7), and taking (6) into account, we obtain the final 
formula for the transition probability density: 


W (qs t; qos to) (19) 
{ ay enise AY (a, t; 8) te) 1p 
= Tale Go \ \ exp { iéq wMGL CL ibe ataennate a: Yr oe } a dy, 


where 
a+b 


AV (a) tb) fy age = oe) oe \ gan. 


0 


(20) 


The initial probability density is found from 
formulae (4) and (5). 
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Thus, if qe and g* are known from the phe- 
nomenological equations of motion or from the em- 
pirical data, we can obtain an expression for 
W (q,t; b,t9) by substituting the value of 
AW(a,t; b,ty) found from (20) into (19) and inte- 
grating. 

In this way the suggested method makes it pos- 
sible to solve a much wider class of problems than 
can be done with the known methods of the theory 
of Brownian motion. 

If the system is subjected to the action of forces 
independent of the coordinate q, the transition 
probability density depends only on the magnitude 
of the displacement q — qp, i.e., 


W (q, t; do» ty) =W (G==Go, tt). 


Using arguments analogous to those cited above, 
we obtain the following formula for the transition 
probability density: 

+co 


1 a 
WAG Sedo bs tole \ exp {¢5 (4 — q) 


—o 


— AY’ (a, t; to) / 0} di, (19’) 


AW (a, t; to) =aAg?, a= it0, (20’) 
and Aq? is the mean displacement of the coordi- 
nate q(X) during the time t — ty under the action 
of an additional constant force —a. 

Let us illustrate the method developed above 
with a simple example of a Brownian particle in 
the gravitational field. 

According to the above, the mean displacement 
Aq? which we are interested in obeys the phenom- 
enological equation 


mAqi + yAqr =g—a 
with homogeneous initial conditions. (Here m is 
mass, Y the coefficient of friction, and g the ac- 


celeration due to gravity.) The solution of this 
equation for t=0 is 


(21) 


oe —a —a 
Age rs a bite - x2 (1 eae) ee ait 

Substituting the value of AW(a,t; ty) found 
from (21) and (20’) into (19’) and carrying out the 
integration we easily find 


my? (q —Q (OF 
40} (0) (22) 


Wig— qui = V eee rexp{— 


Here 
meat 4 & Swit 
AS Mt Se (a ) 


mx? : 
is the mean coordinate of the particle at the in- 
stant t, 


f(t)= xt —(1—e-*), 


Formula (22) describes a Gaussian distribution 
which spreads with time; its center moves accord- 
ing to the laws of mechanics. 

It should be mentioned that the transition prob- 
ability density W(q — qo; t), (22), which was ob- 
tained above on the basis of general principles of 
statistical mechanics, also satisfies a correspond- 
ing equation of Einstein — Fokker — Planck 


(23) 


aw (ow g ow 
nar ON gate faa 
being its source function. The diffusion coefficient 
D(t) depends on time and is equal to the mean 
velocity of the particle when it is acted on by an 
additional constant external force equal to unity. 
For t > «x! (diffusion mode) D(t) — @/y 
and equation (23) takes on its usual form. 
For t «x7! (inertial mode) formula (22) gives 
y ; Pe Viti fmo? 
W(q—4ui tdg= V ser exp(— 2) do (24) 
{where v =(q=- qo) t], i.e., Maxwell distribution 
corresponding to the fact that before the collisions 
take place, the particle undergoes inertial motion. 
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A method is proposed, based on the mathematical apparatus of quantum field theory, for the 
calculation of the properties of a system of Fermi particles with attractive interaction. 


Ir was shown in the work of Cooper! that if the 
interaction of electrons in a metal leads to an 
effective mutual attraction for two electrons close 
to the Fermi surface, then the pair of particles 
which possess mutually opposite momenta and spins 
can have bound states with negative coupling ener- 
gies. In the works of Bardeen, Cooper and Schreif- 
fer?’3 and of Bogoliubov‘ a systematic theory of 
superconductivity has been erected on this princi- 
ple. It was shown that the ground state of a system 
of interacting Fermi particles is located below the 
normal state with a filled Fermi sphere and, in con- 
sequence, is separated from the excited states by 

a gap in order of magnitude equal to the energy of 
coupling of the individual pair. 

In the present work, a method is proposed, 
based on the physical idea of Cooper, which per- 
mits us, with the help of the apparatus of quantum 
field theory, to obtain all the results by a short 
and simple method. 

We shall start out from a Hamiltonian in the 
form? which is written in the case of second quanti- 
zation: 


=\\-( 2a)+Eeeoo}e, @ 


where 


com "Ia y ar S40 e—ikx! 
ko 


Pb hee VaenS) Ana Sox €'**; be (x’) 
ko 


satisfy the usual commutation relations: 


{x (x), bp (X’)} = Bap 8 (x — x’), 
{pa (X)> Po (X')} = (DHX), HF (x’)} = 0. 


We shall consider the interaction to be equal to 
zero everywhere except in a region of energy of the 
particles 2k around the Fermi surface, from 
€p—k to eps Kk, 

We transform to the Heisenberg representation, 
in which the operators y~ and yr depend on the 
time and satisfy the following equations: 


(2) 
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{id / Ot + A/2m} p(x) — 
{id / ot 


& (P(x) 9 (x)) b (x) = 0, 
—A/2m} $" (x) + gh" (2) (Y* (x) P(x) = 0. (3) 
We determine the Green’s function Gyg(x—-x’) 

as an average over the ground state of the system: 


Gap (x —x') = —i(T (a(x), 98 (X'))>» (4) 
where T is time-ordering operator. 

For the derivation of the equation for the func- 
tion G(x-x’) we take it into consideration that 
the ground state of the system differs from the 
usual state with a filled Fermi sphere by the pres- 
ence of bound pairs of electrons. In the ground 
state, all the pairs are at rest as a whole. (This 
means that the interaction between particles is 
considered only insofar as it enters into the for- 
mation of the bound pairs. We neglect scattering 
effects.) A sort of “Bose condensation” of pairs 
takes place in the case in which the momentum of 
their motion as a whole is equal to zero, just as 
in a Bose gas such a condensation takes place by 
virtue of the statistics for the particles themselves. 
This circumstance permits us to write down ina 
definite way the mean form <T(w(x,;) P(xX2) X 
pr (X3 ) yr (x,))>, Which appears in the equations 
for G(x-x’) by virtue of (3). 

For example, we have 


£T (a (1) bp (2) HE (2) $F (x4) 
— CT (pa (X1) $F (*2))> <T (Pp (2) $3 (%4))> 
4 T (a (%1)) Pe (%4))7 ST (Pa (%2) Ye (X2))7 (5) 
+ CN |T (pa (*1) bp (%2)) |W 
+ 2>QN + 2|T (PF (x5) $8 (a) I>, 


where |N> and |N+2> are the ground states of 
the system with numbers of particles N and N + 
2. The quantity 


CNT (by) |N +2) (N +2|T (Yt Ot) {N>, — (5a) 
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evidently has the order of the density of the number 
of pairs, while <T (yy )> is the particle number 
density. 

It is easy to show that the quantities thus intro- 
duced can be written in the form 


CN|T (a (x) Yo (x’))| NV + 2> = e-%Mt Fag (x — x’), 
QN +.2|T (ot (x) bt (2’)) | Np = et! Fag (x — 2’). (6) 


The function G(x-—x’) depends only on the differ- 

ence x-x’, because of the homogeneity of the 

problem. So far as the additional dependence on 

t in Eq. (6) is concerned, its origin is seen from 

the general quantum mechanical formula for the 

time derivative of an arbitrary operator A(t): 
SNA (t)|N + 2) = i (Ew— Ente) N/A (t)| N + 2). 


The value of the energy difference Ey, — Ey is 
obviously equal to 2u(9E/8N =p). 
Making use of Eq. (3), we obtain equations for 
the functions G(x-x’) and F(x x’): 
{id / Ot + A/2m} G(x — x’) 

— ig F (0+) Ft (x—x') =8(x—x’), 
{id / Ot —A / 2m — Qu} Ft (x — x’) (7) 
+ ig Ft (0+)G(x— x’) =0. 


Here terms are omitted which correspond to the 
first two terms in Eq. (5), inasmuch as they only 
change pu, which one can neglect, and the notations 


Fae (0+) = e—2pt Cpt (x) ve (x) == lim | Fes (x — x’) 
and introduced, and correspondingly, 


Fag (O-+) = ef (Ya (x) bp (x)>. 


The complex conjugate yields 
(Fas (0+) = — Fag (0+). (8) 


We transform in Eqs. (7) to the Fourier components 
of all functions, for example, 


Gag (4 — 2’) = (2n)*\ Gap (peo) exp {ip (x—x’) 
— iw (t — t’)} dwd3p. 
Denoting w -—yw=w’, we find 


(o' — &) G (po) —igF (0+) F* (pe) = 1, 
(w’ + §)) F* (pa) + igF* (0+) G (pw) = 0, (9) 


where 


Sp = p?/2m—p~ve(p—p,)s 
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and pr isthe Fermi momentum. In what follows, | 
we shall only have w’ in the formulas, hence we 
shall omit the prime. | 
It follows from Eq. (8) that F (0+) and ft (O+) | 
have the following matrix form: 


Pt) =I (_ ove! Ji Oye ce «iy 


equal both to F* (pw) and F(pw), and the Green’s 
function, in accord with (9), is proportional to the 
unit matrix. Substituting (10) in (9), we obtain 


(w? — &3 — g2J?) Ft (pw) = — igJ, (11) | 
| 


(w — §,) G(pw) = | + igJF* (pw). 
Hence 
é a di 
F* (pw) = — ig AP 
earned pa (12) 
(pw) = e2 A2 2 
where 
A? = g¥J?, 


As is evident from the first equation of (11), 
Fr (pw) is determined with accuracy up to a solu-_— 
tion of the homogeneous equation of the form 
A(p)d(w? - ee — A*). It is not difficult to verify 
the fact that this term reduces in the expression 
for G(pw) to an arbitrary imaginary part. In 
other words, Eqs. (11) determine only the real 
part of the Green’s function. 

We determine the rule for circling the poles in 
(12), making use of a theorem given by Landau,° 
according to which the imaginary part of the Green’s 
function of a Fermi system is positive for w <0 
and changes sign in the transition from negative to 
positive frequencies. 

As a result, we obtain 


Ft (po) = — igd | (@— ep + i8) (+ ep — 18) 
G (po) = u2 (o — eg + 18) 1 4 U5 (@ + ep — 18), 


(13) 
(14) 


where €, = vee, + A* and the functions Te and vy 
are equal to 


mall slo Sala) 


For the determination of the quantity A, we make 
use of the fact that 


(14’) 


J = (2n)74 \ F* (pa) do dk. (15) 
Substituting (13), we obtain the equation 
g 
=a fe | van yer erinsts nln (16) 
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For small g< 0 (attraction), this equation has a 
solution of the form 


A Deer tite: 
where 
P= pelg|m/2Qr?. 


The positive pole in (14) determines the excitation 
spectrum which, as is shown, has a gap of magni- 
tude A. These results coincide with those ob- 
tained in Refs. 2 —4. 


The chemical potential yw is connected with the 
particle number density by the relation 


N/V = CY" (x) §(x)) = — i (2n)*\ Gan (po) ef dead?p, (17) 


with accuracy up to small exponential terms: 
[IL = ep. 

The method laid out also permits us to make 
use of it for temperatures differing from absolute 
zero. In this case we consider the mean Green’s 
function (thermodynamically averaged) 


Gag (x — x’) 


= =i Sexp[-—) ui rh Hh | >, 


where QQ is the thermodynamic potential in the 
variables T, V, uw. As is well known, the result 
of averaging does not depend on whether it is car- 
ried out with the use of a Gibbs distribution or 
over the stationary state with a given energy. This 
corresponds to the choice of the quantity E asa 
thermodynamic variable, in place of the tempera- 
ture T. Taking the averaging in such a fashion we 
get the earlier equations (11) for the quantities G, 
F* and F, with this difference, that the corre- 
sponding averaging of T products are taken not 
over the ground state of the system but over a 
state with total energy E equal to the energy of 
the system at a given temperature. Equations (11), 
as we have already noted above, determine uniquely 
only the real part of the Green’s function G(pw), 
which is evidently equal to the real part of Eq. (14). 
We write down the general solution for the function 
F* (pw): 

F* (pw) = — igJ | (w — ep + 18) (m + Ep — £8) 

+ A,(p, T)8(w— ep) + Ag(p, T)6(@ + &p)- 

We have made use of the fact that 1/(x ¥id) = 
1/x + mid (x). The value of the quantities A,(p,T) 


(18) 


‘and A,(p,T) can be obtained from the relations be- 


tween the real and imaginary parts of the Green’s 
function,® which has the following form at tempera- 
tures different from zero: 


-|-00 
Re G(w) = — S \\coth Ae ase. 


—o 


507 
We obtain 
AT (yal \ == An, T) = — (nA /€,) n (Ep) 
and for the Green’s function, 
G (pw) = U2 (w — ep + id)? 4+ U2 (@ -+ & — id)? (19) 


+ Qnin (ep) [U2 3 (w — ¢,) — 028 (wo + ep)], 
where n( Ep) has the form of the Fermi distribu- 
tion of excitations at the given temperature: 
n (ep) = [exp (ep/T) + 1]. 
The excitation spectrum is then 
ep = Vee, (20) 


where A is a function of the temperature. Con- 
dition (15), upon substitution of Fr (pw) in the 
form (18) in it, gives a relation which determines 
the magnitude of the gap in its temperature depend- 
ence: 


le| ¢ate(t —2n(e,)) ‘ 
~ 2 Qn) \ V 4 AX(T) (|| <x). (21) 
Equation (21) was obtained by Bardeen, Cooper and 
Schrieffer’; it was found that the magnitude of the 
gap A(T) vanishes at T=T, ~A(0). We shall 
show briefly how calculation of thermodynamical 
quantities is carried out by our method. 


The heat capacity per unit volume is equal to 
Ve, = CE ony. 
The quantity 
A 


E/v =<|-(o ae 9) + SWOOP 


is expressed by the function of G, Ft and F with 
accuracy up to inconsequential (constant in temper - 
ature) terms in the following fashion: 


E = 0V (2n)-*\ & [v2 (1 — 1 (ep)) + u2 2 (ep)] dp + eV. 


The total contribution to the heat capacity at 
such temperatures gives the interval |é,| « k. 
Substituting here for the functions u’ and v* their 
expressions (14’), and making use of Eq. (21), we 
get for the heat capacity 


Gp 22) © \ Ep 


i.e., the ordinary formula for heat capacity of a 
gas of Fermi excitations with a spectrum (20). 
Computation of the heat capacity and the value of 
the gap in its temperature dependence was given 
in Ref. 3. 
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The methods of irreversible thermodynamics are applied to derive the time variation of mag- 
netization of ferromagnetics. The role of spin-lattice relaxation in the phanomenon of ferro- 
magnetic resonance is discussed. The resultant equations are compared with those of Landau- 


Lifshitz and Bloch. 


lie In the observation of ferromagnetic resonance, 
the ferromagnetic specimen is placed in a constant 
magnetic field Hy = H,. This magnetizes the sam- 
ple to saturation. A radiofrequency field h is then 
applied perpendicular to Hy. The amplitude of the 
field h is usually taken to be small (h « Hp); 
therefore, the magnetization vector M differs only 
slightly in direction from Hp. In experiments on 
the study of relaxation in perpendicular fields, a 
strong radiofrequency field of high amplitude was 
applied. This produced a significant deviation of 

M away from Hp. 

For the determination of the frequency depend- 
ence of the components of the magnetization My, 
My, M, of the ferromagnetic, there are used the 
equations of Landau-Lifshitz’, Bloch,? or various 
modifications of these equations,® which are fre- 
quently put together without sufficient basis. 

In the present paper, it is shown that as a result 
of the application of irreversible thermodynamics, 
one can obtain (under very simple and general as- 
sumptions) equations for the change in the magne- 
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tization with time, with consideration both of spin- 
spin and spin-lattice relaxations, and the role of 
the latter in the phenomenon of ferromagnetic 
resonance can also be judged. 

From the viewpoint of thermodynamics, we can 
divide the system of spin moments, which corre- 
spond to the magnetic properties of the ferromag- 
netics, into a separate subsystem with temperature : 
T (the spin system). We shall consider the re- 
maining degrees of freedom of the entire system 
[analogously to what was done in the thermodynamic 
theory of paramagnetic relaxation‘] to be thermo- 
statted, the temperature of which (Ty) we shall 
consider fixed in the current research. We can 
show that the latter assumption is related to the 
conclusions made below and it is easily based on 
them. 

If the subset is found in thermal equilibrium 
with the thermostat or is isolated completely from 
it, and the magnetization M has a non-equilibrium | 
value, which does not correspond to the field H, 
then we shall call the process of the approximation 
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of M to the equilibrium value the internal or spin- 
spin relaxation (correspondingly isothermal or 
adiabatic). 

Another form of relaxation will take place if the 
magnetization of the subsystem M_ has a constant 
equilibrium value My while its temperature T > 
To. In this case the system will go over to the 
equilibrium state by a transfer of heat to the ther- 
mostat. In what follows, we shall call this process 
the external or spin-lattice relaxation. Processes 
of internal and external relaxation usually take 
place simultaneously and are connected with one 
another. 

The thermodynamic theory of relaxational phe- 
nomena, which takes into account both forms of re- 


laxation, was developed in the works of Shaposhnikov 


and was applied to paramagnetics.*~! 

2. For a sufficiently rapid change in the field H, 
the subsystem of spin moments will be found ina 
non-equilibrium state. The temperature T of the 
subsystem and the magnetization M do not satisfy 
the equation of state, which in this case determines 
a certain value of the field H* 


H® = H"(T, M), (1) 
which differs from H. The difference H*-—H can 
be regarded as some additional magnetic field, in 
the presence of which the subsystem would be in an 
equilibrium state. By the definition of the field H*, 
we have, always, 


[MH’*] = 0. (2) 


In order to take into account the internal relaxa- 
tion, we write down the expression for the change 
in the entropy of the non-equilibrium state of the 
subsystem, which can be represented in the form 
(see Ref. 8) 


TdS = dU — HdM + (H — H’) dM, 


where U is the internal energy of the subsystem. 
The first two terms in the right hand side of the 
latter equation determine the equilibrium part of 
the entropy change: 


T (dS), = dU — HdM, (3) 


while the latter gives the non-equilibrium part. 
Therefore, for the measurement of the entropy in 
the subsystem, we find 

TdAS | dt =(H — H*)dM/dt. 

In the approximation of irreversible thermody - 
namics,® the components of the “current” M, are 
linear functions of the components of the “force” 
(Hy, — Hg), i-e., 


3 
ES > Lin (He — Hi), (4) 


t=] 


where Li, is the tensor of kinetic coefficients 
whose components are functions of the magnetiza- 
tion for ferromagnetics. Symmetrizing Li, and 
antisymmetrizing Lik the parts of the tensor Li, 
satisfy the Onsager relations: 


th (M) = Lin (= M); Lin (M) = Li (— M). (5) 


For a magneto-isotropic ferromagnetic, placed 
in a field Hy) = Hz, one should, generally speaking, 
assume the presence of an axial anisotropy; there- 
fore 


s > 
Lorn 


imei 16, 298) (6) 


where Ay =A, =A ,, Az =A. 

The components of the antisymmetric part of 
the tensor L4, form an axial vector L which, 
according to (5), is an odd function of the magneti- 
zation. The latter requirement can be satisfied by 
assuming 


L = +M, (7) 


where the coefficient y can depend on the temper- 
ature. 
Now Eq. (4) can be written in the form 


Mn = )n{Hn—Hn(T, M)} +y[MH],. (8) 


Here the term in curly brackets defines the relax- 
ation process in the spin system. If we neglect 
this term, then Eq. (8) coincides in form with the 
equation of motion of a system of noninteracting 
magnetic momenta in an external magnetic field. 
In this latter case, the factor y has the meaning 
of a magnetomechanical ratio Yj. In the presence 
of interaction in the subsystem, y is generally 
different from Yj. The dependence of y on tem- 
perature, which is experimentally observed, does 
not contradict the thermodynamic calculation. 

If we do not take the transfer of heat from the 
spin system to the “lattice” into consideration, then 
Eq. (8) describes the change in magnetization with 
time, brought about by the gyroscopic properties 
of the magnetic momentum and the process of spin- 
spin relaxation. In order to introduce time relax- 
ation into Eq. (8), we expand the expression for 
H*(T,M) ina series about the equilibrium state 
of the spin system. Limiting ourselves to the first 
powers of 3=T-— Ty) and m=M — Mj in the ex- 
pansion, we get 


Th my +m, = xT hn + Ty [MH], + (OM2/0T) 9, (9) 
where h=H — Hp. The isothermal susceptibility 


XE is found from the derivatives 


(OH/OMu)r = Wye; (@Hn/OM.)r = 0 aan izxk, (10) 
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taken at the equilibrium position. Here, xz = xe al 
xf, xe = xT, and the times of isothermal spin- 
spin relaxation 7 are determined from 

th = GD n (11) 


In the case of an isothermal process in the spin 
system, 0 =0 and Eq. (9) describes the change in 
magnetization with time, without any additional con- 
ditions. 

For adiabatic change of the state of the spin sys- 
tem, we find for the time of adiabatic spin-spin re- 
laxation Te: 


Th = XRes (12) 


where xe is the adiabatic susceptibility. It is now 
easy to find that 


tt = Xk = Cmu/Cu, 


where Cy and Cy are the specific heats of the 
spin system, for constant H and M, respectively. 

3. The quantity of heat dQ transferred to the 
spin system of the lattice in the time dt we set 
equal to 


(13) 


dQ = addt. 
Then, by Eq. (3), 


Ch ae ns pri); Nees 
aroma pl Cy ee 


where Ty = Cy/@ is the time of external, spin- 
lattice relaxation for constant magnetization. Con- 
sidering the magnetization M in Eq. (14) asa 
function of H and T, we can put this equation in 
the form 


(14) 


; o TT) fOM\ ~ 
Hs nae at 


1) srt lar (15) 
Here 1; = Cyy/ a is the time of external, spin- 
lattice relaxation for constant H. 

Eliminating #8 from Eqs. (9) and (14), after 
simple transformations, we get the equation for the 
change in the magnetization with time: 


Pom mn + (tH + 17) ma + me 
= txt tat xf he +f ty [MH], + fy [MH], (16) 
which takes into account the internal and the ex- 
ternal relaxation. 


In order to clarify the role of the spin-lattice 
relaxation, we rewrite the last equation in the form 


d ° 
tH a {Mn + Mn — y$hn — yes [MH]x} 


+ {tlm + t— xT hn — yt] [MH],} = 0. (17) 
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It follows from (13) that if we set Cy = Cy, 
then Tp = Te =7,, and therefore Eq. (17) can be 
written as «| 

t,dA/dt + A= 0. 
A= TrINh -{- i — nth EC [MH )p. (18) 

As is seen from (18), the spin-lattice relaxation 
in this case appears only in transient processes, 
since the stationary solution of (18) 


TrIMn + Mn = XnMn + ytr [MH], 


(19) 


takes only the spin-spin relaxation into account. | 
For ferromagnetics below the Curie point,’° the 
ratio 


ct = 1t Hoge | (Hex Sm — Cain) 


differs from unity only in the third decimal place, | 
since the ratio of Hy to the intensity of the field 
of exchange forces Hg, is of the order 107°, 
while the specific heat of the dipole interaction 
Cdip < Hex |9M/aT|. Above the Curie point, the 
ratio 


Cu/Cu = 1 + CHET ACH, P 7 -F Ca): 


where C is the Curie constant, which differs from 
unity only in the sixth decimal place. | 

The closeness of the ratio of Cy/Cyy to unity © 
is brought about, as follows from what was said 
above, from the presence in the ferromagnetics of 
a strong field of exchange forces. Therefore, the 
specific heat of the spin system is so large that the 
radiofrequency field at small amplitude does not 
succeed in raising its temperature in any appreci- 
able amount. As a result, the spin-lattice relaxa- 
tion effect is shown to be insignificant and practic- 
ally escapes observation. 

On the other hand, in the case Tyo > 1, where 
Wy is the resonance frequency, it is seen from (17} 
that, neglecting the group of terms in the second 
curly brackets, we obtain the equation 


wiitn + my, = %5hy + Sy (MHJa, 


which takes into account only the spin-spin relaxa- | 
tion. In similar fashion we obtain, in the other lim- 
iting case when Ty <1: 


my + my, = x7 An + ay [MH] . 


Therefore, for ferromagnetics, the spin-lattice re- 
laxation can exist independently of the magnitude oi 
the ratio Cy/Cy only upon satisfaction of the con- 
dition Ty) ~ 1, which usually does not hold. 

4. Neglecting the spin-lattice relaxation, we 
shall start out in what follows from Eq. (8) which, 
taking (2) into account, can be written in the form 
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Mn= x (Hn—“ Mn)-+ (MH). (20) 


Since H* and M are connected by the equation of 
state, then, in the approximation assumed, 


M/H* = M)/Hy = Xo: (21) 


where Xo is the static susceptibility and My is 
the equilibrium magnetization corresponding to the 
field Hp. Introducing the longitudinal and trans- 
verse relaxation times 


T 1 = YXo/A13 T 1 = Xo/rj (22) 
we rewrite (20), keeping (21) in mind: 


. 


Mx, y={(MH]x, ¥ (MM, y— Yell 2, y/T 1, 
Mz =y [MH], — (Mz — Xollz)/T y. 


The equations obtained above differ from the Bloch 
equations (which are applicable in the theory of nu- 
clear magnetic resonances) by the presence of the 
terms XoHx and XoHy. In ferromagnetic sub- 
stances, the vector M in weak radiofrequency 
fields and even for resonance is close in its direc- 
tion to Mp, as a consequence of the large width of 
the absorption lines. Therefore, the components 
Mx and My are small, and it is not possible to 
neglect the terms X Hx and X9Hy. The equations, 
in a form that coincides with (23), were set up in 
Ref. 11 for the description of the phenomenon of 
ferromagnetic resonance. 

5. At temperatures far removed from the Curie 
point (T < ©), the external field Hj does not ap- 
preciably change the magnitude of the vector of 
_ spontaneous magnetization M=M,, producing 
only a change in its direction. If we require con- 
stancy of the magnitude of the vector M, then it 
follows from (8) that 


(23) 


3 
St aMa (Ha— Hi) = 0 (24) 


hk=1 
whence, by (2), 
H* = & (MH) M/M2, (25) 
where 


i= [14 (2-1) “aa | {1+ (GE—") (a) |- es) 


In this case, we can write Eq. (8) in the form 


Mz, y ay [MH]x, y a Ay M*? [M [MH ]]x, y 
+r, I — &) (MH) Many. 
M, = y(MH]z —4,M?(M[MH]]. (27) 


+ dy (1 — §) (MH) M? M,. 
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For A, =A, =A, Eqs. (28) transform to the Lan- 
dau-Lifshitz equations, as is seen from Eq. (26). 
The Landau-~Lifshitz equations are widely used in 
the theory of ferromagnetic resonance. On the 
other hand, in weak radiofrequency fields, where 
h< Ho, 


M.H./MH = 1; M2/M? = 1 


the coefficient § * 1, and the equations (27) are 
simplified: 


Mx, | iene A, M? (M (MH)]., y -- y [MH], y, 
Mz = —),M-?(M[MH}], + 7 [MH]. (28) 


The right side of the equation for M, is equal to 
zero in this case; the solutions of Eq. (28) do not 
contain the constant A, and coincide with the solu- 
tions of the Landau-Lifshitz equation in the case of 
weak fields for A, =A. 

If we assume that A, #A,, then the difference 
of (23) from the Landau-Lifshitz equation can exist 
only in the case of strong radiofrequency fields, 
where é£ #1. 

Since the solution of the Landau-Lifshitz equa- 
tion and Eq. (23) coincide in the case of weak rf 
fields, and they also coincide with Eq. (27), then 
the phenomenon of ferromagnetic resonance in 
weak fields is shown to be very insensitive to the 
detailed form of the equation employed for their 
description. Preference for this or that form of 
the equation can be made only upon observation of 
nonlinear effects, for example, observation of the 
change of the z component of the magnetization. 
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LATERAL DISTRIBUTION FUNCTION OF 
PHOTONS AT CASCADE SHOWER MAXI- 
MUM 


V. V. GUZHAVIN and I. P. IVANENKO 
Moscow State University 
Submitted to JETP editor November 6, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 746-747 
(March, 1958) 


In an earlier publication! of the authors, the 
electron lateral distribution function (LDF) was 
calculated using the moment method. Knowledge 
of the photon LDF is necessary for analysis of 
cosmic-ray measurements, especially for inter- 
pretation of data on extensive air showers. 
Moliére? calculated the photon LDF at the 
cascade electron-photon shower maximum 
neglecting ionization losses. Although the calcu- 
lations of Moliére have been often criticized, it 
can be stated that their result is correct for r <« 
1. Eyges and Fernbach? calculated the photon 
LDF by finding graphically a function such that 
its first few moments coincide with the moments 
of the required function. The function obtained 
ISsCcOLLeCct 10K Lez) L. 

We calculated the photon LDF using the mo- 
ment method. We made use of the fact that the 
LDF Npy(x,;) of photons with energy >E is 
proportional to (In x,)/x, for xp — 0,7 where 
Xy = Er/Eg, Eg = 21 Mev. The function x,Np(x,) 
can be approximated by the sum of polynomials 

aN 


Ei(—2V x) Dy anRn (ax). (1) 


n=0 


XN (Xr) = 


where Ry(a@x;) are polynomials orthogonal in 
the interval (0,°) with weight function 
Ei(- a vx). The polynomials Ry (ese and the 
conjugate orthogonal polynomials Re n(@xy) are 
determined from the conditions! 

\ xe” Ei (— a W'x;) Rn (ax,) dx, = 


9 


YY MOIS i =S70 
OMOr rn <a 7. 


\ Ei (— 0 Vx,) Rn (cet,) Ri (Xe) dy = Ban (2) 


The explicit expressions for Ro, Ry, Ry, are 


Ro (“x;,) ae (y/2Ly) a 
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Ry (aX) = (y/2L1) a8 [— Ar + Loa x7]; | 
Ry (ax,)=(y/2L_) a! [(AyAg—AzAs) (3) 


—(A)Ay—A2 Ap) HAX, Lo? («x,)?], 


where 
Ly Agi ha = AlAs = AAs 
Lp AGL WA ARARS APA 
An = T' (2 + 2n)/(2 + 2n). 
Using formulae (3) we obtain the following expres- 


sions for the coefficients ap: 


ay = 1/y; a, = (Wfy)[— Lo Aaa! + 22); 


a, = (I/y) (Lo (AsAs — AgAy) a 8- 


4 LT (AAG — AgAs) E+ HB, 


where x} is the n-th moment of the function 
Np (x,)- 

The coefficient a can be found from the con- 
dition that the highest moment of the required 


function in the expansion of Ref. 1 is equal to the 
corresponding moment of the weight function 


Ei (—avx,). 
log [N,,(z,)z,J 


GEE NG 1 ae eee 10 
FIG. 1 


Results of the calculation of the photon LDF 
are shown in Fig. 1 (solid curve) where the 
Moliére curve (dashed) is also included. The 
curves differ by less than 20% up to ba 8 
It should be noted that the curves are similar up 
to xy ~ 0.01. For x; ~ 1 the curves differ by a 
factor of two, but the Moliére distribution is alread 
inaccurate in that region. Our curve is shown also 
in Fig. 2, where the points correspond to calcula- 
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tions of Eyges and Fernbach. The functions differ 
by less than 10% for x; ~ 1—5. The photon LDF 
calculated by us using the first three moments 


differs from the more accurate function by less 
than 10%. 


log (4,(z,)z,] 

0 ON 

-f 4 \ 

oA 

“J 

~4 

(af Ca, if 
Z,, 

FIG. 2 


The electron LDF! is also shown in Fig. 1 (dot- 
dash curve). It should be noted that, even for = 
10-4 which corresponds to distances of 2 x 10% 
radiation units for particles with energy >=10° ev 
(i.e. distances < 0.5 cm in air at sea-level), the 
values of the photon LDF are only three times 
larger than those of the electron LDF, in spite of 
the fact that for x,—0 the function x,Ny(x;) 
diverges as In xy, while xyNp(x;,) remains 
finite. 
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MOTION OF ELECTRON ALONG SELF - 
INTERSECTING TRAJECTORIES 


G. E. ZIL’ BERMAN 
Submitted to JETP editor November 14, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 748-749 
(March, 1958) 


In Ref. 1 we derived an equation for the motion of 
an electron with arbitrary law of dispersion E(k) 
in a magnetic field (H=H,) and obtained ( fol- 
lowing I. M. Lifshitz and Kosevich”) with the aid 
of the quasi-classical approximation the following 
equation 


Sites Ry) = 25%, (n tl. 1/0), ae => he | eH, 


for the energy levels of an electron moving in 
closed trajectories (the intersections of the sur- 
face E(k) =const, and the plane kg = const). 

In the present work we shall consider a case when 
the trajectory has a form of a closed self-inter- 
secting curve (“figure eight”). However, the con- 
sideration given below pertains also to the case 
when the “figure eight” has a narrow neck and 
when it breaks up into two closed regions. 

Near the point of self-intersection it is impos- 
sible to employ the quasi-classical approximation. 
For the region near such a point (where the trajec- 
tory can be represented by two hyperbolas, which 
degenerate into straight lines upon exact self-in 
tersection), it is necessary to write the exact solu- 
tion. A similar problem was solved in Ref. 3. It 
turns out that near the point of self-intersection 
the exact solution is expressed in terms of degen- 
erate hypergeometric functions, similar to the 
manner in which the solution near the point of the 
classical turn is expressed in terms of the Airy 
functions. The “joining” of the quasi-classical 
solution (away from the point of self-intersection) 
and the exact solution (in the vicinity of this point) 
gives a quantization condition in the form 


S = Ana” (n + 3/¢ + y1,2(A)); (1) 


here S is the total area of the curve, ¥;4..(A) 
are functions, to be determined below, of the quan- 
tity 


h = (xo/s)? V Rio, (2) 


where Kg = Kj924, Ky is the value of Kk, at the 
boundary (for exact self-intersection Ky =0), 
é=a/ a), R is the radius of curvature of the tra- 
jectory at the point of self-intersection (Vk /R 

is the slope of the tangent at the point of self-in- 
tersection for kj) = 0, or the slope of the asymp- 
tote of the hyperbola in the case of inexact self-in- 
tersection). The quantities y,; and y, are deter- 
mined in the following manner 


1 2 


1 \ 
pen g— me zinle 


os Xr 
Alcea aout A tt 


Rem = P(E +ir), Rema emyr(Z + iz) (3) 


In order to gain an idea of the splitting of the energy 
levels upon gradual deformation of the “figure eight,” 
it is enough to consider the following cases. 

(1) When <0 and |A| > 1,. corresponding to 
two individual regions (ky is imaginary), Y4= 
Y. = 0. Then the area of each region is determined 
by the usual equation S = 2ma9*(n+ %), and the 
total area is 


S == 4rae? (nt + 1/9) (4) 
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(2) When A=0 (exact self-intersection, Kj) = 
0), ¥;=—Y3 = %. In this case the area of the en- 
tire curve is expressed by the formula 


S = 4ra—* tn 44/3 a= 4a): (5) 
Both levels, corresponding to a given value of n, 
are separated by a distance that is one quarter as 
small as that of the levels corresponding to neigh- 
boring n and equal y. The levels are thus equi- 
distant in pairs. 

(3) When A> 1 (wide neck, ky large), ¥1 = 
—-¥2= he Formula (1) for the total area now be- 
comes S = 47a9?(n+ %+%), which can also be 
written in the usual form 


S = 2rav*(n + "/o). (6) 


The levels are again equidistant, but at distances 
half as small than in the case of two individual re- 
gions [formula (4)]. The levels are no longer equi- 
distant when the curve is nearly self-intersecting 
and the conditions for the applicability of the quasi- 
classical approximation are no longer satisfied. 

Let us consider the de Haas — van Alphen effect 
for trajectories with self intersection. The first 
two (most significant) terms of the oscillating por- 
tion of the number of electron states (with energy 
from 0 to E) will be of the form 


Tw 


, 1 
sin (5 02S in — i ) COS 27x, 


Lor Se 
WE sin(o2S,, — a) COS 4rYm,; (7) 


ANGULAR DISTRIBUTION IN THE REAC- 
TIONS! Kit 2n t+ go. andy Kt 27°sane 


V. N. GRIBOV 


Leningrad Physico-Technical Institute, Academy 
of Sciences, U.S.S.R. 


Submitted to JETP editor November 19, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 749-751 
(March, 1958). 


By angular distribution we shall understand the 
dependence of the disintegration probability on the 
angle 3 between the relative momentum of the 
identically charged mesons kj) = py — py and 
the momentum of the third meson ps. 

As is known,! neglecting the interaction of the 
m mesons in the final state, the matrix elements 
for both decays do not depend on #@ with an accu- 
racy up to terms ~k},p?, since the angular mo- 


Sm is the extremal value of the area, and Ym 
is the corresponding value of y. 

When y= 0 (two individual regions), the oscil- « 
lation takes place with a frequency corresponding _ 
to the cross-section area of the individual region. | 
Then, as y increases (merging of the regions and 
formation of one common region), the first term 
diminishes and the term with double the frequeney 
starts assuming an ever increasing role. When 
y= vi (merging regions), the first term vanishes, 
i.e., the frequency of oscillations already corre- 
sponds to the total area of the curve. 

The author takes this opportunity to thank I. M. 
Lifshitz for discussion of this work. 
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menta 2,L (Refs. 1 and 2) can assume the values 
2= L=0,2,4,.., and the contribution of the cor- 
responding states to the matrix elements are 
~kyp3. The latter is due to the fact that the par- 
ticles in states with 2,L+0, in order to leave the 
region of their creation, have to overcome the cen- : 
trifugal barrier, whose penetration coefficient is 
proportional to kf ph. 

However, in the presence of interaction the par- - 
ticles can go into a state with 0,L~0 and givea 
contribution to the angular distribution without pas- 
sing the centrifugal barrier. This case arises 
when the particles, created in a state with 2=L= 
0, leave the region of their creation, whereupon 
one of the pairs of particles 1 and 3 or 2 and 3 
gets close and interacts. In such an interaction 
the angular momenta £ and L are not conserved, 
but the total angular momentum is conserved. This} 
makes possible the transition from a state with 
§,L=0 toa state 2,L=0 with the same total 
angular momentum. It can be shown? that the am- 
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plitude of such a transition is determined.by the 
amplitudes of the scattering of the pairs of parti- 
cles from each other and is proportional to VE 
(E is the relative kinetic energy of three 7 me- 
sons) for transitions into states with arbitrary, 
possible 2 and L. For sufficiently small energy, 
the contribution of these processes to the angular 
distribution is thus more important than the direct 
passage through the centrifugal barrier. In this 
case the angular distribution is determined not by 
the specific character of the disintegration inter - 
action, but by the amplitudes for the scattering of 
one m meson from another. 

In order to find the angular distribution in this 
case, it is sufficient to know the wave functions of 
the system of three 7 mesons in the small region 
of radius rpg where the particles are created. It 
is shown in Ref. 3 that »(2n*, m ) can in this re- 
gion be written, for example, in the form 


h(2n*, 37) = {1 — ik, dy —~ (12 + Res) (2 + 2a) 
+ 1% (5a? + 1a, a, + 2a2)} f- 
4+ {—¥ (ia + Bos) (a2 — a) (1) 
+ J (1302 — 1 aya, — 2a2)} fH + 0 6) + 0 (8); 


oa) f) are the wave functions of the systems 
(2n*, m ) and (27°, 1’), respectively, at zero 
energy; a9,a), are the amplitudes for the scatter- 
ing of a meson from a 7m meson at zero energy 
in states with isotopic spin 0 and 2; J is a known 
function of kj/k and 3; k=Vm,E/h . An analo- 

. gous formula holds for »( 2n°, 7). With the help 
of these formulae, the matrix elements for both 
disintegrations can be expressed through the ma- 
trix elements at zero energy <f¢*) |W| dt > and 
the amplitudes a, and ap. 

The result of raising the respective expressions 
to the second power depends essentially on whether 
or not “time-parity” is conserved in these disinte- 
grations. If “time-parity” is conserved then the 
<£(F) |W] ~xt+> are real. In this case the angular 
distribution differs from a spherically symmetric 
one only by terms of order x2, inasmuch as the 
terms of first order in 1 are purely imaginary. 
Using an approximation to the expression for J, 
limiting oneself to lowest powers in cos 3, and 
integrating over the energy of the third particle, 
one obtains for the disintegration probabilities the 
expressions 


dw (9) = wi BE COS- te /Mie) [0.07a3 +-0.la, ay 


— 0.074? + 9 (0,25a2 — 0,32a, a) + 0.0745) 


+ 0.03 (a, — ay)? p?)} dcos 9, 


dw (9) = W* {1 + cos? (mE / #2) [0.1a2 + 0,03a, a, 
+ 0.03a? + 07} (0,12a2 — 0.17a, a)+-0.05a?)}} dcos 9; 
OW ah 


If “time-parity” is not conserved the 
<f(*) |W x+> are complex. In this case the 
angular and energy distribution changes already 
in terms of first order of x. In this case, taking 
into account only terms of first order, we obtain 
for the absolute squares of the matrix elements 
the expressions 


| <p(2n*, x7) |W | bx+> |? = We {1 — (29/3) 


(kis + Res) (a2 — a) sing}, | <p(2n9, nt) |W | ber 
= W* {1 — (4/39) Rig (a, — ao) sin o}; 


g is the relative phase of <f(t)|W| +> and 
<£0-) |W] dyet>. 

In all the preceding formulae, the = mesons 
are taken to be nonrelativistic. In order to take 
into account the relativistic corrections it is suffi- 
cient to change in the final formulae, the angle # 
to the angle v0’ between the momentum p, and 
the relative momentum of the identically-charged 
m mesons in the system of their center of mass. 
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USE OF MOVING HIGH-FREQUENCY 
POTENTIAL WELLS FOR THE ACCEL- 
ERATION OF CHARGED PARTICLES 


A. V. GAPONOV and M. A. MILLER 
Gorkii State University 
Submitted to JETP editor November 25, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 751-752 
(March, 1958). 


Tae motion of charged particles (charge e, 
mass m, e/m = 7) _in high-frequency electromag- 
netic fields E(r)ei“t, H(r)e!“* may be approxi- 
mately represented as small oscillations ry, = 
—(n/w*) E( ry)-ens relative to a comparatively 
slowly-varying mean position rp(t). In the non- 
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relativistic case, the coordinate ro(t) satisfies 
the equation! 


re = — VO (ro): @ (Ty) = (4 / 2)? | E}’. (1) 


As previously shown,! absolute minima of the 
potential @(r,)) exist in heterogeneous fields of 
definite configuration. Localization of particles 
with charge of any sign is possible in the potential 
wells that correspond to these minima. Upon using 
oscillations with various frequencies we obtain, 
generally speaking, a time-varying potential con- 
tour ®(ry,t). In such a manner we may, in par- 
ticular, bring about accelerated motion of the 
potential wells and, as a result, produce accelera- 
tion of the charged particles localized therein.” 

We consider two cylindrical waves, progressing 
in opposite (+z) directions. If their frequencies 
and amplitudes are identical, they form a standing 
wave Ey(x,y,z)el¥t, where Eo(x,y,z) isa real 
function. Let the structure of this field be such 
that the potential corresponding to it, 9 = 
(n/2w)* |Ey (x,y,z) |?, has absolute minima (for ex- 
ample, a wave of type TM,, ina circular wave- 
guide, of type TM, in a rectangular waveguide, 
etc.). For a displacement of the potential wells 
along z it is necessary to change the phase of one 
wave from its opposite; in particular, their dis- 
placement with constant velocity vo is brought 
about when two waves with different frequencies 
Wij2 =Wo + Aw are combined. Limiting ourselves 
to nonrelativistic motion (|Aw| < w,)) and neg- 
lecting the difference in field structure of the 
opposing waves, we obtain for the total field 


E = E, (x, y, z— vy t) ef (of-24h), (2) 


where 2Ah=h(w,) —h(w.), and h(w) is the 
propagation constant. The potential © corre- 
sponding to this field has the form @= 
@)(X,y,Z—Vot). The displacement velocity of the 
potential wells 


Uy = 2Aw/[h(@) + A(o2)] (3) 


turns out to be proportional to the difference in 
frequencies of the opposing waves, so that the cap- 
ture and consequent acceleration of a particle is 
brought about by varying the frequency of the gen- 
erator which excites one of the waves. 

In the case of a relativistic velocity vo, the 
potential wells (in the accompanying frame of ref- 
erence) are somewhat deformed. However, as 


before, their displacement velocity is determined | 
by the relationship (3). | 

Inasmuch as in the accompanying frame of ref- « 
erence an accelerated particle is at all times os- | 
cillating with the frequency of the external field, 
the effectiveness of such an accelerator is less 
than that of the usual linear one. In fact, the ratio 
of the “actual field” (V,@)/n to the correspond- 
ing field in a linear accelerator with identical value 
of permissible intensity Ea x is equal to 


| 
q| VP | / Emax = hE max | 207 = Mah |\ta|max <1. 9 
However, an accelerator with high-frequency 
potential wells does have definite advantages. 
First of all, the application of transverse mag- 
netic waves (TM), which give rise to three dimen- | 
sional potential wells, obviates the necessity for | 
supplementary focusing of the particles in the 
transverse plane. Furthermore, since the effect 
of the capture and acceleration of particles does 
not depend on the sign of their charge, it is possi- 
ble to apply this principle for the acceleration of 
quasi-neutral plasma bunches. Finally, the utili- 
zation of waves with any phase velocity, both 
greater and smaller than the velocity of light, is 
permissible. Consequently, instead of periodic 
structures, application of the customary smooth 
waveguides is allowed. It certainly follows by 
implication that in such a waveguide, as immedi- 
ately apparent from (3), the equality vg=c is 
unattainable. 

In conclusion, we note that in the presence of a 
supplementary focusing magnetic field (H, = 
const) in the accelerator, waves of the transverse 
electric type (TE and TEM) may be applied. In 
this case the expression for the potential ® will 
have the form 


D =| Ej? /4(@* — ow), on = || H,/c. 


14. B. Gaponov and M. A. Miller, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 242 (1958), Soviet 
Phys. JETP 7, 168 (1958). 

2M. A. Miller, On the Focusing of Electron 
Bundles by means of High-Frequency Fields, de- 
livered at the Second All-Union Conference of the 
Ministry for the Advanced Study of Radioelectron- 
ics, Saratov (1957). 
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FISSION OF U?%8 


M. N. NIKOLAEV, V. I. GOLUBEV, and I. I. 
BONDARENKO 


Submitted to JETP editor November 25, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 752-754 
(March, 1958) 


In connection with the problem of the operation of 
many types of nuclear reactors, it becomes inter- 
esting to study the fission of U?®® by fission neu- 
trons in large masses of uranium. In this work 
we describe measurements, performed in 1954, 
of the total number D of fissions of U?%8, that 
take place in an infinite block of uranium when a 
single fission neutron is admitted into the block. 

The experiment was set up in the following 
manner. A disc of U?*> (“converter”) was placed 
in the center of a hollow sphere of natural uranium 
(outer radius 25 cm, inner radius 5cm). A colli- 
mated beam of thermal neutrons, from the reflec- 
tor of the reactor of the atomic electric station, 
was aimed at the converter, which served as a 
source of fission neutrons. 

A system of shields made of cadmium and 
boron prevented the thermal neutrons from enter- 
ing inside the uranium sphere. The effect of the 
neutrons over the cadmium was eliminated by 
measurements in which the neutron beam was 
covered with a sheet of cadmium. A vertical 
channel filled with uranium inserts was drilled 
through the upper hemisphere, and detectors 
could be placed between the inserts. 

The detector employed were flat fission cham- 
bers with layers of natural and enriched uranium. 
Comparison of the counts of these chambers in an 
identical flux of thermal neutrons made it possible 
to calculate the distribution of fissions of U8 and 
u*55 from the measured distributions. 


ue Yo LD DE TE MEE TW TE EE BD 


r-distance from center of sphere 


The diagram shows the distributions obtained 
in this manner. For convenience, the ordinates 
represent the quantities n ( r)t?. The values of 
these quantities, measured in the absence of a 
uranium sphere, are taken to be unity. During 


these measurements, the positions of the converter 
and of the shields remained the same as before. 
Were the uranium sphere used in these experiments 
infinitely thick and consisting of pure U8, the 
value of D would satisfy the equation 

D = Noyy\ Ny (rman, (1) 
where M is the number of nuclei per cm’, Ng (1) 
is the distribution of U?%8 fissions normalized in 
the manner indicated above, Ofg the cross section 
for the fission of U8 by the fission neutron. The 
latter quantity was taken to be 0.31 + 0.01 barns, 
a value previously obtained.* 

Actually, in order to determine D it is neces- 
sary to take into account the fission of the U2%5 
contained in the sphere, and the number of neutrons 
capable of fissioning U?*8> which may leak from the 
sphere. Corrections for these effects, which do 
not play an important role in our problem, were 
introduced by using the measured distribution of 
the U?*® fissions and the value of the leakage, 
which was measured by means of an effective fis- 
sion chamber with layers of U8; the chamber 
was located at a large distance from the sphere. 

The value of D was thus found to be 0.17 + 
0.01. Knowing D, it is possible to determine 
k,, for pure U7**; 


bo Die Dy, (2) 


where vg, is the average number of neutrons, 
liberated by fission of U8. Taking vg = 2.85 + 
0.06 (Ref. 2), we obtain k,, = 0.325 + 0.011. 

If the distribution of the neutrons, capable of 
fissioning U8, is expressed in terms of the 
Peierls single-group kinetic equation, D will be 
related to the known parameters a and ® of 
this equation by 


D = 37,N /(« — 8). (3) 


Using this relation and selecting one of the param- 
eters such as to make the experimental distribu- 
tion of the U8 fissions in the sphere fit best the 
values calculated by means of an exact solution of 
the kinetic equation, it is possible to determine the 
parameters a and £. Thus, we obtained a = 
0.201 + 0.007 and B=0.115 + 0.004. The distri- 
bution of the U2"8 fissions, calculated with the aid 
of these parameters, is shown on the diagram 
(solid curve). 

The procedure employed in these experiments 
can be used for the measurement of the transport 
parameters of various substances at various en- 
ergies. For example, we placed a source of 0.8 — 
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1.0 photoneutrons (Na—Be) in the center of a 
uranium sphere, measured the distribution of the 
Np”? fissions, and were able to determine the 
transport parameters of U8 for a group of neu- 
trons with energies 0.5—1.0 Mev. The values 
obtained in this case were a = 0.22 + 0.01 and 
B = 0.187 + 0.008. 


*This value is in excellent agreement with the results of 
measurements made by Leachman and Schmitt’ (0.307 + 0.005 
barns). 


1R. B. Leachman and H. W. Schmitt, J. Nucl. 
Energy 4, 38 (1957). 

2 Kuz’ minov, Kutsaeva, and Bondarenko, 
Aromuax sHeprun (Atomic Energy) (in press). 
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CONCERNING THE SYNTHESIS OF THE 
SHAPE OF THE FERMI SURFACE IN 
METALS 


M. Ia. AZBEL’ 


Physico-Technical Institute, Academy of 
Sciences, Ukrainian S.S.R. 


Submitted to JETP editor November 26, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 754-755 
(March, 1958) 


Tue synthesis of the shape of the Fermi surface 
€(p)=€9 (where e€ and p are the energy and 
quasi momentum of the conduction electron, and 
€) is the limiting Fermi energy) from the experi- 
mental results is a task of great importance to the 
theory. I. M. Lifshitz and A. V. Pogorelev pro- 
posed! a method of such a synthesis from the ex- 
tremal areas S,,; of the cross-sections of the 
Fermi surface. These areas can be determined 
from the periods of the oscillations of the mag- 
netic susceptibility x in the de Haas — van Alphen 
effect. 


As a rule, however, harmonic analysis of the 
experimental curves of x(H) is a rather difficult — 
task, owing to the large number of harmonics. In , 
this work we propose a method whereby Sext and 
the radius vector of the surface p can be deter- 
mined directly as a function of the direction p/p 
for various harmonics. 

Let us examine the de Haas — van Alphen effect 
in a film in a constant magnetic field oriented in 
an arbitrary manner. 

For brevity we shall assume that the Fermi 
surface is a single closed convex surface. Then, 
if the orbit corresponding to the central cross- 
section “is not contained” in a film of thickness D, | 
Les, 


t ‘ 
0 lo 


| 
| 
| 


Ded \ Ur dt, Mie OE es. D \ Olli, 
ie ‘ 
: 2cp ian 
ap sin ® | eH | Pz=0,f=£ 4 
Ve(L)= A (H)=QGi (<0; mH (t2) > 0 


(t is the time of one electron revolution in the 
orbit, v =Vpye is the electron velocity, and the 
other symbols are as indicated in the diagram ), 
then all the electrons collide with the surface, and 
the amplitude of the quantum oscillations of x is 
proportional to at least the second power of pH/eg 
(where p is the Bohr magneton for the conduction 
electron. The second power is obtained under the 
case which is most favorable in this sense, namely 
of specular reflection of the electrons from the 
surface — see Ref. 2.) 

If, however, the orbit corresponding to the cen- 
tral cross-section “is contained” in the film 
(D>d), with 


(L/D) cos ® (ui /2,)@<< | 


(2 is the mean free path of the electrons), then 
the electrons corresponding to the central cross 
section and contributing to the quantum oscilla- 
tions will not collide with the surface. They sat- 
isfy the relation 


Uz (Pz) = Uz (0) + v; (0) pp ~ 0 (uH /e,)”. 


Their energy spectrum coincides in the quasi- 
classical case with the spectrum in the bulk metal 
and the amplitude of the corresponding quantum 
oscillations is proportional, as can be readily 
seen, to (uH/€,)¥/2. In this case the magnetic 
moment differs from the magnetic moment of the 
bulk metal? only in that instead of D the formulas 
contain D—d, corresponding to those electrons 


>.) 
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which do not collide with the surface. Ina mag- 
netic field parallel to the surface, the formula for 
the magnetic moment, for any kind of reflection 
from the surface, coincides with formula (14) of 
the work by Kosevich and Lifshitz.‘ 

Consequently, if one investigates Xq(H) ina 
film with D <2, then, by determining the succes- 
sive values of the magnetic field H for which 
there are sharp increases in the quantum oscilla- 
tions with a given period, for all possible direc- 
tions of H, we determine d and Sext for each 
of the surfaces individually (we mean here the 
closed surfaces into which €(p) = €9 is resolved), 
without resorting to harmonic analysis. (The ap- 
plicability of the above arguments to this case is 
obvious. ) 

The values of d=D ina parallel field make it 
possible to determine 


pre = |eHD|/2c 


for the central cross-section of the above sur- 
faces, at all directions x in the plane of the film, 


CALORIMETRIC DETERMINATION OF 
THE HALF-LIFE OF Ra? 


G. V. GORSHKOV, Z. G. GRITCHENKO, and 
N. S. SHIMANSKAIA 


Radium Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor December 6, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 756-757 
(March, 1958) 


Ly the determination of the half-lives of long-lived 
isotopes by the calorimetric method, one measures 
the thermal effect Q of the radioactivity of a 
known weight p of a given isotope. The half-life 
T is determined from the relation T= (ln 2)- 
pNye/AQ, where Ny is Avogadro’s number, A 
the atomic weight of the isotope, and ¢« the energy 
liberated by the isotope in the calorimeter in a 
single decay event. The decay constants of Pu 
(Ref. 1) and Ac?" (Ref. 2) were measured rela- 
tively recently by such a calorimetric method. 
Many investigators have used this method to 
determine T for Ra?*°, They measured the ther- 
mal effect of radium, either free of its short-lived 
derivatives® or in equilibrium with these deriva- 
tives.4°> Unfortunately, the Ra contents in the 
measured compounds was determined in these in- 
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i.e., to construct directly all the cross-sections 
€(p)=€9 and p,=0. A set of monocrystallo- 
graphic films cee a varying orientations of the 
crystallographic axes relative to the surface would 
make it possible to plot ¢ (Pp) = €. 

The values of Sext» aS already indicated, also 
make it possible to synthesize the Fermi surface 
by the Lifshitz-Pogorelov method. 


'T, M. Lifshitz and A. V. Pogorelov, Dokl. Akad. 
Nauk SSSR 96, 1143 (1954). 

21. M. Lifshitz and A. M. Kosevich, Izv. Akad. 
Nauk SSSR, ser. fiz. 19, 395 (1955). 

31. M. Lifshitz and A. M. Kosevich, Dokl. Akad. 
Nauk. SSSR 96, 963 (1954); J. Exptl. Theoret. Phys. 
(U.S.S.R.) 29, 730 (1955), Soviet Phys. JETP 2, 636 
(1956). 

*A. M. Kosevich and I. M. Lifshitz, I. M. Lif- 
shitz, J. Exptl. Theoret. Phys. (U.S.S.R.) 29, 743 
(1955), Soviet Phys. JETP 2, 646 (1956). 


Translated by J. G. Adashko 
145 


vestigations indirectly, usually on the basis of y 
measurements. In addition, for the most part, the 
accuracy of the calorimetric measurements them- 
selves was insufficient (1—4%), as was the ac- 
curacy with which e€ was calculated for the ele- 
ments of the Ra* series. 

We made precise calorimetric measurements 
of three equilibrium compounds of radium, sub- 
jected to 10 (RalI, Rall) and 15(Ra III) addi- 
tional crystallizations to eliminate possible con- 
taminations. The purity of these compounds was 
controlled by means of a spectral method, which 
detected the presence of only insignificant impuri- 
ties of certain elements of the second group of the 
periodic table. The total contamination a did 
not exceed, in all three cases, 0.2% (by weight). 

The results of direct weighing of radium bro- 
mide before sealing the compounds, and the Ra??6 
content in these compounds, are given in the table. 
The table lists also the results of the calorimetric 
measurements performed with the aid of a double 
static calorimeter.’ The last column of the table 
gives the determined values of Qo+g/p — the 
thermal effect of a@- and f-radiation per gram 
of radium. In the calculation of these quantities, 
account is taken of the absorption of y-rays in 
the compound itself (self absorption), in the pro- 
tective container, in the glass of the ampoules, 
and in the walls of the calorimetric cylinder itself. 
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The increasing thermal effect due to accumulation 
of Po?! and RaE in the compounds was also ac- 
counted for. 


Thermal 

Weight Thermal effect of 

Compound of effect LeorRa 
Ra, mg | mecal/hr AAeAlehe 
Ra | 160.7 20.96 120K 
Ra Il 178.8 Psy) ANTES) 
Ra II 149.9 19.55 129.9 
129,7 


On the basis of the latest experimental data on 
a and £B spectra of the elements of the radium 
series, we calculated ¢ for the equilibrium com- 
pound Ra?”*_ jt turned out to be 25.335 Mev (+0.3%). 
Using this value, we obtained for the half-life of 
Ra?* a value T= 1577 +9 years. This gave re- 
spectively for a value z = 3.71 + 0.02 x 10! decays/ 
sec-g, the specific activity z. The latter is con- 
nected with T by the simple relation z = 1.847 x 
1074777? 

The values of z and T we determined are 
close to those adopted by the International Com- 
mission® (z = 3.70 x 10'°, T = 1580 years), but 
differ noticeably from the values recently obtained 
by Kohman, Ames, and Sedlet® and Sebaoun!” (z = 
3.61 —3.62 x 10’ (40.5 — 0.6%); T = 1617 — 1622 
years). In these two investigations the number of 


ROLE OF INTERELECTRON COLLISIONS IN 
METALS IN THE INFRARED REGION OF 
THE SPECTRUM 


G. P. MOTULEVICH and A. A. SHUBIN 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor December 7, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 757-758 
(March, 1958) 


As is known, the contribution of interelectron 
collisions to the value of the surface impedance of 
the metal is insignificant in the low-frequency re- 
gion. However, as the frequency increases, this 
contribution increases, as was already noted, for 
example, in Ref. 1. Calculations pertaining to the 
infrared region of the spectrum were made by 
Pitaevskii? and Gurzhi.’ It follows from these cal- 
culations that the interelectron collisions lead to 
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particles emitted by the equilibrium!” or non-equi- 
librium® radium compound was measured directly, 
To explain the causes of such a discrepancy, it 
would be desirable to repeat the determination of 
these important quantities z and T of Ra226 | 
using the above methods as well as other possible 


methods. 
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the appearance of an additional term of the form 
B/)? in the real part of the surface impedance. 
Here B is a factor that is independent of the 
wavelength of the light A. The measurements we 
performed on the optical constants of silver’ show 
that this additional term is substantial in the spec- 
tral region we investigated (1—6m). The diagram | 
shows the dependence of the real part of the sur- 
face impedance R on A. The dots indicate the 
experimental data for cR/z. The solid line rep- 
resents the curve of (c/m)(Ro+ B/d?) for 
(c/T)Ry = 0.96 X 107 and (c/m)B = 1.40 x 1072p2.. 
Here Ro and B are independent of A, and c is 
the velocity of light. It can be seen that the ex- 
perimental points fit the solid curve well (diagram): 
A measurement of the real part of the surface im- 
pedance in the infrared region of the spectrum, 
using the same method, makes it possible to clarify 
the role of the interelectron collisions. 

For silver, as follows from the experimental 
data,’ the spectral region 1—6y is subject to the 
inequalities w? where wp is the limit 


2 >> w* >> v2, 
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(cR/x)-10? 


Dependence of real part of 
surface impedance of silver on 
the wavelength. Abscissa - 
cR/z = 4n/(n? + «?), where 
n — ik is the complex index of 
refraction of the metal. 


of the internal photoeffect, w the frequency of the 
light, and vy the frequency of the collisions be- 
tween the electrons and the lattice. Therefore, 
making the important assumption that the Fermi 
surface is isotropic, we can determine the concen- 
tration of the conduction electrons M and the 
electron velocity v on the Fermi surface by using 
the expressions obtained for a clearly pronounced 
anamolous skin effect.! Here the reflection of the 
electrons from the surface of the metal is assumed 
to be diffuse. We have already determined N 
earlier, using our measurement data, (for silver 
N = 5.2 x 1022 cm’); allowance for the term due 
to the interelectron collisions makes it possible 
to employ the quantity R» for the determination 
of v. We obtained v = 2.4 x 10°cm/sec for silver. 

Measurements of the optical constants of tin 
and lead in the spectral region 1—6y has shown 
that the contribution of the interelectron collisions 
to the real part of the surface impedance is sub- 
stantial for these metals, too. However, the proc- 
essing of the results obtained for these metals is 
made complicated by the circumstance that the 
inequality w? > v2 is not satisfied in the above 
spectral region, by virtue of which it is impossible 
to employ the expressions obtained for the sharply - 
pronounced anomalous skin effect. Considerably 
less reliable are the calculations of the surface 
impedance or optical constants of the metal in the 
region where w ~ v). We used the expressions for 
the real and imaginary parts of the surface imped- 
ance, obtained for this region by Dingle.® Assuming 
that in this region the interelectron collisions lead 
to the appearance of a term B/A? in the expres- 
sion for R, we can determine for these metals 
not only N, but also v. Such a treatment yielded 
the following microscopic parameters: for tin, 
N = 4.2 x 10cm~ and v = 2.6 x 10®cm/sec 
(this value was obtained for cRo/m = 2.9 x 10 
and cB/m = 24 X 10°22); for lead, N = 3.8 X 
1022cm~3 and v = 4.0 x 10®cm/see (this value 
was obtained for cR)/m= 5.1.x 107 and cB/m= 
2 108). 

In Ref. 4 we determined the upper limit of N 
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for these metals, using a limiting formula which, 
as is clear from what has been said above, is not 
valid. Therefore, the estimate obtained there for 
the upper limit is too rough and is improved here. 
However, even these data should be considered as 
approximate, for we used in the calculation theoret- 
ical formulas which cannot be considered very re- 
liable. To obtain more reliable values of these 
microscopic parameters it is necessary to meas- 
ure the optical constants of Sn and Pb at low 
temperatures, at which vy become substantially 
smaller, 

In conclusion I express my gratitude to V. L. 
Ginzburg for discussing the results of this work. 
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4G. P. Motulevich and A. A. Shubin Onruxa u 
cnekTpockonua (Optics and Spectroscopy ) 2, 633 
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(March, 1958) 


As was shown in Ref. 1, the angular distribution 
of neutrons produced upon capture of polarized p 
mesons by free protons is of the form 1+ a cos 6. 
In this work we have calculated the coefficient @ 
for the case of absorption of # mesons by pro- 
tons bound in the nuclei, for the scalar (s), vec- 
tor (v), tensor (t) and pseudo-vector (a) 
versions of the four-fermion interaction of p 
mesons with nucleons. The shell model is used 
and the recoil of the nucleus is neglected. Since 
the nucleons in the nucleus acquire energies on the 
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order of several Mev by capture of a # meson, 
the calculation is made in the nonrelativistic ap- 
proximation with respect to the nucleons. The 
interaction of the emitted neutron with the nucleus 
was taken into account with the aid of a complex 
potential, which made it possible to take into ac- 
count a definite neutron-absorption probability in 
the nucleus. It must be noted here that our value 
of @ may be too low, owing to the superposition 
of an isotropic background of neutrons from the 
decay of the compound nucleus, formed as a re- 
sult of absorption of the neutron, on the anisotropic 
angular distribution of the neutrons emitted from 
the nucleus directly after the » capture. This 
effect calls for an additional evaluation. 

The wave function of the proton was taken in 
the form 


be = Ray (r) Qh, (t/r), j=lAYs, 


where n, j, and £ are the quantum numbers that 
characterize the subsheli in the nucleus, and Qo, 
is a spherical spinor.” If the spin-orbit interac- 
tion of the neutron with the nucleus is neglected, 
the wave function of the neutron becomes 

ns, = Dyth (2L + 1) az (r) Pr (kt / wr) Xs, (1a) 

L=0 

which is asymptotically represented by a combina- 
tion of a plane wave with a converging one (crea- 
tion condition’). If the spin-orbit interaction is 
taken into account 


dive, = 4 DY i! aye (r) (xs, Qizs, (Kw / Rw) Ques, (t/ 1), 
ILI, 


[=L+ Js, (1b) 


with an analogous asymptotic representation. The 
wave function of the neutrino was assumed plane, 
the dependence of the » -meson wave-function co- 
ordinates.on the K orbit was neglected. We in- 
troduce the following notation 


2 \ a’ (r) jx (Ay 7) Raj (r) 2dr, 


0 


byzanit (Rw) = \ a, (r) jx (Bur) Ray (1)? dr, 


tt) 


branjt (Rw) 


where j, is a spherical Bessel function and k,, 
is the wave number of the neutrino 


® = Fi + hen +2RE Fins Nin = yy +4, + 2ReA,, 
(i,k = ss, v, t, a; for a definition of fi, and 


hj, see Ref. 1); 


Dy (QL el) (dete) (GRP brninewe: 


Li 


Anjt (Rw) = 


Bayt (Rw) = = Re H1@L + 1)(2L + 2) (2L + 3) (2h + 1) 


X (2h + 2) (2A + 3)]')* X (Clone Crores W (L + IMA; 
A+ AL) Bane (Rw) Orpsatinje (Rv) + CPssnn0 Crontio W (LED 
A+ IL + 1) br 4-sanje (Rn) brasinjt (Rw)]; | 


Caritkw) = >, (21 + DE) 


ILd 


X (Qh +1) [Ciao W (sd; Li)]}? | Orranjt (Rw)? 


= (2/(2h-+- 1))D>, (27 +1) 


TL 


Dnjt (Rw) 


K (2QhQ+4 1) (CEn0)? )? | Oyzangt (Ry): 
yy (- 
TLAVL's 
x (QL’ + 1) (2% + 1) (20 + 1) Choro Crowe Chou Choro 
KW (MPD VI W (Ws 1L; LI W (Ts X08; Lj) 
<x W(I'si'l, L’j)Re (Ortanjt (Rw) Orr exnjt (Rw), 


Eni (bn) = yew (21-4 1) (21 + 1) (QL +1) 


(ison di aay ne Matias rn 
Crh = 


lfor LP = Lt], V=AFU I SL’ +40, s= 
Fait (kw) =4(—)!Re >) (—) tie" (27 4-1) 
: TILA LN 


(204 (SLL) OL el) ope) 


(2x a 1) Cipire Cine Cheon, 


a (ijtsy st) ee 1) CR ECR Ore V (Sti ae 
a 


» X (MM; Lgl’; WL) X (LgL’; IfI’; s1s) 
+2 D) (2g + 1) (2f + 1) (2p + 1) (2h + 1) 
gfphr 
x ChoroChmrCminW Uk ipe: fh) X (AL; jgl; sis) 
xX AUK iil | Sis) X Gil oplaress 


OX (PH ESTA; gin} Ore anjt (RN) briamit (Rn), 


where W are the Racah coefficients; for a defi- 
nition of the quantities X, see Ref. 4. 

Accurate to a constant factor independent of n, 
j, and &, the probability of emission of a neutron 
with energy Ey = h’k};/2m ata given angle 06, 
upon absorption of a ~~ meson by protons in a 
closed subshell characterized by the quantum num- 
bers n, j, and @, is given for the superposition 
of the s, v, t, and a versions by the following 
formulas. In case (la) 


Wajt (ky: 8) = a wey 1 (fsx + 391a) Anit (Rn) 
a C Tso + Tita) Bnjt (Rn) cos 9). (2) 
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In case (1b) 


Wrjt (Rn; 8) = (2) + 1) {[(@sv — @ 1a) Crjyt (Rv) + 91a Drjt (Rn) 
+ ((— Vsu +- Nita) Enji (Ry) + ‘ta Pa (Rn)] cos 6}. (3) 


The total effect due to all closed subshells in the 
nucleus is obtained by summation of (2) and (3) 
over n, j, and 2. Formulas (2) and (3) describe 
also the absorption of a ~~ mesons by a single 
proton located in above the closed shells (in this 
case the factor (2) +1) must be omitted). One 
would expect these formulas to be a good approxi- 
mation for the twice-magic nuclei (for example, 
99Ca*’), The details of the calculation and numeri- 
cal estimates for specific nuclei will be given in a 
separate article. 

We are sincerely grateful to I. S. Shapiro for 
attention to this work and for discussion of the 
result. 


T Shapiro, Dolinskii, and Blokhintsev, Dokl. 
Akad. Nauk. SSSR 116, 946 (1957), Soviet Phys. 
“Doklady” 2, 475 (1957); Nucl. Physics 4, 273 
(1957). 

2 Berestetskii, Dolginov, and Ter-Martirosian, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 20, 527 (1950). 

3A. Sommerfeld, Atomic Structure and Spectral 
Lines Vol. 2. (Russian Transl.) GITTL, Moscow, 
1956 [Probably: Methuen, London, 1929]. 

4A. Simon and T. A. Welton, Phys. Rev. 90, 
1036 (1953). 
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POSSIBLE ASYMMETRY OF PARTICLES 
AND ANTIPARTICLES IN WEAK INTER- 
ACTIONS 


A. A. ANSEL’ M and V. M. SHEKHTER 


Leningrad Physico-Technical Institute, 
Academy of Sciences, U.S.S.R. 


Submitted to JETP editor December 9, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 761-762 
(March, 1958) 


Rec ENT experimental data concerning the 

8B—v correlation show that the positron decays 
of Ne!? and A®® may be explained as a mixture 
of A and V covariants of the B-interaction, 
while the electron decays of He® and the free 
neutron are dependent on T and, evidently, S 


covariants. Analogously, associated with the posi- 
tron decays of Co*, experiment gives a weak in- 
terference due to Fermi and Gamow-Teller inter- 
actions, while this interference is strong in the 
electron decays of Au'*® and Sc®. If we consider 
that all the experiments are valid, then the indi- 
cated facts sharply contradict existing theory. 
Indeed, if we assume that the processes n+p+ 
e+’ and pxtn+e'+~v occur asa result of 
different interactions, this indicates a denial of 
the symmetry of particles and antiparticles in 
weak interactions. In addition, antiparticles no 
longer bear an exact resemblance to the particles 
with opposite charge. For example, their masses 
may differ by the order of magnitude of g’, the 
square of the weak-interaction constant. 

The self-adjoint relativistic invariant Hamil- 
tonian for B decay, in which e~, et, v, and v’ 
enter asymmetrically, may be written in the form 


5 
H = >) (¥,0;¥n) (DE-1201 (gi + Bers) O= 


f=1 


+ DE 401 (Fi + firs) Dy + DerysOi (Ai + Ais) @; 


+ Dery4Oz (ui + Hiys) Po) + Dd) (LnOi¥p): (1) 


i-1 


x [Op (gi — gis) Oz + D, ya (fi — fi) OP, 
eh O>v4 (Aj = Ys) 0,0; t o, Ya (wi = Lr Ys) 0;@,,). 


In addition, in the case of the neutrino field, 
@,(x) and @;5(x) are respectively the positive 
and negative frequency components of W,,(x), so 
that 


ees \s* (x — x) yas (x’) dx", (2) 
O_ =—i \ S” (x — x’) yatpy (%’) 8x! (Xp = Xq') 


and analogously for electrons. 

In (1), gj, gj and p¥, wi* refer to B and 
Bt decays (the experiments may be satisfied, 
letting gy, 5(8p?) and wa, My be unequal to 
zero), £*, {{* describe K capture, and Af, A{* 
describe the absorption of an antineutrino by a 
proton. It is easily seen that upon reflection of 
the spatial coordinates (P) the Hamiltonian pre- 
serves its form if the unprimed constants remain 
unchanged while the primed ones change sign; with 
reversal of time (T) it is necessary to substitute 
for every constant its complex conjugate; with 
charge conjugation (C), gi uF, gi — ph", 
,= At f{ =-Ai*. From this it is evident that 
the Hamiltonian (1) is invariant under PTC only 
when gj =Hy, 8 =H =f =A fi =){. We obtain 
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the usual theory of B decay if, in addition, g; = 
fj; gj ee iy 

A similar breakdown into positive and negative 
frequency components may be carried out as well 
for the nucleon operators in (1). It is not clear, 
however, whether this has meaning, since as a re- 
sult of the strong interaction with m mesons, B 
decay may pass through a virtual antinucleon state. 
In the presence of an external Coulomb field it 
must be contained in the projection operators SF: 

The Hamiltonian appears to be nonlocal, which 
leads to the fact that [H(x,), H(x,)] = 0 when 
xX; and x, are separated by a space-like interval. 
Precisely speaking, instead of the function 
S(x, —xX,), this commutator contains S*(x, — x,), 
which do not vanish outside of the light cone. In 
the case where the operators st and S~ refer to 
electrons, this indicates a violation of causality in 
weak interactions at distances of the order fi/mec; 
for a neutrino field there is no such localization 
(when the mass is equal to zero, the Six: — X_) 
diminish outside of the light cone as |x, — x.|~°). 
This situation appears to raise a serious objection 
to ideas which have been expressed. However, 
since in weak interactions the theoretical princi- 
ples previously considered absolute (conservation 
of parity and invariance with respect to charge 
conjugation) are in general violated, it becomes 
expedient to make an experimental verification of 
the developed scheme. In particular, it would be 
useful to compare carefully the B decay and K 


LIFETIME OF THE K£ MESON 


I. lu. KOBZAREV and L. B. OKUN’ 
Submitted to JETP editor December 11, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 763-764 
(March, 1958) 


Pier and Pais! predicted the existence 
of the long-lived neutral K meson (K$), which 
was later discovered experimentally. In connection 
with the establishment of the noninvariance of weak 
interactions under space inversion and charge con- 
jugation, the original arguments of Gell-Mann and 
Pais have to be modified, as was shown in a series 
of papers.? Below we shall assume that the weak 
interactions are invariant under time reversal and 
that the K? meson has negative “time-parity”. 

The following decays of K? will be possible 
(we shall denote the respective probabilities by 
Wn, where n is the number of the reaction): 


capture probabilities in the same nucleus with the 
values predicted by ordinary theory. 

An analogous although more difficult experiment; 
is the comparison of 8 decay with the absorption 
of an antineutron by a proton.* 

After completion of the present paper, K. A. | 
Ter-Martirosian informed the authors that similar | 
considerations have been developed in an article” 
by Arnovit and Feldman (at present unpublished ). 

We are grateful to V. N. Grilov and to K. A. | 
Ter-Martirosian for their comments. | 


*If we maintain symmetry between the electron and pee 
tron then g; A;, fj = j, and the processes v+p=n+et and 
n=p+e*+V must occur as a result of one and the same in- | 
teraction. 


1Derrmannsfeldt, Maxson, Stahelin, and Allen, 
Phys. Rev. 107, 641 (1957). 

2F, Boehm and A. H. Wapstra, Phys. Rev. 106, 
1364 (1957); Ambler, Hayward, Hopes, Hudson, and 
Wu, Phys. Rev. 106, 1361 (1957); Postma, Huiskamp 
Miedonia, Steenlaud, Tolhek, and Gorter, Physica 
23, 259 (1957); F. Boehm and A. H. Wapstra, Phys. 
Rev. 107, 1462 (1957). 

3 Cowan, Reines, Harrison, Kruse, and McGuire, 
Science 124, 103 (1956). 
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4) Kp tytn, 
2) Kime + y+ 2%, 5) Kent + a 472% 
3) Keo tee oe. 6) Ki 6 ®” ae 
The decays 1, 2 and 3, 4 are the analogs of the 
decays 
7) Ki -k o?, oS) —= te a a 
whereas the decays 5, 6 are analogous to the T 
decays 


l) Koes 


+ 


9) Kt->rttattc, 


10) Kt xt tno + ne, 


Here it is essential that in the decays 5, 6, asin 
the decays 9, 10, the outgoing a mesons are in 
the S_ state. 

It has been shown? that if the decays of all 
strange particles take place by way of the decays 
of A hyperons, then the rule AT =34, considered 
earlier in connection with the m-mesonic decays 
of strange particles, applies also to their leptonic 
decays. We use this rule to calculate the probabil- 
ities of the different decays of the K% meson, and 
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to estimate its lifetime. With the help of the rule 
AT =4% we easily obtain 


Wy, => We = W, W3 => Ws => We; (1) 


We /Ws = Foy Wig / Wp = Ya, 


(Ws + We) / (Wy + Wyo) = 1. (2) 


The ratios (2), however, do not take into account 
the mass difference of 1 and 7m? mesons. The 
correction due to this mass difference was con- 
sidered by Dalitz,* who allowed for it not only in 
the phase volumes, but also in the corresponding 
matrix elements, using essentially perturbation 
theory. In this work we consider the corrections 
only in the statistical weights. The statistical 
weight for the decay of a particle with mass M 
into three particles with masses m,, mj, mg is 


proportional to 
P~ MyMgMs (Mm, + mM, + my)" (M — m, — m, — ms)”. 


Denoting the statistical weights of the respective 
decays by p,, we obtain: 


Ps / Py = 1.09, 


Using these ratios we obtain, instead of (2),; 


Bin Pe = 1.20,. 95/0, = 15.31%. 


We |W, = 3pg/ 2052, Wry / Wy ~ P10 / 4P9 = 0,30, (3) 
(Ws + We) / (We + Mio) = (7/505 + 7/505) / (4/59 + */sP10) = 1,2. 


Using the data on the lifetime of the K* me- 
son? Lee gece Wh Wy gees 10sec) and on the abundance 
of the different types of K* decays® (Ky3 ~ 5.9%, 
Ke3 ~ 5.1%, Ky3 ~ 7.9%), we find that the lifetime 
of the K$ meson must be equal to 


70 = TK 100 / (2:5.94+2-5.14+1.2-7,9) 
2 
== 3.6-10°* sec, (4) 


and the probabilities of the different decays must 
add up to the total disintegration probability of the 
K$ meson in the percentages, respectively, 


MW, =W,~ 16%; Ww =wWy~ 19%; 


W,~10%; w,~ 20%. (5) 
The experimental verification of these results 
[relations (1), (3), (4), and (5) ] could be useful for 
the clarification of the validity of the rule AT = 3 
for the leptonic and non-leptonic decays of K 
mesons. We note that the experimentally estab- 
lished lower limit for the lifetime of the K} meson 
is equal to 3 x 10°sec, (Ref. 5) which is very 
close to the value obtained by us, but still below it. 
In our investigation we neglected the probability 
of the decay K 22+ and of other possible de- 
cays of the K} meson. The inclusion of these 
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decays lowers, of course, somewhat the value for 
TK? obtained by us. 


1M. Gell-Mann and A. Pais, Phys. Rev. 97, 


1387 (1957). 

2 Ioffe, Okun’, and Rudik, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 32, 396 (1957); Soviet Phys. JETP 
5, 328 (1957); Lee, Yang, and Oehme, Phys. Rev. 
106, 340 (1957); R. Gatto, Phys. Rev. 106, 168 
(1957); A. Pais and S. B. Treiman, Phys. Rev. 106, 
1106 (1957). 

°L. B. Okun’, J. Exptl. Theoret. Phys. (U.S.S.R.) 
34, 469 (1958), Soviet Phys. JETP 7, 322 (1958). 
Report at the Venice Conference, 1957. 

‘R. H. Dalitz, Proc. Phys. Soc. A69, 527 (1956). 

>Proc. Seventh Rochester Conference, 1957. 

6 Alexander, Johnston, and O’Ceallaigh, Nuovo 
cimento 6, 478 (1957). 
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POLARIZATION EFFECTS IN SCATTER- 
ING OF ELECTRONS BY PROTONS 


G. V. FROLOV 
Radium Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor December 14, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 764-766 
(March, 1958). 


veers ZER, Rozentsveig, and Shmushkevich! 
have shown that if the scattering of electrons by 
protons is considered in the first approximation 
with respect to e, but with account of all the 
meson-radiation corrections, the structure of the 
proton reduces to two real form factors a (q?) 
and b(q?). Here qo = (ps — p,)*, where py and 
p, are the four-dimensional momenta of the elec- 
trons before and after the collision. In the same 
article, the authors calculated the cross section 
for the scattering of polarized electrons by polar- 
ized protons and the recoil-proton polarization 
which occurs when polarized electrons are scat- 
tered by unpolarized protons. 

In this note we calculate the polarization of 
electrons, ay and recoil protons, Ze resulting 
from the scattering of a beam of electrons with 
polarization fa by protons with polarization Zn 
which makes it possible to determine a and b 
by means of suitable experiments. (The polari- 
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zation vectors ry VAG tf) and Ze are the aver- 
age values of the particle spin operators in a 
reference system in which the corresponding 
particle is at rest.) This makes it possible to 
determine a and b from suitable experiments. 
The calculations were made by the usual methods. 
We neglected everywhere the electron mass m 
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compared with the proton mass M, and used an 
initial electron energy ¢€, in the laboratory sys- 
tem. It was also assumed that 8 > m/e;, where 


‘ 


3’ is the electron scattering angle in the laboratory © 


system. 
We obtained the following expression for polar- 
ization of the recoil protons: 


_ 


Zo = k [oy (KGY) + Aas (KZ}) + Ajs (1Z})] + mAge (Z}) + I [o%g1 (kOt) + Agi (KZ?) + Ags (1Z1)]; 


= wren —q+u— Sen + (1 +20) + ¢(—1—2un—cot 5 )} 
Ay = y{1— PeCO te) [1 + 21 + cot? 5 + sin’ > 5 +(2n/t) cos? + }}, 

Ars = 8, {1 + wy — ve — (1+ u) sine S [1 +e) + 201 +H) sin? > + cot}, 
Asa = y {1 — yp (1 + p)tan(9/2)}, ao, = TP {2+ u—un te (1—n—2un)}, 

An = 29% {— 1 —vn + nt (1 + ») sin? > —4-[1 +9(1 +4) —2n(1 +p) sin® > + cot > ]}, 
Aggy = y {1— ECD EEE T+ 9 + cot? > + cos? 3 — (21/8) cos* -]}. 


The axes were chosen in the following manner: 
k is the unit vector in the direction of p; of the 
incident electron beam, n =(py x P»)/(Py x Py) is a 
unit vector normal to the scattering plane, 2=k xn. 
The same notation is used as in Ref. 1: 
w= Gl aM, t= e/M, p —b/a, 
y= (1+ (Gtk) (Mas (Ztk) + Mis (Zi), 

p= 2(1 4- »)tan(9/2)/[1 + wy + 24 (1 + w)*tan® (9/2)], 
My = ptan(9/ 2) (q(1—w + 1/6)—§), Mis = py (1/8 — 2). 
For the polarization of the electrons, we obtained 
the following expression 


2 = k [By (kG?) + Bis (ISt) + Bus (kZ?) + Bis (IZ})) - 
+ nBos (mb?) +1 [Bar (KGL) + Bos (ISt) + Bar (KZ3) + Bas (1Z1)], 
where 
Bi = ycosd, 83, = —ysin4, 
‘Bos = y {1 — 49 (1 + w)tan(9/2)); 
Bss = Ba cos, 
Bs = —ysin Mi, 
B3g = — ysin 3Mj,. 


Bis = Boo sind, 
B= ycos3M,,, 
By3= y cos ¥Mj5, 


An examination of the resultant expressions 
leads to certain qualitative conclusions. It is easy 
to show that when polarized electrons are scat- 
tered by unpolarized protons, the longitudinal 
component of the electron polarization remains 
unchanged. On the other hand, the polarization 
of the recoil protons is in this case entirely due 
to the longitudinal component of the electron polar- 
ization. In scattering of unpolarized electrons by 
polarized protons, the electrons are longitudinally- 
polarized. 

The author is grateful to Professor I. M. 
Shmushkevich, at whose suggestion this work was 
performed. 


1 Akhiezer, Rozentsveig, and Shmushkevich, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 765 (1957), 
Soviet Phys. JETP 6, 588 (1958). 
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CONTRIBUTION TO THE THEORY OF 
SURFACE IMPEDANCE OF METALS IN 
ANOMALOUS SKIN EFFECT 


M. Ia. AZBEL’ 


Physico-Technical Institute, Academy of 
Sciences, Ukrainian S.S.R. 


Submitted to JETP editor December 17, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 766-767 
(March, 1958) 


Rerrrences 1 and la contain the development 
of a theory of the surface impedance under condi- 
tions of anomalous skin effect, when the least 
characteristic quantity of the problem is the skin 
depth 6 (small compared with the mean free path 
2 of the electron, compared with the distance vT 
traversed by the electrons during one period T 

of the high frequency field, and compared with the 
Larmor radius r in the presence of a constant 
magnetic field). The electrons in the metal were 
considered there as an ideal gas of Fermi quasi 
particles with a dispersion law ¢«=e(p) (e is 
the energy and p the quasi momentum of the quasi 
particle ). 

Actually, the interaction between electrons is 
far from being small, and this leads to the need 
of describing the conduction electrons as a Fermi 
liquid. 

The formulas for the current density and the 
kinetic equation were written for this case by 
Silin,? starting with the theory of a Fermi liquid 
as proposed by Landau® 
a \ ae (F — Be Lt) as 


As 
co + (od + Ebon) (Bet) — (Pe) 


=—Seeve; Lj’ =\0(p.p')f' (v') ap’. 
Here f’ is an addition to the equilibrium Fermi 
function fy)(€)), V = 9€)/ap is the velocity of the 
electrons in the equilibrium state, @(p, p’) is 
the function that characterizes the interaction, 
I is the collision integral, and z the direction of 
the inward normal to the metal surface. y 

It was shown in Refs. 1 and la that when L = 0, 
only electrons with v, «<v are of significance in 


the determination of the surface impedance, for it 
is exactly at these values of v, that the function 
f’ has a sharp maximum near the surface at the 
distances of interest to us. But for such values of 
vz, obviously, |( f9/d€)) Lf’| <« |f’|, so that the 
singularity in v, disappears when integrating over 
the momenta (compare with the proof of the possi- 
bility of introducing the free-path time in anoma- 
lous skin effect for all temperatures, in Ref. la). 
This means that in the zeroth approximation with 
respect to the anomaly, the only one of real im- 
portance, the Fermi-liquid theory gives exactly 
the same results as the Fermi-gas theory. 

The correctness of the above statement can 
also be readily verified directly, by replacing 


EP \o (p, p’) f’ (p’) dp’ = \o (Ux, Vy, 0; v’) f’ (p’) dp’ 


(the validity of such a replacement in the zeroth 
approximation with respect to the anomaly, i.e., 
with respect to max (6/2, 5/r, 6w/v), canbe 
verified by substitution), and by carrying out cal- 
culations analogous to those of Ref. la. 


Note added in proof. After this work was completed, an ar- 
ticle by Silin [V. P. Silin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 1282, (1957), Soviet Phys. 6, 985 (1958)] appeared, in 
which another method was used to obtained the very same re- 
sult for the particular case of no constant magnetic field. 


1G. E. H. Reuter and E. H. Sondheimer, Proc. 

Roy. Soc. 195, 336 (1948). 

14M. Ia. Azbel’ and E. A. Kaner, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 30, 811 (1956), 32, 896 
(1957); Soviet Phys. JETP 3, 772 (1956), 5, 730 
(1957). 

2vV_ P. Silin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
34, 707 (1958), Soviet Phys. JETP 7, 486 (1958) 
(this issue). 

31. D. Landau, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 30, 1058 (1956), Soviet Phys. JETP 3, 
920 (1956). 
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INVESTIGATION OF THE 1 + d ~ 2p 
REACTION FOR 174-307 Mev 1’ MESONS 
B. S. NEGANOV and L. B. PARFENOV 
Joint Institute for Nuclear Research 
Submitted to JETP editor December 18, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 767-769 
(March, 1958). 
Waka ganged telescopes of scintillation count- 


ers, we investigated the reaction 


nm + da —> 2p (1) 


at pion energies of 174, 200, 227, 262, and 307 Mev. 


A beam of 1 mesons was obtained by irradiating 
a hydrogen-containing target with a beam of pro- 
tons, extracted from the synchrocyclotron of the 
Joint Institute for Nuclear Research. The yield of 
reaction (1) was determined by the difference of 
the counting rate of double coincidences from D,O 
and H,O targets. The measured differential cross 
sections for four angles, in the center of mass sys- 
tem, are represented in the table (E, is the pion 
energy in the c.m.s.). 
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The angular distributions of the protons can be 
represented in the form A + cos? @ with the fol- 
lowing coefficients, obtained by the least-squares 
method. 

Ex == 140 Mev; do /dQ = [(0.31 + 0,03) + cos? 6] 
« (2.54 + 0.15)-10°%? cm?/sterad, 
o = (10.4 +-0.8)+ 1072? cm’, Z 


E,, = 160 Mev; do/dQ = [(0.35 + 0.03) + cos?6] 


(1.76 + 0.11)-10°27 em?/sterad, ¢ = (7.6 + 0.6)-107?? em? 


E,, = 180 Mev; do /dQ = [(0.49 + 0.03) + cos?6} 
x (1.05 + 0,06)- 10°? cm?/sterad, o =. (5.4-+ 0.4)-10°?? cm’. 
Ex = 205 Mev; do /dQ = [(0.49 + 0.06) + cos? 6} 
x (0,66 + 0,04)- 107? cm?/sterad, ¢ = (3.4 + 0.3)- 1072? cm?, 
Ex = 236 Mev; ds /dQ = [(0.59 + 0,07) + cos? 6] 
x (0.32 + 0,02)- 1072? cm?/sterad, ¢ = (1.9-+0,2)- 10727 cm? 
[o is the total cross section of reaction (1) }. 
The total cross sections for the reaction 


(ND ees oo a 
calculated on the basis of the detailed-balance 


principle, are 3.05 + 0.23, 2.50 + 0.18, 1.93 + 0.14, 


133 + 0.12, and 0.80 + 0.08 millibarns at proton 
energies of 633, 690, 743, 812, and 903 Mev re- 
spectively. The dependence of the total cross sec- 


4 
| 


(2) 


Differential Cross Section in Units of 1072’ cm*/sterad 
(statistical errors) 
6 


. M 7 
Briton 30° 45° 60° 90° 


140 2,.62+0.11 2.4140.19 4 ,56+0.08 0.75+0,06 

160 4,820.10 4,56+0,06 4 ,06-+0,05 0.61+0.04 

180 1,22+0.03 4.40+0.03 0,86-0,03 0,470.02 

205 0.77+0,05 0.67+0.05 0.54-++0,03 0.30-E0.03 

236 0.42+0.03 0.3540,01 | — 0,29:£0.02 0.18-40.02 
tion of reaction (2) on the pion energy in the c.m.s. Pane Z Wile? 


is represented on the diagram. 

The data obtained confirm the conclusion 
reached earlier by Meshcheriakov and Neganov 
concerning the resonant character of the investi- 
gated reaction. The maximum of the excitation 
function is obtained at E, = 135 Mev. These re- 
sults are in agreement with the Mandel’ shtam 
theory (Birmingham, Private Communication, 
1957). 15 

The change in the angular distribution at ener- 
gies above resonant is apparently the result of the 
increase in the relative role of the transitions 
°Pi. — *Sy and *F,3 + %S;, which lead to the 
production of mesons in the d state. This as- 
sumption can be verified by polarization experi- 
ment and also by a further analysis and refinement 
of the angular distribution at a pion energy of 230 a 


20 
1 ; Dependence of 
the total cross- 
section of the reac- 
tion on the energy 
of the 7+ meson in 
the c.m.s. ®— our 
work; @— Ref, 1. 
A—Ref. 2. O—Ref. 
3; O— Ref. 4; 
+— Ref. 5; a—Ref. 
6; x—Ref. 7. 


25 


10 
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Mev in the laboratory system, at which a term 
proportional to cos! @ apparently appears in the 
angular distribution. From the point of view of 
the resonance model of pion production in nucleon- 
nucleon collisions, this means that the p state of 
the system (isobar nucleon), which precedes the 
radiation of a meson in the d state, start assum- 
ing an important role. In this case the amplitude 
of the 's) — 3S, transition should be small, since 
this transition corresponds to the d_ state of the 
isobar-nucleon system. 


1M. G. Meshcheriakov and B. S. Neganov, Dokl. 
Akad. Nauk SSSR 100, 677 (1955). 

*H. L. Stadler, Phys. Rev. 96, 496 (1954). 

3T. H. Fields et al., Phys. Rev. 95, 638.(1954). 

4 Durbin, Loar, and Steinberger, Phys. Rev. 84, 
581 (1951). 

°C. E. Cohn, Phys. Rev. 105, 1582 (1957). 

® Clark, Roberts, and Wilson, Phys. Rev. 83, 
649 (1951). 

™Batson, Culwich, and Riddiford, Rochester 
Conference Report, 1957. 
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ELECTRON-NEUTRINO CORRELATION IN 
THE NEGATIVE DECAY OF Na* 


N. A. BURGOV and Iu. V. TEREKHOV 
Submitted to JETP editor December 20, 1957 


J. Exptl. Theoret Phys. (U.S.S.R.) 34, 769 
(March, 1958) 


E\xpeRIMENTs for the determination of the 
electron-neutrino correlation through the use of 
resonant scattering of y rays were proposed in 
Ref. 1. In the same reference, we calculated the 
dependence of the additional cross-section of the 
resonant scattering on the angle between the reg- 
istered y quanta for the B -decay of Na*4. We 
have now carried out experiments using a gaseous 
source of Na”, 


The experimental setup was similar to that 
used in Ref. 2, with certain modifications. We 
employed FEU-33 instead of FEU-19 photomul- 
tipliers, which made it possible to dispense with 
broadband amplifiers and reduce the resolution 
time of the coincidence circuit to 3 x 107? sec. 
The source of y-rays was metallic-sodium vapor 
containing radioactive Na*4 The source was kept 
at a temperature of 1,000°, corresponding to ~ 1 
atmos vapor pressure of metallic sodium. 


6/6 


mas 


a a a a oe 
00 


Dependence of the cross-section on the angle. Solid curve 
— X=0, dotted — A = —1, dash-dot —A= 1 


The diagram shows the results obtained. The 
average value of the correlation constant A’ from 
one series of experiments is —0.3. The values 
of A range from 0 to —1 with a probability of 
80%. 

The measured maximum resonant-scattering 
cross section at an angle of 120° between the reg- 
istered y-quanta was (3.1 + 0.4) x 10°%cm?, 

The lifetime of the level is ~ 2 x 10 “sec. 
The estimated average time between two collisions 
of the recoil nucleus in the source is ~ 107! sec, 
and the recoil nuclei can therefore be considered 
free and the calculations made in Ref. 1 are thus 
confirmed. 


‘nN. A. Burgov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 655 (1957), Soviet Phys. JETP 6, 
502 (1958). 

2N. A. Burgov and Ju. V. Terekhov, Aromuaa 
gueprua (Atomic Energy) 2, 514 (1957). 
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ENERGY SPECTRUM OF A BOSE GAS 


V. M. ELEONSKII and P. S. ZYRIANOV 
Polytechnic Institute of the Ural 
Submitted to JETP editor, December 6, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 770-771 
(March, 1958) 


Recentiy papers have appeared in the litera- 
ture!»? concerning the energy spectrum of a system 
of Bose particles. This problem is of great inter- 
est in connection with the phenomenon of super- 
fluidity of He’ at low temperatures. It can be 
shown that the basic results of these papers essen- 
tially do not go beyond the framework of the meth- 
od of collective interactions or the theory of 
perturbations in the second quantization as devel- 
oped by Bogoliubov.’ We investigate below the 
problem of finding the energy spectrum of a sys- 
tem of Bose particles by means of expanding the 
interaction kernels in series of moments. In some 
cases this method proves to be more convenient 
than the method of expanding the interaction ker- 
nels into a Fourier series. 

In the second quantization the Hamiltonian of 
the system has the form: 


H = $-(yorvede + = o(r) G(r —r')o(e')dede’, 


where p(r) = %*(r)%(r). Introducing the new 
variable =r -vr’, we rewrite the operator of 
the potential energy in the form 


1/0 \p(r) G ()p (r —8) dr a8, 


expanding p(r —&) ina series of powers of &é 
we obtain 


h2 
H= — 5-4 ver vy ar 


ean): 
ae 
Hy nl 


(o(r)G Eve (r)drdg. (A) 


2 


For weakly excited states one can replace in the 
Bose operator y~ those operators, which refer to 
the ground state, by the numbers Vp (p — par- 
ticle density, with the volume of the system taken 
as equal to unity); then 


~~Ve t+ a a,e'*", (2) 


where a, are Bose operators. Substituting (2) in 
(1), we obtain, with an accuracy to terms quadratic 
in the operators, 
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ates BGR +E Awaba ton ea) 
ire 2 2 (B(k) ana_n + C (k) atat, ), “I 
where ms 
H.= +6, (0) pp 215 —" Gal) + Go(0)} 


nl 


A(k) = 4Go(0)0-+2p 3) |" Ga (e) + Gath, 
n=l 


B(k) =06,(0) +0, —* 


n! 
n=1 


Gn(k), C (k) = pGo(0) 


+d) ar Gath), Gn(t) =) 6 (& (ekeyrab. 


n=1 


In the case of the central forces A(k)/2 = 2B(k) =: 


2C (k). 


‘, 
| 
| 
| 


| 


| 


| 


The quadratic expression (3), after diagonaliza- . 


tion with respect to the central forces, gives the 
following eigenvalues for the energy: 


: RR? \ [ R2R? 
Bu = (sa) ae 


oo 1g 


pel \ G (@)e!+2a8]} ; (4) 


4 (— 1)! 
ane 2 (21 + 1)! 


In the case of completely hard spheres with diam- 
eter a we assume for the repulsive forces 


G(&) = (h?/ma?) 8 (E — a). (5) 


Then Eq. (4) gives the results of Brueckner and 
Sawada! 


E (x) = (spar) * [= 4 222 oe)", (6) 


where x=ka, A? = 87a’. 

The values of A? were determined in Ref. 1 by 
an integral equation. For the values of a and p 
assumed there for liquid helium, its value is close 
to our value of A”, since in Ref. 1 the dependence 
of A? on pa® is almost linear. The first term of 
the expansion of sin x/x in (6) leads to the results 
found by Lie, Huang, and Yang with the use of a 
pseudopotential for completely elastic spheres 
with diameter a. 

In Refs. 1 and 2 the weak forces of attraction 
between the helium atoms were neglected. In the 
simplest case it is not difficult to take them into 
account by adding to (5) the potential for the 
forces of attraction. For the sake of simplicity 
we use the following expression instead of (5): 


G (6) = (h2/ma?) 8 (E — a) — Ugy (8), (7) 


where 
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AAG i Ome 0 
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Uy is the depth of potential well, and b -a=d 
is the width of potential well. Knowing the binding 
energy Ey per atom of He! ata temperature close 
to the absolute zero (the experiment gives for this 
energy the value ~ x7°K, where «x is the Boltz- 
mann’s constant), and using the known results of 
quantum mechanics, a relationship can be estab- 
lished between the binding energy and the width 
and depth of the potential well. Then only one 
parameter (with the exception of p and a) will 
appear in the energy spectrum of the system. This 
relation is expressed by the equation 


y "tan (— aos 1), 


/ mE 


dy = (25 ‘i 


Use of the potential (7) instead of (6) leads to 
the following energy spectrum: 


d = dy (52-1 


E() = (ara) [2 + St 
-3 (sin (1 at “lx —sin x) (8) 
(4 Ste 8) pens 


= 4nUpa*m/h?. 


THE ANTIFERROMAGNETIC ORIENTATION 
OF MAGNETIC MOMENTS* IN THE ALLOY 
Ni,Fe 


M. V. DEKHTIAR 
Moscow State University 
Submitted to JETP editor July 24, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 772-773 
(March, 1958) 


Tae influence of ordering the atoms on the mag- 
netic structure of the alloy Ni,;Fe has been studied 
by Shull and Wilkinson! by means of neutron dif- 
fraction. These authors discovered the effect of 
the magnetic state of the alloy on the intensity of 
the superlattice lines which are observed as a re- 
sult of the atomic ordering. The intensity of these 
lines is weakened when the neutron diffraction is 
observed on a magnetized sample. On this basis, 
the authors have concluded that the rearrangement 
of the atoms is accompanied by the appearance of 


This form of the spectrum yields a better approxi- 
mation to the experimental curve E(x) for He 
than equation (6), as is shown by an analysis of the 
relationship (8). 


Note added in proof (February 21, 1957). Taking 
exchange forces into account leads to a change of 
parameter 2 = 16mpa’. In the limit of k — 0 this 
change is equivalent to the introduction of an effec- 
tive mass m* = m/2. 


1k. A. Brueckner and K. Sawada, Phys. Rev. 


106, 1128 (1957). 

? Lie, Huang, and Yang, Phys. Rev. 106, 1135 
(1957), 

3N.N. Bogoliubov, J. Phys. (U.S.S.R.) 2, 23 
(1947). 
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a magnetic superlattice. The nature of the latter, 
however, remained unclear. 

We have shown earlier’ that the observed anom- 
alies accompanying the variation of the magnetic 
properties with temperature permit the detection 
of structural changes in single phase alloys caused 
by ordering processes. In the present paper the 
temperature dependence of the saturation magneti- 
zation I,, the remanent magnetization I, and of 
the coercive force Hg of the alloy Ni;Fe is in- 
vestigated over a wide temperature range. 

The investigated sample, with a diameter of 
4.5 mm, was enclosed in a thin quartz tube, evac- 
uated to 10~4mm Hg, and quenched together with 
it in water after two hours of annealing at 1200°C. 
The experimental points in the region from 300 to 
600°C were obtained for closely spaced values of 
the temperature (at intervals of 10 to 15°C) in 
order to determine more accurately the shape of 
the temperature dependence of Ig, Ir and He. 
The sample was kept one hour at each tempera- 
ture before taking a reading. 
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The figure shows the temperature dependence 
of I, and I,. A plateau appears on the I, curve 
in the region from 385 to 435°C. Over a tempera- 
ture range of about 50°C, the decrease in I, with 
rising temperature is compensated by an increase 
in Ig caused by the establishment of an order at 
close range in the distribution of the atoms in the 
crystal lattice of the quenched disordered alloy. 

Another indication of the establishment of order 
at close range is given by the threefold increase in 
I, over the range 415 — 434°C, whereas I, stays 
practically constant over the temperature range 
from room temperature to 415°C. Hg varies ap- 
proximately in the same manner. These results 
are in agreement with the anomalous dependence 
of the thermal capacity over the same tempera- 
ture range.® 


In the narrow region from 490 to 510°C the re- 
sidual magnetic moment per unit volume measured 
at field H=0 decreases sharply from 240 gausses 
to almost zero (see drawing). The saturation mag- 
netization at this temperature still remains at 
about 50% of the value of I, at room temperature. 
At higher temperatures, saturation is not reached 
in the fields investigated by us; a compensation 
point is found on the I(T) curve (according to 
Néel,‘ see drawing). If in a field H = 135 oersted 
the magnetic moment per unit volume at 555°C is 
0.25 I, at room temperature, then on raising the 
temperature by another 5°C it suddenly drops to 
zero. On increasing the temperature further, the © 
magnetic moment in a field of the indicated inten- 
sity has a negative value. 

The presence of a compensation temperature in 
the I(T) curve and the appearance of negative 
magnetic moments above this temperature show 


J00 400 


F 500 
ine 


500 


the existence of an uncompensated antiferromag- 
netic orientation of the spin moments. One may 
assume that the latter appears close to 510°C, 
where a sharp drop of I, to zero is observed. 
The transition of the alloy from the ferromag- 
netic to the paramagnetic state occurs in the neigh- 
borhood of 574°C. 4 
The observed changes in the magnetic structure 
of the alloy Ni;Fe near 510°C and 574°C appear 
to correspond to the two maxima in the-curve of 
thermal capacity vs. temperature shown in the 
paper by Leech and Sykes.® 
The anomalous temperature variation of the 
magnetic properties of the alloy Niz;Fe exempli- 
fies the process of atomic ordering and the change 
in magnetic structure, which is connected, as we 
have shown, with the transition of the alloy Ni3;Fe 
from the ferromagnetic to the ferrimagnetic state. 
The results of our investigation are in agree- 
ment with the papers by Smart® and Pratt,® who 
discuss the possibility of rearrangements which 
are caused not by the disappearance of the mag- 
netic structure, but by changes in it. 


*Uncompensated antiferromagnetism. 


1C. G. Shull and M. K. Wilkinson, Phys. Rev. 


97, 304 (1955). 

2M. V. Dekhtiar, us merannos u MeTaJIJIOB 
(Phys. of Metals and Metal Research) 3, 56 (1956). . 

3P. Leech and C. Sykes, Phil. Mag. 27, 742 
(1939). 

“L. Néel, Ann. de phys. 3, 137 (1948). 

°J. S. Smart, Phys. Rev. 90, 55 (1953). See 
also Autudbeppomaruerusm ( Antiferromagnetism ); 
edited by S. V. Vonsovskii, IIL, 1956, page 178. 
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NUCLEAR MAGNETIC MOMENTS OF Sr®’ 
AND Mg ”® 


A. G. KUCHERIAEV, Iu. K. SZHENOV, Sh. M. 
GOGICHAISHVILI, I. N. LEONT’ EVA, and 
L. V. VASIL’ EV 


Submitted to JETP editor December 25, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 774-775 
(March, 1958) 


Tae gyromagnetic ratio of the Sr®’ nucleus was 
measured by us by the atomic-beam magnetic- 
resonance method.! Since the beam consisted of 
strontium atoms, intramolecular interactions 
could be disregarded and the diamagnetic correc- 
tion? could be evaluated accurately. The beam 
was 378 cm long and was detected by surface ioni- 
zation on an incandescent tungsten wire, upon 
which an oxygen jet was blowing. Under optimum 
conditions the coefficient of surface ionization was 
about 20 percent. The Sr®’ ions were separated 
out by a magnetic analyzer and recorded with an 
electron multiplier and a galvanometer with a 
sensitivity of 4 x 10°amp/mm. The galvanom- 
eter deflection due to the narrow strontium beam 
at mass 87 was 250 mm. The strontium beam 
was produced by heating metallic strontium to 
740°C in an oven made of Armco iron. 

The nuclear gyromagnetic ratio g was deter- 
mined from the equation! g = 1.3122 x 10— te) es 
where f, is the resonance frequency of the oscil- 
lating field that induces the transitions, and Hy, 
is the corresponding resonance value of the 
strength of the static magnetic field in which the 
transitions,occur. The resonance values f, and 
Hy are those which correspond to the minimum 
intensity of the refocused beam. Measurements 
were made both at constant field and at constant 
frequency. The fluctuations in beam intensity were 
compensated by two methods: (a) alternate meas- 
urements of beam intensity with the oscillating 
field on and off, and (b) continuous recording of 
the beam intensity by an instrument with a fast 
response. The frequency f was measured with 
a type 528 heterodyne wavemeter by observing 
zero beats on an oscilloscope. The magnetic | 
field strength H was measured by proton res- 
onance in water; the resonance frequency vy of 


the protons was measured by the method indicated 
above. Since the position of the field-measuring 
probe did not coincide with the place in the field 

H where the atomic beam was exposed to the os- 
cillating field, the measured value Vy was cor- 
rected by adding to it the difference between the 
proton resonance frequencies of the field-meas- 
uring probe and of another probe located in the 
place of beam passage; this difference had been 
measured before installing the electromagnet in 
the apparatus. A sharp and deep resonance dip 

of the intensity of the refocused beam, amounting 
to 60 percent, was observed at frequencies around 
1.07 Mcs and fields around 5800 oersted. To can- 
cel out end effects of the oscillating field’ the 
measurements were carried out at opposite direc- 
tions of the field H. 

The maximum error of measurement — deter- 
mined by nonuniqueness under reversals of mag- 
netism, by the inhomogeneity of the field, and also 
by the sharpness of the resonance curves — is 
estimated to be 0.12 percent. The average value 
of 26 measurements of the gyromagnetic ratio is 


g (Sr87) = 0.2423 + 0.0003, 


which within the limits of the errors of the meas- 
urements agrees with the value obtained by Jef- 
fries and Sogo by the method of nuclear induction. 
Because of the diamagnetism of the atom the true 
value Htrye of the magnetic field strength at the 
nucleus is less than the measured Hy, so that 
Htrue = (1-c7)Hmeas, where o is the magnetic 
shielding constant. According to Dickinson® o = 
0.00345 for strontium. With this correction and 
the known® value of the spin of the Sr®’ nucleus, 
I= %, we obtain for the magnetic moment of the 
Sr®" nucleus 


w (Sr87) = 1.0939 + 0.0014 nuclear magnetons. 


TRabi, Zacharias, Millman, and Kusch, Phys. 
Rev. 53, 318 (1938); Rabi, Millman, Kusch, and 
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NUCLEON-NUCLEON CROSS-SEC TIONS 
AT HIGH ENERGIES 


R. B. BEGZHANOV 


Physics Institute, Academy of Sciences, 
Armenian S.S.R. 


Submitted to JETP editor December 25, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 775-776 
(March, 1958) 


Usine the Alikhanian-Alikhanov magnetic spec- 
trometer, the authors of Refs. 1 and 2 determined 
the cross section o, for the inelastic interaction 
between protons of average energy from 0.9 to 34 
Bev and lead or carbon nuclei. From these data, 
on the basis of the optical model,’ it is possible to 
determine the transverse cross-section o of the 
nucleon-nucleon interactions at the above energies, 
and also to choose the most logical form of the 
distribution of the nucleons in the nucleus, first 
using the results of electromagnetic measurements 
and then determining the scale parameter from the 
resultant experimental cross-sections. 

Hofstadter‘ used the scattering of high energy 
electrons by nuclei to establish that, for medium 
and heavy nuclei, the distribution of the protons 
can be represented by the so-called homogeneous 
smoothed distribution of the type 


0(r) = po {exp[*] +1), (1) 
where c = 1.08A¥%3 x 10™em, z= 0.53 x 1078 em, 
Po is the density at r=0, and A is the atomic 
weight. It was shown in Ref. 5 that, accurate to 
3%, the radial distributions of the protons and neu- 
trons are identical. On this basis one can assume 
that the distribution of the nucleons in the nucleus 
coincides with that of the protons (1), determined 
by experiments on electron scattering. 

The measurements by Kocharian, Begzhanov, 
and Saakian!’? have that advantage, from the point 
of view of determining the nuclear dimensions, 
that they give the inelastic cross-section o, di- 
rectly, dispensing with the entire formalism of the 
optical model. 

Following Fernbach, Serber, and Taylor,? we 
calculate og, using the semi-classical target- 
parameter method. As it passes through the nu- 
cleus, the proton wave decays exponentially, with 
an absorption coefficient K(r)=p(r)o. The 
size and shape of the nucleus are determined by 
the density distribution p(r). The total absorp- 
tion is expressed by the integral with respect to 
the coordinate s along the proton trajectory. 
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The cross section go, equals here the interaction 
probability, integrated over the impact parameter 
b. Taking it into account that r? = b*+s?, we 
have 
og = 2n\ {1 —exp| —2\ K(VE + s*|ds | bdb. (2) 
0 


0 


Numerical calculation of this integral for various — 
values of the parameter c yields o, as a function 


of o for the homogeneous smoothed distribution (1). _ 


Calculation of the transverse cross section for 
the inelastic interaction between protons and car- 
bon or lead nuclei, using the smoothed model of 
the nucleus (1), shows that the experimental cross 
sections for either lead [og = (1740 + 90) milli- 
barns] or graphite [o, = (210+ 15) millibarns ] 
coincide with the calculated values at o = (32 + 3) 
millibarns. The errors indicated are statistical .® 

The best agreement between the calculated and 
the experimental cross sections is obtained for 
c = (1.13 + 0.04) x 10-8 A’ em. It is assumed 
here that the fall-off thickness for the nucleon 
density is the same as for the protons density. 
Consequently, if assuming the smoothed model of 
the nucleus, the nuclear radius R determined in 


this manner agrees with the results of the electro- | 


magnetic measurements. At the same time, 
whether the homogeneous or the Gaussian model 
is used, it is impossible to select the same value 
of ro in the expression R = ryA¥3 x 1078 cm for 
the investigated nuclei. 

The value of o indicated above corresponds to 
the total effective cross section for nucleon-nucleon 
interactions, at least up to energies of 34 Bev. The 
section = (21+ 4) millibarns’ corresponds to 
the mean value for the production of particles (or 
mesons) in elementary interactions with energies 
~50 Bev. According to Williams,® the nucleon- 
nucleon cross-section increases with energy and 
o ~ 120 millibarns at ~30 Bev. The mistake in 
this work was noted later on by the author him- 
self.’ 

Our results are in good agreement with the ex- 
periments on the determination of nucleon-nucleon 
cross sections at energies up to 5.3 Bev (Ref. 9) 
and on nucleon-nuclide cross sections. It follows 
therefore that, in general, the fundamental proper- 
ties of the interaction processes, at least up to 34 
Bev, do not differ from the interaction in the en- 
ergy range attainable with modern accelerators. 

The work was carried out under the supervision 
of Professor N. M. Kocharian. I thank M. L. Ter- 
Mikaelian for continuing interest in this work and 
for valuable comments, and also G. M. Garibian 
for reviewing the manuscript. 
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KinowLeber of the spin-lattice relaxation times 
in ferromagnetic compounds has assumed particu- 
lar significance in connection with recently devel- 
oped investigations on the production of low-noise 
molecular amplifiers using ferromagnetics. 

We measured the spin-lattice relaxation time 
for the Cr** ion in the lattice of corundum 
Al,O, —Cr,0; for the % — Y, electron transition 
(Ref. 1). 

The measurements were carried out at 9370 Mc 
at two temperatures (T = 300°K and T=77°K), 
and the saturation effect in ferromagnetic resonant 
absorption was observed for the case when the con- 
stant field was parallel to the symmetry axis of the 
crystal. 

The values obtained for the spin-lattice relaxa- 
tion time, T;= 1.4 107'sec for T= 300°K and 
T,;=7%X10 ‘sec for T=77°K, make it possible 
to conclude that the basic mechanism of the relaxa- 
tion in this temperature ranges consists of “Raman 


effect” processes, which lead to a temperature de- 
pendence of the spin-lattice relaxation time in the 
form T, ~ T! (Ref. 2). 


14. A. Manenkov and A. M. Prokhorov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 28, 762 (1955), Soviet 
Phys. JETP 1, 611 (1955). 

27. H. Van Vleck, Phys. Rev. 57, 426 (1940). 
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INTERACTION 
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(March, 1958) 


ih What little is known of the character of the 
forces between hyperons and nucleons is learned by 
analysis of hyperfragments or of the interactions 
between hyperons and nuclei.!»2 

Parity nonconservation in hyperon decay can be 
used to study the interaction between hyperons and 
free nucleons, and also to investigate hypernuclei. 

The direct method of establishing the spin-orbit 
dependence of the Y—N forces can be the obser- 
vation of the up-and-down asymmetry of the decay 
products relative to the scattering plane. The fact 
that the hyperons produced in p—N and K—N 
interactions are polarized is apparently evidence 
in favor of the presence of a (LS) dependence of 
the forces, but for direct proof the up-and-down 
asymmetry must be observed in the decay of hy- 
perons that are polarized in elastic Y—N scat- 
tering. 

A study of the up-and-down assymetry with re- 
spect to the plane of hypernucleus production can 
be used to study the structure of the hypernucleus 
and for a direct determination of the spin of the 
hyperfragment. Proof that the spins of the baryons 
are compensated in ,He* would be the absence of 
such an asymmetry, which would be observed in 
Ae at the same time. 

2. Let us consider certain consequences of the 
unitarity and symmetry of the S matrix for Y—N 
interactions. At A°-particle energies below 150 
Mev, only elastic scattering is possible in A—N 
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collisions. This situation was analyzed in connec- 
tion with N—N scattering. At A°-particle en- 
ergies above 150 Mev, the conversion of A par- 
ticles into 2 hyperons becomes energetically 
feasible in addition to elastic scattering, and the 
unitary and symmetric S matrix covers the fol- 
lowing processes 


A® p—> A°p (Six); B*n—> Ap (Sia); L°p — Ap (S43); 
A°p — Xtn (Sq); Dtn—> Ltn (So); O° p — Utn (So); (1) 
A®p — Xp (S31); L*n—> Bp (S32); L°p — Lp (Ss), 


provided one considers the energy range where 
there is no additional pion production. In analogy 
with the procedure used for the combined analysis 
of scattering and photoproduction of pions with 
Compton effect on nucleons,® account of the sym- 
metry and unitarity of the S matrix makes it pos- 
sible to express the six independent elements of 
the S matrix in terms of the three scattering 
phases 45;, 5), and 6g and the three mixing pa- 
rameters ¢, 6, and y.* 

When the isotopic invariance of the amplitude is 
taken into account, the interactions between the 2 
particles and the nucleons can be expressed in 
terms of the amplitudes R3; and R, of the Z—N 
scattering in states with T=, and T= i the 
same as is done for —N scattering: 


3Roo = Rs + 2Ri, 3Rog = V 2(Rs—Ri); 
3R53 = 2R3+ Ri (Rin = Sin — 8x). (2) 


Comparison of (2) with the general expressions for 
a 3x3 S matrix, given in the appendix to Ref. 3, 
shows that if the isotopic invariance is taken into 
account (for arbitrary 6,, 5), 6,, and @), we 
get 
cos = 1, cot6= V2 (3) 
and the number of necessary parameters is reduced 
ta four. Here 
Sy, = e?/8:costep + eS:sin?o, 
Sig V3 = V 2 ie!+sin Qe sin (3; — 3,), 
Si3 V3 = iefli+%)sin 2p sin (3; — 3,), (4) 
3S oq = e28 + 2 [e2 sin? + e?/8:cos?0] = S, + 2S,, 

395 => Vets. —_ S;)} SV => DBS + Ss | Sua IF = | S,|?. 
As can be seen from comparison of (2) and (4), 
information concerning 63 can be obtained from 
the data on the scattering of Zt hyperons by pro- 
tons. The quantities 6,, 6,, and g characterize 
A—N scattering, the A = 2 conversion, and 


also X—N scattering in a state with isotopic spin 
Aly = ee 
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Comparison of the expressions for Sj, and Sy 
in (4) shows the correctness of the equation 


Sip = V 281s, (5) 


whith can also be obtained directly, taking into ac- 
count the isotopic invariance of the conversion of 
A particles into Z hyperons. a 

Let us note the interesting circumstance that, in 
in this analysis, Eq. (5) results quantitatively from 
the isotopic invariance of the Z—N scattering. 
Conversely, were we to lean on (5), then we would 
obtain as the result 


V2 (S33 = Soe) = Sos, (6) 


which, on the other hand, follows directly from (2). 

Equation (5) leads to a relation between the 
cross sections, and also to the equality of the 
polarizations of the A particles and the nucleons. 

Generalization of the Vol’ fenshteyn theorems*® 
makes it possible to connect, for example, in the 
case of the A— Z conversion, the azimuthal 
asymmetry of the nucleons and 2 hyperons, when 
the A particles are polarized, with the polariza- 
tion of the same beams when the A particles are 
not polarized. 


| 
| 


*Here we neglect mixing of the *P, —’F, type. 
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lis this work we show, within the framework of the 
relaxation theory of Bloch,! that relaxation transi- 
tions can change substantially the character of the 
saturation when two resonant fields act simultane- 
ously on a system with a discrete spectrum. Ac- 
cording to Ref. 1, when saturation by the field 
changes the population of the resonant levels, a 
change takes place in the population of all the lev- 
els that are connected with the resonant ones 
through relaxation transitions (generalized Over- 
hauser effect). Let us consider the interaction of 
two fields of frequencies w, and w,, |wWpq — 44| 
=T, |wmn — «| & I, which have no common 
resonant level.* 

We start with an equation for the addition D( t) 
to the equilibrium density matrix 6°, which deter- 
mines the resonant portion of the average dipole 
moment of the system, d(t) = Sp (dD (t)). Let 
Wab be the frequency of a transition between 
levels a and b in the unperturbed system, and 
let the Hamiltonian of the perturbation be HV (t), 
_ where 


V (t) = PteFiot + @ teFivrt 


(summation with respect to the + sign). Accord- 
ing to Ref. 1 
(0/At + ieray) Das + Pav (D) + iV (t), 


Dlav= i(pa— p») Van (t). (1) 
The relaxation is described by a linear transfor - 
mation r(D) of a definite type. The coefficients 
of this transformation represent the reciprocals 
of the relaxation times for the various transitions, 
and their final combinations need merely be con- 
sidered by us as phenomenological parameters 


iD (D) ans a 2exp(ht/kT ) PoeDa4-1,544 + ao Dap. (2) 


If Wmn * “pg the first term must be retained 
only for a=b, for, in any event, when a= b 
it does not contain resonant terms: 


[tye Papeete ree Be 


Ag 


We seek the solution in the form 
B(t)= R4 Preront + Qrerien, (3) 
retaining only the resonance matrix elements 
Rage Ry aera manor tree 


From the equations for the diagonal terms of the 
system (1) we find, using the normalization con- 
dition ZR, = 0, 


Ra = TyImy + Die NTO te Vie tesla 


9P pq’ 


B= Q7 Qt. (4) 


Here Tg are the coefficients of a transformation 
that is the inverse of I’ (D).t 
We introduce 


Tas = Ta—T», Cae = Top + tAdgs , Vay = 0 a p?, 
A®pg = Wpg — 1, SOna = Omn — Qo. 
For the “line form” we obtain 
Qin 
Onn 
thinn {Ymn — Yong Spq ae ie) ) } 
| Omn Pee Linn Dian 1Dinn PP {4 Sty Drlpagl lige! mae (5) 


where the saturation parameter is 


Spq = V'pq Th, | Fog P/ (| %p9 ? + Pog T¥o| Fog |?) 
a simple transformation of (5) produces a formula 
fora eeyEs 
Pq ee vy 

It was shown in Ref. 1 that fi and Tpq 
1/ Din abd I'pq, which have the meanings of 
effective longitudinal and transverse relaxation 
times for the corresponding transitions, are posi- 
tive. From the reciprocity theorem for the equiv- 
alent circuit for T,, it follows that when fia/kT 
« 1, 

Cnn = T par |Timel [Toa < 1, |Toa|/Tin< 1. 

In this case, which usually holds for a nuclear 
spin system, the interaction of the fields, as can 
be seen from the denominator of formula (5), leads 
to a narrowing of the lines broadened by the satura- 
tion effect. 

The extent of the effect is determined by the 
combination of the “crossover” relaxation times 


ara (T pq / Tian){(T ran | T oq) 

and has no longer dependent on the distance be- 
tween the resonant levels, in contradistinction 
with the effective level population. In connection 
with this, if x is on the order of unity, the influ- 
ence of the low-frequency resonant field on the 
resonant field of higher frequency should become 
noticeable.t 

In conclusion, I thank V. L. German and I. M. 
Lifshitz for discussion of the results. 
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*In the presence of a common resonant level, the situation 
becomes considerably more complicated, owing to the resonant 
contribution of the transitions through the common level, which 
acts as an intermediate one with the difference frequency. }»2 
In the usual electron-nuclear level scheme in the Overhauser 
effect, when the resonant fields for the electrons and nuclei 
have a common level, failure to take these transitions into ac- 
count causes the constant hyperfine structure to tend to zero 
in the final result, which, as is known, gives a finite effect.’ 
There is no common level if both resonant fields are due to 
electron transitions at different nuclear orientations. 

+The prime indicates that one of the levels should be re- 
placed by the normalization condition. Formally, the system 
of equations for T, corresponds to a certain equivalent dc 
circuit. 

tWe disregard level shifts (for example, the influence of 
polarization on nuclei on the position of the electron reso- 
nance3), We notice also that in experiments in which the 
Overhauser effect is measured with two fields,* there is no 
interaction between the fields, in view of the smallness of one 
of the resonant fields. 
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ON THE THEORY OF PLASMA WAVES IN 
A DEGENERATE ELECTRON LIQUID 
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(March, 1958) 


Piasma waves in a degenerate electron gas 
were, apparently, first considered by Gol’ dman.! 
However, the electrons in metals can hardly be 
considered as a gas. It is thus of interest to study 
the plasma oscillations of a degenerate electron 
liquid. According to Landau’s theory of a Fermi 
liquid? the transport equation for the non-equilib- 
rium correction 6n to the distribution function of 
the quasi-particles (electrons) of a degenerate 
electron liquid has the form,? 


V. M. Kontorovich and A. M. Prokhorov, 
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0sn Ono Ong Lee 3k 
OL tex V 5; {on — 82a ae cee c= i (1) 


4] 


Here ny is the equilibrium distribution function, | 


€) the’electron energy in the equilibrium state, and | 


jen \ © (p,p’) 82 (p’.r) dp’, (2) 


where @ is typical for the theory of a Fermi — 
liquid, reflecting the short-range correlation of 
the particles. Finally E is the electric field 
which is determined from the equation 


divE =4ne'\ ndp. (3) 


In Eq. (1) collisions are neglected since it is as- | 

sumed that the frequency of the plasma oscilla- 

tions is much larger than the collision frequencies. | 
Considering solutions of Eq. (1) of the form | 

Snel (k-r)—iwt and restricting ourselves to the 

case of long wavelengths, which allows us to ex- 

pand in powers of k, we obtain from Eqs. (1) to 

(3), assuming that the Fermi surface is spherical, 

the following dispersion relation for the depend- 

ence of the frequency w of the plasma waves on 

the wave vector at long waves 


oP = 08 + 0 o(Z + Ay t 3542 )R (4) 


where vy and py are the velocity and momentum 
of an electron on the Fermi surface, and Ay and 
A, coefficients in the expansion in Legendre poly- 
nomials 
8xp2O 

ae Onkyo, = x A,P (cos x) 
(X is the angle between the vectors p and p’). 
Finally 


ow? = 4ne?-8xp2V 9/3 (2rh)3, Vy = v9 (1 + Ai). 


For a perfect Fermi gas of electrons, A, = 0 
and (4) goes over into the corresponding formula 
of Gol’ dman’s paper. The author gave in Ref. 4 
an estimate of the coefficient A, for a number of 
real metals. It was then shown that it was not at 
all allowed to neglect this quantity compared to 
unity. 

It is useful to make an estimate for the coeffi- 
cients Ay for the case when the function © is 
determined by the forward-scattering amplitude 
calculated in Born approximation for a screened 


Coulomb potential. In that case 
2 le a 4 4 
An are Hig | ax Puen fe— 4 ea 


sail 


and correspondingly 
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4 e 4 


A, =~ - { ie z(I +5¢)In (14 46}; 
Aa= favs (Ite — (5 Fag tags) in (1 + 40}, 


where & = (p)/fhkp)? = thy) /4e”, and kp = 
V(4/n) e?/tivy(p)/H) is the quantity which is the 
inverse of the screening radius. For most metals 
vy ~ 10®cem-sec™! and hence e’/fiv) = 2.2. Here 
Ay = 0.25, Ay=0.05, and A, = —0.05. 

If we consider anisotropic metals in the approx- 
imation w/v? > k® >> w/c? (where c is the 
velocity of light), we can also speak of longitudinal 
waves, 


2 4ne2? 2 


= apr |S (ky) (kv), (5) 


where the integral is taken over the Fermi surface 
where dS is an element of that surface, and where 


2 ds’ ae 

Vavt pr |S PO (pp’)v : 
The frequency of the plasma waves determined 
by equation (5) can also be found from the equation 


Kgkgégg=9, where €qg is the dielectric constant 
of a degenerate electron liquid.‘ 
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Everything stated here can bear a relation to 
real metals only, apparently, if the energy of the 
plasma oscillation (~fw,)) is small compared to 
the distance from the conduction band to the near- 
est filled band. One must then also take into ac- 
count the contribution €) to the dielectric constant, 
which comes not only from the conduction electrons. 

We note finally that the dependence of the fre- 
quency of the plasma waves on the direction of the 
vector k can lead to a broadening of the line of 
discrete energy losses of electrons passing through 
non-cubic metals. 

I express my gratitude to V. L. Ginzburg for a 
discussion of the present paper. 
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